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A CLASSIFICATION OF ORDER CONVERGENCE VIA A
TRANSFINITE FATOU HIERARCHY

A. AVILES, C. ROSENDAL, M. A. TAYLOR, AND P. TRADACETE

ABSTRACT. We investigate the descriptive complexity of order convergence in
separable Banach lattices. While uniform convergence is Borel and o-order
convergence is known to be A%, it is unclear in general when o-order conver-
gence is analytic.

We introduce a transfinite hierarchy of weakenings of the classical Fatou
property, indexed by countable ordinals, and show that it provides a complete
structural classification of this definability problem. For a separable Banach
lattice X, we prove that the following are equivalent: (i) the set of decreas-
ing positive sequences with infimum zero is Borel; (ii) o-order convergence is
analytic; and (iii) X satisfies the a-Fatou property for some countable ordinal
o.

We further establish that the hierarchy is proper: for every countable or-
dinal « there exists a separable Banach lattice with a countable w-basis that
fails to be a-Fatou, but is S-Fatou for some 8 > «. Thus the Borel definability
of order convergence is governed by a canonical ordinal invariant intrinsic to
the lattice, and the descriptive complexity can be arbitrarily high below w;.

These results identify projective complexity as a genuine structural invari-
ant in Banach lattice theory.

1. INTRODUCTION

The present paper develops a descriptive set theoretic classification of order
convergence in separable Banach lattices. Our goal is to measure, in a precise
and intrinsic way, the definability complexity of the most natural order-theoretic
convergence relations and to identify the structural lattice properties governing this
complexity.

A Banach lattice is a Banach space X equipped with a lattice ordering < that
is compatible with both the linear and norm structure on X. Specifically, for all
z,y,z € X and A > 0,

ey = At+z< Mtz & 2 <yl =zl <yl
<

where |z| = 2V —2. These axioms imply that the order relation < is norm closed

in X2.
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However, many other natural order-theoretic constructions exhibit dramatically
higher descriptive complexity. For example, the sets

X1 = {(z,) € X" | 0 <z <o <... and (2,) is order-unbounded in X }

and
Xw:{(xn)EXN‘xl23722...2O:infxn}
n

can easily be seen to be coanalytic, i.e., II}, but do not appear to be Borel in X~.
This observation raises a fundamental structural question:

How complicated, in the projective hierarchy, are the natural order
convergence relations in a separable Banach lattice?

Our interest in this question stems in part from the study of coordinate systems
and bases in Banach lattices [1,5,8], where definability properties of order conver-
gence play a decisive role. Every Banach lattice supports several distinct notions
of sequential convergence.

e A sequence (z,)5%, converges uniformly to z, denoted z,, — x, if there is
some z € X so that

Ym Vn |z, — x| < £

m’
oo . .
e a sequence (x,)%2, o-order converges to x, denoted x, — x, if there is
some sequence z,, | 0 in X so that

Ym Vo |z, — x| < zm,

e a sequence (,)52, order converges to x, denoted z,, —2 x, if there is some
net z, | 0 in X so that

Y Vn |z, — x| < 2z,.

Here the notations z, | 0 and z, | 0 mean that (z,,) is a decreasing sequence,
respectively decreasing net, with infimum 0, while the notation V°°n means for
all but finitely many n. Figure 1 lists the relationships holding between these
sequential convergence notions and it should be noted that no other implications
hold in general Banach lattices.

uniform
o — order norm
order weak

FiGure 1. Implications between convergence types.

Remark 1.1. It is a classical fact (see [9, Remark 1.3]) that, if X is a Banach
lattice of measurable functions (i.e. an ideal in the space of measurable functions
Lo(Q, %, 1) for some semi-finite measure space (Q, %, 1)), we have f, — f if and

only if f, % f and, moreover, there exists a g € X satisfying |f,| < g for all
n



A CLASSIFICATION OF ORDER CONVERGENCE 3

n (i.e., the sequence (f,,) is order bounded). Therefore, order convergence can be
viewed as a generalization of dominated almost everywhere convergence to vector
lattices. On the other hand, if e € X, then we may equip the order ideal I, =
{ze X | INeR |z| < Ae} with the norm | - || where for each z € I, |z is
the smallest A = A(z) which makes the definition of I, valid. It is well-known
that (I, || - |le) is lattice isometric to C'(K,) for some compact Hausdorff space

K.. Moreover, in C(K.), f, — f if and only if f, l% f, so uniform convergence
n n

bonds the local norm convergences in C(K,) to a convergence in all of X. These
convergences have numerous applications, and have been studied extensively in
recent years [2,4,6].

At first glance, the above convergences appear to have high descriptive complex-
ity. For example, o-order convergence is naturally expressible as a X3, meaning
that the corresponding subset of X x X is the continuous image of a ITi subset
of a Polish space. On the other hand, it is unclear whether the relation z, —
is even projective, i.e., X1 for some k. Yet, as shown in [1], in separable Banach
lattices order and o-order convergence coincide and the resulting relation is AJ,
that is, both 3 and IT3. In contrast, uniform convergence is Borel rather than the
prima facie value X1.

The fact that z,, ~ = is A} but not known to be 21 is a cause of some difficulties
in [1]. Namely, to show that every o-order basis (e, ) for a Banach lattice X = [e,] is
also a Schauder basis, additional set theoretical assumptions are needed. However,
this need vanishes once the relation z,, ~ 2 can be shown to be X1.

We will here define a transfinite hierarchy of successive weakenings of the Fatou
property for Banach lattices, that is, the property that whenever we have elements
0 <z <2 <... <z with = sup, z,, then ||z|| = sup,|z,|. In turn, our first
main result shows that this hierarchy exhausts the class of separable Banach lattices
in which the set X is Borel or equivalently the relation x,, 2% x is analytic.

Theorem 1.2. The following are equivalent for a separable Banach lattice X .
(1) The set

X0 = {(xn)zo:1 EXN’M Zar> .. >0=igfxn}

1s Borel,
(2) the set

{((l"n)%o:l,x) exVxX ‘ xn%x}

s analytic,
(3) X is a-Fatou for some a < wy.

The ordinal invariant introduced here plays a role analogous to classical indices
in Banach space theory, such as the Szlenk index and Bourgain’s /;—index, in that
it measures structural complexity via well-founded ranks.

As we shall see later on, there are several natural conditions on X that force
X0 to be Borel. For example, this is the case when X is either o-order continuous,
o-order complete or has a countable m-basis {b, }5°;, that is, elements b,, > 0 such
that every x > 0 is minorized by some b,. Similarly, X' is Borel when X is
o-order continuous, og-order complete or has a countable dominating set {d,}5> ,
that is, such that every x € X is dominated by some d,,.
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The second main result is that the hierarchy of a-Fatou properties is proper, in
the sense that it is not exhausted at any level below w;.

Theorem 1.3. For every countable ordinal o, there is a separable Banach lattice
with a countable w-basis that fails to be a-Fatou.

Observe that, having countable m-bases, the spaces of Theorem 1.3 must be j-
Fatou for some 8 > a. Although we do not have an example of a separable Banach
lattice X in which X ¢ fails to be Borel, the techniques behind Theorem 1.3 imply
that there can be no uniform Borel manner of defining the property x, | 0 across
all separable Banach lattices X.

2. DEFINABILITY OF ORDER CONVERGENCES

As mentioned in the introduction, the prima facie complexities of uniform and or-
der convergence are higher than their actual complexities. So we begin by recalling
the better estimates obtained in [1].

Proposition 2.1 (Lemmas 2.1 & 2.3 [1]). For a sequence (x,,) and a vector x in
a Banach lattice X, we have that
(1) x, — x if and only if

Ve >0dkVm > k <e

m
\/ |25 — |
n=~k

(2) =, %)x if and only if
Vy>03z (y £z & Von |z, — 2| < 2).
Recall on the other hand that the relation x,, UT()) x is easily seen to be 31, since
xn%o)x & A(zm) € Xjo Vm Vn |z, —z| < 2
and X|q is IT}.

Proposition 2.2 (Proposition 2.4 [1]). Let X be a separable Banach lattice. Then
a sequence (x,) in X order converges to x € X if and only if it o-order converges
to x. In particular, the set

(1) {((xn)zozl,x) e XNxXx ‘ Tn ﬂnv}
is AL, whereas

{((xn);l'ozl,x) e XNx X ‘ Ty L)x}
is Borel.

The next step is to identify large and familiar classes of Banach lattices in which
the sets X|o and X1 are Borel rather than merely II}. For this, let us recall that
a Banach lattice X is o-complete if every countable sequence (x,,) that is bounded
above has a least upper bound denoted sup,, x,,. Also, the lattice X is said to be
o-order continuous provided that limy, ||z, || = 0 for all (z,) € X|o. Finally, we say
that X has the Fatou property if, whenever

0L <2< ... < x=58supzy,
n
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then ||z|| = sup,,||z,||. It is immediate to see that o-order continuity implies the
Fatou property, since the former forces that actually lim, ||z — x| = 0 when 0 <
1 < T2 < ... < T =sup, Tn.

Now, by [3, Propositions 1.a.7 and 1.a.8] the following three properties are equiv-
alent in the case of separable Banach lattices X.

(1) X is o-complete,
(2) X is o-order continuous,
(3) every order bounded increasing sequence is norm convergent.

Lemma 2.3. If X is a o-complete separable Banach lattice, the sets X o and X1
are both Borel and the relation x,, ~> x is X1.

n
Proof. Observe that, by o-order continuity,

Xp={(zn)eX " |z1222>...20 & limn| |z =0},
whereas (3) above implies that

X ={(zn) eX"|0<mr <22 <. & lim o, —anl #0}.

n,Mm—00

That x,, -~z is X} follows immediately from X 10 being Borel. O

As we shall see in Example 3.4, for X |, to be Borel and z,, 2% 2 to be >l it is

n
enough to assume that X has the Fatou property. The same is true if X admits a
countable m-basis {b,} C X\ {0}, meaning that, for every z > 0, there in an n so
that x > b,,. Indeed, in this case,

Xw:{(xn)eXN|x1>x2>...>O & Vmﬂnxn}bm}

is Borel. Similarly, if X admits a countable dominating family, then X1 is Borel.

3. AN ORDINAL INDEX

We now turn to other weaker conditions than the Fatou property or the existence
of a countable m-basis. So, in the following, let X denote a fixed separable Banach
lattice. Let us begin by recalling the following simple calculation.

Lemma 3.1. For all x,y € X, we have
(y—2)" =y—(zAy).
Proof. Recall that + distributes over the lattice operation V, so
y—(@ry)=y+((—2)V(-y)=@-2)vo=(y—x)"
for all z,y € X. (]

If ¥ is any set, we let 3<N denote the set of all finite strings of elements of X.
Recall that a subset T C X<N is a tree provided that T contains the empty string
() and is closed under taking initial segments. Recall also that a tree T is said to
be ill-founded provided that it has an infinite branch, i.e., if there is an infinite
sequence (y,)5%; in ¥ so that

(ylv"'ayn) eT
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for all n. Otherwise, T is well-founded. For a well-founded tree T', we define an
ordinal valued rank function pr: T — Ord by letting

pr(s) =0 < s has no proper extensions in T
and otherwise
pr(s) =sup{pr(t)+1[teT & s Ct}.
We also define the rank of T itself by

p(T) =sup {pr(t)+1|teT}=pr(0)+1.

A binary relation < on a set € is said to be well-founded if there is no infinite
sequence of elements p,, € {2 so that

- < p3 < p2 < P1-
In this case, we may similarly define a rank p~: £ — Ord by
p<(p) =0 & pis minimal, i.e., ¢ £ p for all ¢ € Q

and

p<(p )—Sup{p< )+1|q=<p}
As for trees, we set p(<) = sup {p<(p) + 1 ] p € Q}. For example, if T is a well-
founded tree, we may let < be the relation 2 on T, that is, for s,t € T, we have
s <t if ¢ is a proper initial segment of s. Then pr = p<.

We let Trs; denote the set of all trees T C <N and W Fs; denote the subset of
all well-founded trees. If ¥ is a countable set, then Trs, is a closed subset of the
Polish space {0, 1}Z<N, whereas W Fy; is a coanalytic subset of Try. Moreover, by
[7, Exercise 34.6], p is a coanalytic rank on W Fx. In particular, this means that,
for all A < wq, the set

WF ={T € Trs | p(T) < A}

is Borel.
Set
X, = {(zn)fle e xN | =2 > 20}
C

(x\ {op)~"

and define, for every sequence (z,) € X, a tree \I/( )

(yla ... 7yk?) € \Il((zn)) ~
Vivn [y — z) Yl < L & [y — gl < 12l

Lemma 3.2. Let P C X\ {0} be a countable norm-dense subset. Then, for all
(2n)52; € X, the following conditions are equivalent.

(1) inf, z, =0,

(2) U((2y)) is well-founded,

(3) ¥((zn)) N P<N is well-founded.
Proof. Note first that the implication (2)=(3) is trivial.

(3)=(1): Assume that 0 is not the infimum of the sequence (z,), that is, that
there is some y € X satisfying

12292 ...29y>0.

llyll
7T

Iyl vl Nyl
lyier = yll < llyser =yl +lly —will < 257 + =7 < 55

Pick then elements y; € P satisfying ||y; — y|| < which implies that
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for all 4. Furthermore,

gl
3’

(i — z0) I < M1y — 20) Tl + lly — will = ly — will <

showing that (y1,yz,...) is an infinite branch of ¥((z,)) N P<N.
(1)=>(2): Suppose that ¥((zy,)) is ill-founded, i.e., that ¥((z,)) has an infinite

lly: l
37,

Cauchy sequence converging to some y > 0. Furthermore, as ||(y; — 2,)7|| <
for all n and 4, we find that also
ly = G A = [l =20)" || = 0,

i.e., that y < z, for all n. So, y is a strictly positive lower bound for (z,). O

ensure that (y;) is a

Ly
3’L

branch (y1,¥ya2,...). Then the conditions ||y;+1 — il <

Lemma 3.3. The following conditions are equivalent.

(1) The set
XiO = {(Zn),zozl S X‘L | 12fzn = 0}

s Borel,
(2)
sup {p(@((z,ﬂ)) ‘ (zn)o2q € Xw} < wi.

Proof. (1)=(2): Note that, if X is Borel, so is the set

00 <N
Q= { ()30, W1 9m) € Xpo x (XN ™| (s 9m) € W ((za) -
We may then define a Borel quasiordering < on 2 by setting

((Zn)zozla(yla s 7ym)) =< ((un)?’zozlv (vla s ,'Uk))
S (Zn)pir=(un)oy & k<m & (vi,...,v6) =(y1,..-,Yk)

and observe that < is well-founded by Lemma 3.2. It then follows from the bound-
edness theorem for analytic well-founded relations [7, Theorem 31.1] that

sup { (¥ ((z)) | ()i € Xuof = sup {oy (L )0 +1] ()30 € Ko}

= sup {p=((2).0) + 1] (20)72s € X10}
= (=)
< wq.

(2)=(1): Observe that, if P C X* \ {0} is a fixed countable norm-dense subset
and

sup {p(\ll((zn))) ‘ (zn)o2, € Xw} < wi,
then also
A\ = sup {p(\Il((zn)) N P<N) ’ (zn)0, € Xw} < wi.
Note now that the map X N Trp defined by
O((zn)) = ¥((za)) N PN
is Borel measurable and satisfies
(zn) € Xj0 & O((2n)) € WEp.
Because W Fp is Borel, this shows that also X is Borel. g



8 A. AVILES, C. ROSENDAL, M. A. TAYLOR, AND P. TRADACETE

For every ordinal a and (z,)32, € X, we define a game G, [(z,)] between two
players I and II as follows. Players I and II alternate in playing ordinals ; and
vectors y; € X1\ {0},

I b1 B2 e Br-1 Br
II Y1 Y2 e Yk—1 Yk

and where the ordinals played are subject to the condition
a>pB1>By>...> Bu_1> Br = 0.

The game ends when I plays 8 = 0 and II plays its response yi. This will eventually
happen as the ordinals are well-ordered. Player II is then said to win a run of the
game provided that

[yiv1 — will < ngH
for all 1 < i < k and
Yi
I3 — =) < 12

forallm > 1 and 1 <7 < k. Otherwise player I wins.

Example 3.4 (Banach lattices with the Fatou property). Suppose X is a Banach
lattice with the Fatou property, that is, whenever we have elements 0 < 7 < z2 <
... < x with = sup,, ,, then ||z| = sup,|z,|. Assume also that (z,) € X|o.
Then it is easy to see that I has a winning strategy in the game G [(z,)]. Indeed,
I simply plays 51 = 0, to which II responds with some vector y;. If IT wins this run
of the game, we must have

lyr = (zn Ayl = [y = 20) 7| < @
for all n, while at the same time
0<y1—(z1Ay) <y1—(z2Ay) Sy —(z3Ayn) < ..o <y1=sup (g1 — (za An)).
n

Taken together, this contradicts the Fatou property. This means that a winning
strategy for I in G [(zn)] is simply to play 51 = 0.

Lemma 3.5. For every (2,)52, € X| and every ordinal «,

p(\I/((zn))) <a & I has a winning strategy in the game G [(2,)].
Proof. A straightforward verification shows that

p(\If((zn))> >a <« IIhas a winning strategy in the game G [(2,)]-

Note also that, because the rules and winning conditions in both games are Borel,
the games are determined, that is, either player I or II has a winning strategy
[7, Theorem 20.6]. Therefore,

p(\II((zn))> < a <« II has no winning strategy in the game G, [(zn)]
& I has a winning strategy in the game G [(2y,)]

as claimed. O
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Definition 3.6. The separable Banach lattice X is said to be a-Fatou provided
that, for every (z,) € X,

infz, =0 <  Ihas a winning strategy in the game Go [(2)]
n

& p(@((zn))) < a.
By Example 3.4, Banach lattices with the Fatou property are 1-Fatou.

Proof of Theorem 1.2. (1)=-(2): Suppose that (1) holds, i.e., that X is Borel.
Then, for all sequences (z,,) and vectors x, we have

AR A(zn) € X0 Ym V0 |z, — 2| < 2,
n

which is clearly 31.
(2)=(1): Observe that, for a sequence x; > xz2 > ... > 0, we have

Vy>03dn yga, < infz,=0 < z,->0.

The first expression is clearly ITi. Hence, if the last is X1, then these equivalent
expressions are all Borel and hence X is a Borel set.

(1)<(3): Just observe that, by Lemma 3.3, the set X is Borel if and only if
there is some o < wq so that

p(¥((z0)) < a
for all (z,) € X}o. O

4. EXAMPLES OF SPACES WITH HIGHER ORDER FATOU PROPERTIES

Our next task is to show that the hierarchy of a-Fatou properties does not
collapse. That is, we will construct spaces that are a-Fatou, but only for larger and
larger a < wy.

Theorem 4.1. For every countable ordinal «, there is a separable Banach lattice
with a countable w-basis that fails to be a-Fatou.

Proof. Our proof goes by induction on 1 < a < wy. For each «, we will construct
several objects,

(1) a separable Banach lattice (Xa, ||*||a),
a countable m-basis B, for X,

(2)
(3) a Banach lattice homomorphism X, %2 R of norm 1,
(4) a sequence

zf}z?}...>0=i%fzg
whose terms belong to the set
So={z € XJ | |zlla = ¢a(z) =1},
(5) a countable tree T, C ¥((22)) N SEN so that

p(Ty) > a.
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Observe then that, by property (5), we have

p(¥((=) > a

and hence that X, fails to be a-Fatou.

Base case, a = 1. We let X; be the Banach lattice ¢ of convergent real
sequences endowed with the equivalent renorming

It 2, ], = masx {31t b2, ] [T -

Note that

By ={(0,...,0,t,0,...) |t € Qt }
is a countable m-basis for X,. Define ¢; by

¢1((t1,t2, . )) = 1171;th

and, for each n, set

2zt =1(0,0,...,0,1,1,1,...) € S;.

——
n times

Finally, letting y1 = (1,1,1,...) € Si, we see that (y1) € ¥((z%)) and therefore
that

T = {0, (s)} C (=) N S5™
and that p(T7) =2 > 1.

Successor case. Suppose that (X,,|lla); Bas ¢, (25) and T, have been

defined as above. We then let X411 = X, with the new norm

da(@)]| }-
Observe that ||-[la+1 < ||'[la, Whereby ||¢palla+1 = 1 and we may therefore set
Oa+1 = ¢ and B,+1 = B,. Note also that
[ellats = llzlla & [lzla = [dal)],

from which it follows that S, C S,41. We may thus set zf{“ =28 € Sq € Sot1
for all n. Finally, let

TaJrl = {(Ztll,ylv‘ c >yn) | (yla cee 7yn) € Toz} U {(Z)} g S§N g S;El
and note that p(Tay1) > p(Ta) > a. To see that Thqq € ¥((257)), note first
that, for all z,y € S, we have

$o((@—y)*) = (dale — 1)) =0t =0=ga(z —y),

Jollas1 = max { }o]la,

whereby ||(z —y)*[|,, = #[[(z —y)*||, and [z = yllas1 = F[lz = ylla. Thus, for
all n,
G2 =22 agr = 1GE = 20 o
= 2 llGE =27,
< 7l
= 22t o+
JyET

31
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and
e =22 g = s =220 M
=7l ==l
1 s
g?”y?zl”a
[yl
< Ll
Similarly,
2 (0%
I3~ 2o = Hlon — 27, < 2 < 1ot
and

< lgille _ lgillats
i1 — villarr = 7Hyz+1—y,H Sy éla < i;ﬁ

Together, these inequalities establish that (28, y1,...,yn) € \1;((23&1)) whenever
(y1,.-.,Yn) € Ty and hence that Tp11 C \I/((Zg—i-l)).

Limit case. Suppose that a1 < as < ... < a = lim,, a,,. Assume also that the
construction has been done for all ordinals smaller than «. We first consider the
lso-sum of the Banach lattices X, ,

Xg":@{Xan nEN}:{xz(xl,xz GHX%

oo neN

sup 2" o, < 00 }.

Endowed with coordinatewise operations and the norm ||z||, = sup,, ||z"||a,,, this is
a Banach lattice. Furthermore, because each ¢, is a Banach lattice homomorphism
of norm 1, it follows that

Xg:{ = (2',2%,...) € X

lirlln Ga, (™) exists }

is a Banach sublattice of X2° and that ¢: X¢ — R defined by
o((x")) = lim 6, (2")

is a lattice homomorphism of norm 1. Observe also that

X2 0] Sa. € Xx¢.

Unfortunately, there is no reason for X¢ to be separable and so X, will be chosen
to be a specific separable Banach sublattice of X2.

For this we first define the uncountable tree T of all finite strings of elements
of X¢ of the form

((0707 Oylv k+1vyi€+2a"')7 7(0707"'701yﬁvy5+17y7li+27"')>7
%/—/ ——
k—1 k—1
where k > 1 and (y*,y5",...,y™) € T,,, for all m > k. We observe that p(T?) >
«a + 1. This is because the rank of an element of the tree as above is given by
min{pTam((ygn7y72n""ayn ) |m k}

and therefore, by the inductive hypothesis, we can find strings of rank at least au,,
for every m, and the rank of the root () is a.
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By induction on countable ordinals (3, it is easily seen that, if a tree Y satisfies
p(Y) = B, then there is a countable subtree Y/ C YT with p(Y') > 8. Applying this
to T =T¢, we take a countable tree T, C T such that p(T,) > a.

We deﬁne X, to be the separable Banach sublattice of X generated by

(1) all elements of X2 that appear in the tree T,,
(2) all eventually zero vectors (x1,...,7,,0,0,...) € X2,
(3) vectors zjf = (2%, 2%, 2%, . ..) for k < w.

If B,, is the countable m-basis for X, , then the collection B, of vectors of the
form (0,...,0,b,0,0,...) with b € B, in the nth position form a countable 7-basis
for X,. The sequence 2z} = (2", 2,%, 2, °, . ..) that we already defined is contained
in S, and satisfies

z‘f}z?}.‘.>0:irlifz?.

The nodes of the tree T, indeed belong to SN and by construction we have that
p(T,) > . It thus remains to show that T, C W((2%)). First,

k+1 | k+2 k+1 | k+2
H OO Oyz—l—lvyz.:_layz:lv"')7(();07 Oyza +7y1+ )
k—1 k—1

= sup ‘
m2=k

(0,0, 0 (e =), (T =Y (W - ), )

k-1
..

(e

m m
Yi+1 — Y;

N

||

(0.0, 0,5kl g+,
W
k-1

sup 3
m

N

?

(03

Similarly, for all k¥ and m,

+
H( (0.0, 0,y gt g+ )—z:s;>
\‘/—/

k—1 o
+
”( O 0,...,0, yl, k+1,yf+2,.. )f (z%l,zgf,zf‘na, ))
H,_/
k—1 @
k E+1 _ k42 +
(0,0,00,0, (= 20) ", (b = 2e) T (2 = 2T o
k—1

7 - )
r>k

[e28

< sup g il

(0.0, .0,k gl g+,
R,_/
k—1

X

3

[
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This completes the verification of properties (1)-(5) and hence the inductive step.

O
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