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Abstract. We investigate the descriptive complexity of order convergence in

separable Banach lattices. While uniform convergence is Borel and σ-order
convergence is known to be ∆1

2, it is unclear in general when σ-order conver-

gence is analytic.

We introduce a transfinite hierarchy of weakenings of the classical Fatou
property, indexed by countable ordinals, and show that it provides a complete

structural classification of this definability problem. For a separable Banach

lattice X, we prove that the following are equivalent: (i) the set of decreas-
ing positive sequences with infimum zero is Borel; (ii) σ-order convergence is

analytic; and (iii) X satisfies the α-Fatou property for some countable ordinal

α.
We further establish that the hierarchy is proper: for every countable or-

dinal α there exists a separable Banach lattice with a countable π-basis that
fails to be α-Fatou, but is β-Fatou for some β > α. Thus the Borel definability

of order convergence is governed by a canonical ordinal invariant intrinsic to

the lattice, and the descriptive complexity can be arbitrarily high below ω1.
These results identify projective complexity as a genuine structural invari-

ant in Banach lattice theory.

1. Introduction

The present paper develops a descriptive set theoretic classification of order
convergence in separable Banach lattices. Our goal is to measure, in a precise
and intrinsic way, the definability complexity of the most natural order-theoretic
convergence relations and to identify the structural lattice properties governing this
complexity.

A Banach lattice is a Banach space X equipped with a lattice ordering ⩽ that
is compatible with both the linear and norm structure on X. Specifically, for all
x, y, z ∈ X and λ > 0,

x ⩽ y ⇒ λx+ z ⩽ λy + z & |x| ⩽ |y| ⇒ ∥x∥ ⩽ ∥y∥,
where |x| = x ∨ −x. These axioms imply that the order relation ⩽ is norm closed
in X2.
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However, many other natural order-theoretic constructions exhibit dramatically
higher descriptive complexity. For example, the sets

X↑∞ =
{
(xn) ∈ XN ∣∣ 0 ⩽ x1 ⩽ x2 ⩽ . . . and (xn) is order-unbounded in X

}
and

X↓0 =
{
(xn) ∈ XN ∣∣ x1 ⩾ x2 ⩾ . . . ⩾ 0 = inf

n
xn

}
can easily be seen to be coanalytic, i.e., Π1

1, but do not appear to be Borel in XN.
This observation raises a fundamental structural question:

How complicated, in the projective hierarchy, are the natural order
convergence relations in a separable Banach lattice?

Our interest in this question stems in part from the study of coordinate systems
and bases in Banach lattices [1, 5, 8], where definability properties of order conver-
gence play a decisive role. Every Banach lattice supports several distinct notions
of sequential convergence.

• A sequence (xn)
∞
n=1 converges uniformly to x, denoted xn

u−→x, if there is
some z ∈ X so that

∀m ∀∞n |xn − x| ⩽ z
m ,

• a sequence (xn)
∞
n=1 σ-order converges to x, denoted xn

σo−→x, if there is
some sequence zm ↓ 0 in X so that

∀m ∀∞n |xn − x| ⩽ zm,

• a sequence (xn)
∞
n=1 order converges to x, denoted xn

o−→x, if there is some
net zµ ↓ 0 in X so that

∀µ ∀∞n |xn − x| ⩽ zµ.

Here the notations zm ↓ 0 and zµ ↓ 0 mean that (zm) is a decreasing sequence,
respectively decreasing net, with infimum 0, while the notation ∀∞n means for
all but finitely many n. Figure 1 lists the relationships holding between these
sequential convergence notions and it should be noted that no other implications
hold in general Banach lattices.

uniform

σ − order norm

order weak

Figure 1. Implications between convergence types.

Remark 1.1. It is a classical fact (see [9, Remark 1.3]) that, if X is a Banach
lattice of measurable functions (i.e. an ideal in the space of measurable functions

L0(Ω,Σ, µ) for some semi-finite measure space (Ω,Σ, µ)), we have fn
o−→
n

f if and

only if fn
a.e.−→
n

f and, moreover, there exists a g ∈ X+ satisfying |fn| ⩽ g for all
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n (i.e., the sequence (fn) is order bounded). Therefore, order convergence can be
viewed as a generalization of dominated almost everywhere convergence to vector
lattices. On the other hand, if e ∈ X+, then we may equip the order ideal Ie ={
x ∈ X

∣∣ ∃λ ∈ R |x| ≤ λe
}

with the norm ∥ · ∥e where for each x ∈ Ie, ∥x∥e is
the smallest λ = λ(x) which makes the definition of Ie valid. It is well-known
that (Ie, ∥ · ∥e) is lattice isometric to C(Ke) for some compact Hausdorff space

Ke. Moreover, in C(Ke), fn
u−→
n

f if and only if fn
∥·∥∞−→
n

f , so uniform convergence

bonds the local norm convergences in C(Ke) to a convergence in all of X. These
convergences have numerous applications, and have been studied extensively in
recent years [2, 4, 6].

At first glance, the above convergences appear to have high descriptive complex-
ity. For example, σ-order convergence is naturally expressible as a Σ1

2, meaning
that the corresponding subset of XN ×X is the continuous image of a Π1

1 subset

of a Polish space. On the other hand, it is unclear whether the relation xn
o−→x

is even projective, i.e., Σ1
k for some k. Yet, as shown in [1], in separable Banach

lattices order and σ-order convergence coincide and the resulting relation is ∆1
2,

that is, both Σ1
2 and Π1

2. In contrast, uniform convergence is Borel rather than the
prima facie value Σ1

1.

The fact that xn
σo−→x is∆1

2 but not known to beΣ1
1 is a cause of some difficulties

in [1]. Namely, to show that every σ-order basis (en) for a Banach latticeX = [en] is
also a Schauder basis, additional set theoretical assumptions are needed. However,

this need vanishes once the relation xn
σo−→x can be shown to be Σ1

1.
We will here define a transfinite hierarchy of successive weakenings of the Fatou

property for Banach lattices, that is, the property that whenever we have elements
0 ⩽ x1 ⩽ x2 ⩽ . . . ⩽ x with x = supn xn, then ∥x∥ = supn∥xn∥. In turn, our first
main result shows that this hierarchy exhausts the class of separable Banach lattices

in which the set X↓0 is Borel or equivalently the relation xn
σo−→x is analytic.

Theorem 1.2. The following are equivalent for a separable Banach lattice X.

(1) The set

X↓0 =
{
(xn)

∞
n=1 ∈ XN

∣∣∣ x1 ⩾ x2 ⩾ . . . ⩾ 0 = inf
n

xn

}
is Borel,

(2) the set {(
(xn)

∞
n=1, x

)
∈ XN ×X

∣∣∣ xn
σo−→
n

x
}

is analytic,
(3) X is α-Fatou for some α < ω1.

The ordinal invariant introduced here plays a role analogous to classical indices
in Banach space theory, such as the Szlenk index and Bourgain’s ℓ1–index, in that
it measures structural complexity via well-founded ranks.

As we shall see later on, there are several natural conditions on X that force
X↓0 to be Borel. For example, this is the case when X is either σ-order continuous,
σ-order complete or has a countable π-basis {bn}∞n=1, that is, elements bn > 0 such
that every x > 0 is minorized by some bn. Similarly, X↑∞ is Borel when X is
σ-order continuous, σ-order complete or has a countable dominating set {dn}∞n=1,
that is, such that every x ∈ X is dominated by some dn.
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The second main result is that the hierarchy of α-Fatou properties is proper, in
the sense that it is not exhausted at any level below ω1.

Theorem 1.3. For every countable ordinal α, there is a separable Banach lattice
with a countable π-basis that fails to be α-Fatou.

Observe that, having countable π-bases, the spaces of Theorem 1.3 must be β-
Fatou for some β > α. Although we do not have an example of a separable Banach
lattice X in which X↓0 fails to be Borel, the techniques behind Theorem 1.3 imply
that there can be no uniform Borel manner of defining the property xn ↓ 0 across
all separable Banach lattices X.

2. Definability of order convergences

As mentioned in the introduction, the prima facie complexities of uniform and or-
der convergence are higher than their actual complexities. So we begin by recalling
the better estimates obtained in [1].

Proposition 2.1 (Lemmas 2.1 & 2.3 [1]). For a sequence (xn) and a vector x in
a Banach lattice X, we have that

(1) xn
u−→
n

x if and only if

∀ϵ > 0 ∃k ∀m ⩾ k

∥∥∥∥∥
m∨

n=k

|xn − x|

∥∥∥∥∥ < ϵ,

(2) xn
o−→
n

x if and only if

∀y > 0 ∃z
(
y ̸⩽ z & ∀∞n |xn − x| ⩽ z

)
.

Recall on the other hand that the relation xn
σo−→
n

x is easily seen to be Σ1
2, since

xn
σo−→
n

x ⇔ ∃(zm) ∈ X↓0 ∀m ∀∞n |xn − x| ⩽ zm

and X↓0 is Π1
1.

Proposition 2.2 (Proposition 2.4 [1]). Let X be a separable Banach lattice. Then
a sequence (xn) in X order converges to x ∈ X if and only if it σ-order converges
to x. In particular, the set

(1)
{(

(xn)
∞
n=1, x

)
∈ XN ×X

∣∣∣ xn
σo−→
n

x
}

is ∆1
2, whereas {(

(xn)
∞
n=1, x

)
∈ XN ×X

∣∣∣ xn
u−→
n

x
}

is Borel.

The next step is to identify large and familiar classes of Banach lattices in which
the sets X↓0 and X↑∞ are Borel rather than merely Π1

1. For this, let us recall that
a Banach lattice X is σ-complete if every countable sequence (xn) that is bounded
above has a least upper bound denoted supn xn. Also, the lattice X is said to be
σ-order continuous provided that limn∥xn∥ = 0 for all (xn) ∈ X↓0. Finally, we say
that X has the Fatou property if, whenever

0 ⩽ x1 ⩽ x2 ⩽ . . . ⩽ x = sup
n

xn,
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then ∥x∥ = supn∥xn∥. It is immediate to see that σ-order continuity implies the
Fatou property, since the former forces that actually limn∥x − xn∥ = 0 when 0 ⩽
x1 ⩽ x2 ⩽ . . . ⩽ x = supn xn.

Now, by [3, Propositions 1.a.7 and 1.a.8] the following three properties are equiv-
alent in the case of separable Banach lattices X.

(1) X is σ-complete,
(2) X is σ-order continuous,
(3) every order bounded increasing sequence is norm convergent.

Lemma 2.3. If X is a σ-complete separable Banach lattice, the sets X↓0 and X↑∞

are both Borel and the relation xn
σo−→
n

x is Σ1
1.

Proof. Observe that, by σ-order continuity,

X↓0 =
{
(xn) ∈ XN ∣∣ x1 ⩾ x2 ⩾ . . . ⩾ 0 & lim

n
∥xn∥ = 0

}
,

whereas (3) above implies that

X↑∞ =
{
(xn) ∈ XN ∣∣ 0 ⩽ x1 ⩽ x2 ⩽ . . . & lim

n,m→∞
∥xn − xm∥ ̸= 0

}
.

That xn
σo−→
n

x is Σ1
1 follows immediately from X↓0 being Borel. □

As we shall see in Example 3.4, for X↓0 to be Borel and xn
σo−→
n

x to be Σ1
1, it is

enough to assume that X has the Fatou property. The same is true if X admits a
countable π-basis {bn} ⊆ X+ \ {0}, meaning that, for every x > 0, there in an n so
that x > bn. Indeed, in this case,

X↓0 =
{
(xn) ∈ XN ∣∣ x1 ⩾ x2 ⩾ . . . ⩾ 0 & ∀m ∃n xn ̸> bm

}
is Borel. Similarly, if X admits a countable dominating family, then X↑∞ is Borel.

3. An ordinal index

We now turn to other weaker conditions than the Fatou property or the existence
of a countable π-basis. So, in the following, let X denote a fixed separable Banach
lattice. Let us begin by recalling the following simple calculation.

Lemma 3.1. For all x, y ∈ X, we have

(y − x)+ = y − (x ∧ y).

Proof. Recall that + distributes over the lattice operation ∨, so

y − (x ∧ y) = y +
(
(−x) ∨ (−y)

)
= (y − x) ∨ 0 = (y − x)+

for all x, y ∈ X. □

If Σ is any set, we let Σ<N denote the set of all finite strings of elements of Σ.
Recall that a subset T ⊆ Σ<N is a tree provided that T contains the empty string
∅ and is closed under taking initial segments. Recall also that a tree T is said to
be ill-founded provided that it has an infinite branch, i.e., if there is an infinite
sequence (yn)

∞
n=1 in Σ so that

(y1, . . . , yn) ∈ T
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for all n. Otherwise, T is well-founded. For a well-founded tree T , we define an
ordinal valued rank function ρT : T → Ord by letting

ρT (s) = 0 ⇔ s has no proper extensions in T

and otherwise
ρT (s) = sup

{
ρT (t) + 1

∣∣ t ∈ T & s ⊊ t}.
We also define the rank of T itself by

ρ(T ) = sup
{
ρT (t) + 1

∣∣ t ∈ T} = ρT (∅) + 1.

A binary relation ≺ on a set Ω is said to be well-founded if there is no infinite
sequence of elements pn ∈ Ω so that

. . . ≺ p3 ≺ p2 ≺ p1.

In this case, we may similarly define a rank ρ≺ : Ω → Ord by

ρ≺(p) = 0 ⇔ p is minimal, i.e., q ̸≺ p for all q ∈ Ω

and
ρ≺(p) = sup

{
ρ≺(q) + 1

∣∣ q ≺ p}.
As for trees, we set ρ(≺) = sup

{
ρ≺(p) + 1

∣∣ p ∈ Ω}. For example, if T is a well-
founded tree, we may let ≺ be the relation ⊋ on T , that is, for s, t ∈ T , we have
s ≺ t if t is a proper initial segment of s. Then ρT = ρ≺.

We let TrΣ denote the set of all trees T ⊆ Σ<N and WFΣ denote the subset of
all well-founded trees. If Σ is a countable set, then TrΣ is a closed subset of the

Polish space {0, 1}Σ<N
, whereas WFΣ is a coanalytic subset of TrΣ. Moreover, by

[7, Exercise 34.6], ρ is a coanalytic rank on WFΣ. In particular, this means that,
for all λ < ω1, the set

WFλ
Σ = {T ∈ TrΣ

∣∣ ρ(T ) ⩽ λ}
is Borel.

Set
X↓ =

{
(zn)

∞
n=1 ∈ XN ∣∣ z1 ⩾ z2 ⩾ . . . ⩾ 0

}
and define, for every sequence (zn) ∈ X↓, a tree Ψ

(
(zn)

)
⊆
(
X+\ {0}

)<N
by

(y1, . . . , yk) ∈ Ψ
(
(zn)

)
⇔

∀i ∀n ∥(yi − zn)
+∥ ⩽ ∥yi∥

3i & ∥yi+1 − yi∥ ⩽ ∥yi∥
3i .

Lemma 3.2. Let P ⊆ X+ \ {0} be a countable norm-dense subset. Then, for all
(zn)

∞
n=1 ∈ X↓, the following conditions are equivalent.

(1) infn zn = 0,
(2) Ψ

(
(zn)

)
is well-founded,

(3) Ψ
(
(zn)

)
∩ P<N is well-founded.

Proof. Note first that the implication (2)⇒(3) is trivial.
(3)⇒(1): Assume that 0 is not the infimum of the sequence (zn), that is, that

there is some y ∈ X+ satisfying

z1 ⩾ z2 ⩾ . . . ⩾ y > 0.

Pick then elements yi ∈ P satisfying ∥yi − y∥ < ∥y∥
7i , which implies that

∥yi+1 − yi∥ ⩽ ∥yi+1 − y∥+ ∥y − yi∥ <
∥y∥
7i+1

+
∥y∥
7i

<
∥yi∥
3i
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for all i. Furthermore,

∥(yi − zn)
+∥ ⩽ ∥(y − zn)

+∥+ ∥y − yi∥ = ∥y − yi∥ <
∥yi∥
3i

,

showing that (y1, y2, . . .) is an infinite branch of Ψ
(
(zn)

)
∩ P<N.

(1)⇒(2): Suppose that Ψ
(
(zn)

)
is ill-founded, i.e., that Ψ

(
(zn)

)
has an infinite

branch (y1, y2, . . .). Then the conditions ∥yi+1 − yi∥ ⩽ ∥yi∥
3i ensure that (yi) is a

Cauchy sequence converging to some y > 0. Furthermore, as ∥(yi − zn)
+∥ ⩽ ∥yi∥

3i

for all n and i, we find that also∥∥y − (zn ∧ y)
∥∥ =

∥∥(y − zn)
+
∥∥ = 0,

i.e., that y ⩽ zn for all n. So, y is a strictly positive lower bound for (zn). □

Lemma 3.3. The following conditions are equivalent.

(1) The set
X↓0 =

{
(zn)

∞
n=1 ∈ X↓

∣∣ inf
n

zn = 0
}

is Borel,
(2)

sup
{
ρ
(
Ψ
(
(zn)

)) ∣∣∣ (zn)∞n=1 ∈ X↓0

}
< ω1.

Proof. (1)⇒(2): Note that, if X↓0 is Borel, so is the set

Ω =
{(

(zn)
∞
n=1, (y1, . . . , ym)

)
∈ X↓0 ×

(
X+\ {0}

)<N
∣∣∣ (y1, . . . , ym) ∈ Ψ

(
(zn)

)}
.

We may then define a Borel quasiordering ≺ on Ω by setting(
(zn)

∞
n=1,(y1, . . . , ym)

)
≺
(
(un)

∞
n=1, (v1, . . . , vk)

)
⇔ (zn)

∞
n=1 = (un)

∞
n=1 & k < m & (v1, . . . , vk) = (y1, . . . , yk)

and observe that ≺ is well-founded by Lemma 3.2. It then follows from the bound-
edness theorem for analytic well-founded relations [7, Theorem 31.1] that

sup
{
ρ
(
Ψ
(
(zn)

)) ∣∣∣ (zn)∞n=1 ∈ X↓0

}
= sup

{
ρ
Ψ
(
(zn)
)(∅) + 1

∣∣∣ (zn)∞n=1 ∈ X↓0

}
= sup

{
ρ≺
(
(zn), ∅

)
+ 1

∣∣∣ (zn)∞n=1 ∈ X↓0

}
= ρ(≺)

< ω1.

(2)⇒(1): Observe that, if P ⊆ X+ \ {0} is a fixed countable norm-dense subset
and

sup
{
ρ
(
Ψ
(
(zn)

)) ∣∣∣ (zn)∞n=1 ∈ X↓0

}
< ω1,

then also

λ = sup
{
ρ
(
Ψ
(
(zn)

)
∩ P<N

) ∣∣∣ (zn)∞n=1 ∈ X↓0

}
< ω1.

Note now that the map X↓
Θ−→TrP defined by

Θ
(
(zn)

)
= Ψ

(
(zn)

)
∩ P<N

is Borel measurable and satisfies

(zn) ∈ X↓0 ⇔ Θ
(
(zn)

)
∈ WFλ

P .

Because WFλ
P is Borel, this shows that also X↓0 is Borel. □
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For every ordinal α and (zn)
∞
n=1 ∈ X↓, we define a game Gα

[
(zn)

]
between two

players I and II as follows. Players I and II alternate in playing ordinals βi and
vectors yi ∈ X+\ {0},

I β1 β2 . . . βk−1 βk

II y1 y2 . . . yk−1 yk

and where the ordinals played are subject to the condition

α > β1 > β2 > . . . > βk−1 > βk ⩾ 0.

The game ends when I plays βk = 0 and II plays its response yk. This will eventually
happen as the ordinals are well-ordered. Player II is then said to win a run of the
game provided that

∥yi+1 − yi∥ ⩽
∥yi∥
3i

for all 1 ⩽ i < k and

∥(yi − zn)
+∥ ⩽

∥yi∥
3i

for all n ⩾ 1 and 1 ⩽ i ⩽ k. Otherwise player I wins.

Example 3.4 (Banach lattices with the Fatou property). Suppose X is a Banach
lattice with the Fatou property, that is, whenever we have elements 0 ⩽ x1 ⩽ x2 ⩽
. . . ⩽ x with x = supn xn, then ∥x∥ = supn∥xn∥. Assume also that (zn) ∈ X↓0.
Then it is easy to see that I has a winning strategy in the game G1

[
(zn)

]
. Indeed,

I simply plays β1 = 0, to which II responds with some vector y1. If II wins this run
of the game, we must have

∥y1 − (zn ∧ y1)∥ = ∥(y1 − zn)
+∥ ⩽

∥y1∥
3

for all n, while at the same time

0 ⩽ y1− (z1∧ y1) ⩽ y1− (z2∧ y1) ⩽ y1− (z3∧ y1) ⩽ . . . ⩽ y1 = sup
n

(
y1− (zn∧ y1)

)
.

Taken together, this contradicts the Fatou property. This means that a winning
strategy for I in G1

[
(zn)

]
is simply to play β1 = 0.

Lemma 3.5. For every (zn)
∞
n=1 ∈ X↓ and every ordinal α,

ρ
(
Ψ
(
(zn)

))
⩽ α ⇔ I has a winning strategy in the game Gα

[
(zn)

]
.

Proof. A straightforward verification shows that

ρ
(
Ψ
(
(zn)

))
> α ⇔ II has a winning strategy in the game Gα

[
(zn)

]
.

Note also that, because the rules and winning conditions in both games are Borel,
the games are determined, that is, either player I or II has a winning strategy
[7, Theorem 20.6]. Therefore,

ρ
(
Ψ
(
(zn)

))
⩽ α ⇔ II has no winning strategy in the game Gα

[
(zn)

]
⇔ I has a winning strategy in the game Gα

[
(zn)

]
as claimed. □
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Definition 3.6. The separable Banach lattice X is said to be α-Fatou provided
that, for every (zn) ∈ X↓,

inf
n

zn = 0 ⇔ I has a winning strategy in the game Gα

[
(zn)

]
⇔ ρ

(
Ψ
(
(zn)

))
⩽ α.

By Example 3.4, Banach lattices with the Fatou property are 1-Fatou.

Proof of Theorem 1.2. (1)⇒(2): Suppose that (1) holds, i.e., that X↓0 is Borel.
Then, for all sequences (xn) and vectors x, we have

xn
σo−→
n

x ⇔ ∃(zn) ∈ X↓0 ∀m ∀∞n |xn − x| ⩽ zm,

which is clearly Σ1
1.

(2)⇒(1): Observe that, for a sequence x1 ⩾ x2 ⩾ . . . ⩾ 0, we have

∀y > 0 ∃n y ̸⩽ xn ⇔ inf
n

xn = 0 ⇔ xn
σo−→
n

0.

The first expression is clearly Π1
1. Hence, if the last is Σ1

1, then these equivalent
expressions are all Borel and hence X↓0 is a Borel set.

(1)⇔(3): Just observe that, by Lemma 3.3, the set X↓0 is Borel if and only if
there is some α < ω1 so that

ρ
(
Ψ
(
(zn)

))
⩽ α

for all (zn) ∈ X↓0. □

4. Examples of spaces with higher order Fatou properties

Our next task is to show that the hierarchy of α-Fatou properties does not
collapse. That is, we will construct spaces that are α-Fatou, but only for larger and
larger α < ω1.

Theorem 4.1. For every countable ordinal α, there is a separable Banach lattice
with a countable π-basis that fails to be α-Fatou.

Proof. Our proof goes by induction on 1 ⩽ α < ω1. For each α, we will construct
several objects,

(1) a separable Banach lattice (Xα, ∥·∥α),
(2) a countable π-basis Bα for Xα,

(3) a Banach lattice homomorphism Xα
ϕα−→R of norm 1,

(4) a sequence

zα1 ⩾ zα2 ⩾ . . . > 0 = inf
n

zαn

whose terms belong to the set

Sα =
{
x ∈ X+

α

∣∣ ∥x∥α = ϕα(x) = 1
}
,

(5) a countable tree Tα ⊆ Ψ
(
(zαn )

)
∩ S<N

α so that

ρ(Tα) > α.
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Observe then that, by property (5), we have

ρ
(
Ψ
(
(zαn )

))
> α

and hence that Xα fails to be α-Fatou.

Base case, α = 1. We let X1 be the Banach lattice c of convergent real
sequences endowed with the equivalent renorming∥∥(t1, t2, . . .)∥∥1 = max

{
1
3

∥∥(t1, t2, . . .)∥∥ℓ∞ ,
∣∣ lim

n
tn
∣∣}.

Note that
B1 =

{
(0, . . . , 0, t, 0, . . .)

∣∣ t ∈ Q+

}
is a countable π-basis for Xα. Define ϕ1 by

ϕ1

(
(t1, t2, . . .)

)
= lim

n
tn

and, for each n, set
z1n = (0, 0, . . . , 0︸ ︷︷ ︸

n times

, 1, 1, 1, . . .) ∈ S1.

Finally, letting y1 = (1, 1, 1, . . .) ∈ S1, we see that (y1) ∈ Ψ
(
(zαn )

)
and therefore

that
T1 =

{
∅, (y1)

}
⊆ Ψ

(
(zαn )

)
∩ S<N

1

and that ρ(T1) = 2 > 1.

Successor case. Suppose that (Xα, ∥·∥α), Bα, ϕα, (zαn ) and Tα have been
defined as above. We then let Xα+1 = Xα with the new norm

∥x∥α+1 = max
{

1
7∥x∥α,

∣∣ϕα(x)
∣∣}.

Observe that ∥·∥α+1 ⩽ ∥·∥α, whereby ∥ϕα∥α+1 = 1 and we may therefore set
ϕα+1 = ϕα and Bα+1 = Bα. Note also that

∥x∥α+1 = ∥x∥α ⇔ ∥x∥α = |ϕα(x)|,
from which it follows that Sα ⊆ Sα+1. We may thus set zα+1

n = zαn ∈ Sα ⊆ Sα+1

for all n. Finally, let

Tα+1 =
{
(zα1 , y1, . . . , yn)

∣∣ (y1, . . . , yn) ∈ Tα

}
∪ {∅} ⊆ S<N

α ⊆ S<N
α+1

and note that ρ(Tα+1) > ρ(Tα) > α. To see that Tα+1 ⊆ Ψ
(
(zα+1

n )
)
, note first

that, for all x, y ∈ Sα, we have

ϕα

(
(x− y)+

)
=
(
ϕα(x− y)

)+
= 0+ = 0 = ϕα(x− y),

whereby
∥∥(x − y)+

∥∥
α+1

= 1
7

∥∥(x − y)+
∥∥
α
and ∥x − y∥α+1 = 1

7∥x − y∥α. Thus, for

all n, ∥∥(zα1 − zα+1
n )+

∥∥
α+1

=
∥∥(zα1 − zαn )

+
∥∥
α+1

= 1
7

∥∥(zα1 − zαn )
+
∥∥
α

⩽ 1
7∥z

α
1 ∥α

= 1
7∥z

α
1 ∥α+1

<
∥zα1 ∥α+1

31
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and ∥∥(yi − zα+1
n )+

∥∥
α+1

=
∥∥(yi − zαn )

+
∥∥
α+1

= 1
7

∥∥(yi − zαn )
+
∥∥
α

⩽
1

7

∥yi∥α
3i

<
∥yi∥α+1

3i+1
.

Similarly,

∥y1 − zα1 ∥α+1 = 1
7

∥∥y1 − zα1
∥∥
α
⩽

2

7
<

∥zα1 ∥α+1

31

and

∥yi+1 − yi∥α+1 = 1
7

∥∥yi+1 − yi
∥∥
α
⩽

1

7

∥yi∥α
3i

<
∥yi∥α+1

3i+1
.

Together, these inequalities establish that (zα1 , y1, . . . , yn) ∈ Ψ
(
(zα+1

n )
)
whenever

(y1, . . . , yn) ∈ Tα and hence that Tα+1 ⊆ Ψ
(
(zα+1

n )
)
.

Limit case. Suppose that α1 < α2 < . . . < α = limn αn. Assume also that the
construction has been done for all ordinals smaller than α. We first consider the
ℓ∞-sum of the Banach lattices Xαn

,

X∞
α =

⊕
ℓ∞

{
Xαn

∣∣∣ n ∈ N
}
=
{
x = (x1, x2, . . .) ∈

∏
n∈N

Xαn

∣∣∣ sup
n

∥xn∥αn < ∞
}
.

Endowed with coordinatewise operations and the norm ∥x∥α = supn ∥xn∥αn , this is
a Banach lattice. Furthermore, because each ϕαn

is a Banach lattice homomorphism
of norm 1, it follows that

Xϕ
α =

{
x = (x1, x2, . . .) ∈ X∞

α

∣∣∣ lim
n

ϕαn
(xn) exists

}
is a Banach sublattice of X∞

α and that ϕ : Xϕ
α → R defined by

ϕ
(
(xn)

)
= lim

n
ϕαn

(xn)

is a lattice homomorphism of norm 1. Observe also that

X∞
α ∩

∏
n

Sαn ⊆ Xϕ
α .

Unfortunately, there is no reason for Xϕ
α to be separable and so Xα will be chosen

to be a specific separable Banach sublattice of Xϕ
α .

For this we first define the uncountable tree Tϕ
α of all finite strings of elements

of Xϕ
α of the form((

0, 0, . . . , 0︸ ︷︷ ︸
k−1

, yk1 , y
k+1
1 , yk+2

1 , . . .
)
, . . . ,

(
0, 0, . . . , 0︸ ︷︷ ︸

k−1

, ykn, y
k+1
n , yk+2

n , . . .
))

,

where k ⩾ 1 and (ym1 , ym2 , . . . , ymn ) ∈ Tαm for all m ⩾ k. We observe that ρ(Tϕ
α ) ⩾

α+ 1. This is because the rank of an element of the tree as above is given by

min
{
ρTαm

(
(ym1 , ym2 , . . . , ymn )

) ∣∣ m ⩾ k
}
,

and therefore, by the inductive hypothesis, we can find strings of rank at least αm

for every m, and the rank of the root ∅ is α.
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By induction on countable ordinals β, it is easily seen that, if a tree Υ satisfies
ρ(Υ) ⩾ β, then there is a countable subtree Υ′ ⊆ Υ with ρ(Υ′) ⩾ β. Applying this
to Υ = Tϕ

α , we take a countable tree Tα ⊆ Tϕ
α such that ρ(Tα) > α.

We define Xα to be the separable Banach sublattice of Xϕ
α generated by

(1) all elements of Xϕ
α that appear in the tree Tα,

(2) all eventually zero vectors (x1, . . . , xn, 0, 0, . . .) ∈ Xϕ
α ,

(3) vectors zαk = (zα1

k , zα2

k , zα3

k , . . .) for k < ω.

If Bαn
is the countable π-basis for Xαn

, then the collection Bα of vectors of the
form (0, . . . , 0, b, 0, 0, . . .) with b ∈ Bαn

in the nth position form a countable π-basis
for Xα. The sequence zαk = (zα1

k , zα2

k , zα3

k , . . .) that we already defined is contained
in Sα and satisfies

zα1 ⩾ zα2 ⩾ . . . > 0 = inf
k
zαk .

The nodes of the tree Tα indeed belong to S<N
α and by construction we have that

ρ(Tα) > α. It thus remains to show that Tα ⊆ Ψ
(
(zαm)

)
. First,∥∥∥∥∥( 0, 0, . . . , 0︸ ︷︷ ︸

k−1

, yki+1, y
k+1
i+1 , y

k+2
i+1 , . . .

)
−
(
0, 0, . . . , 0︸ ︷︷ ︸

k−1

, yki , y
k+1
i , yk+2

i , . . .
)∥∥∥∥∥

α

=

∥∥∥∥∥( 0, 0, . . . , 0︸ ︷︷ ︸
k−1

,
(
yki+1 − yki

)
,
(
yk+1
i+1 − yk+1

i

)
,
(
yk+2
i+1 − yk+2

i

)
, . . .

)∥∥∥∥∥
α

= sup
m⩾k

∥∥∥ymi+1 − ymi

∥∥∥
αm

⩽ sup
m⩾k

1
3i

∥∥ymi ∥∥αm

⩽
1

3i

∥∥∥( 0, 0, . . . , 0︸ ︷︷ ︸
k−1

, yki , y
k+1
i , yk+2

i , . . .
)∥∥∥

α
.

Similarly, for all k and m,∥∥∥∥∥
((

0, 0, . . . , 0︸ ︷︷ ︸
k−1

, yki , y
k+1
i , yk+2

i , . . .
)
− zαm

)+∥∥∥∥∥
α

=

∥∥∥∥∥
((

0, 0, . . . , 0︸ ︷︷ ︸
k−1

, yki , y
k+1
i , yk+2

i , . . .
)
−
(
zα1
m , zα2

m , zα3
m , . . .

))+∥∥∥∥∥
α

=

∥∥∥∥∥( 0, 0, . . . , 0︸ ︷︷ ︸
k−1

,
(
yki − zαk

m

)+
,
(
yk+1
i − zαk+1

m

)+
,
(
yk+2
i − zαk+2

m

)+
, . . .

)∥∥∥∥∥
α

= sup
r⩾k

∥∥∥(yri − zαr
m

)+∥∥∥
αr

⩽ sup
r⩾k

1
3i

∥∥yri ∥∥αr

⩽
1

3i

∥∥∥( 0, 0, . . . , 0︸ ︷︷ ︸
k−1

, yki , y
k+1
i , yk+2

i , . . .
)∥∥∥

α
.
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This completes the verification of properties (1)-(5) and hence the inductive step.
□
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