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Abstract. The notions of p-convexity and concavity are fundamental tools for studying Banach
lattices, as they partition the class of Banach lattices into a scale of spaces with Lp-like properties.
Upper and lower p-estimates provide a refinement of this scale, modeled by the Lorentz spaces Lp,8

and Lp,1, respectively. In this article, we provide a comprehensive treatment of Banach lattices
with upper p-estimates. In particular, we show that many well-known theorems about p-convex
Banach lattices have analogues in the upper p-estimate setting, including the ability to represent all
such spaces inside of infinity sums of model spaces, to canonically factor the convex operators and
identify their associated operator ideals, as well as to give a precise description of the free objects
and push-outs. Proving these results is far from straightforward and will require the development
of a variety of new tools that avoid convexification and concavification procedures. In fact, we will
identify many fundamental differences between the theories of p-convexity and upper p-estimates,
particularly with regards to isometric problems and renormings.
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1. Introduction

Convexity properties have long played a fundamental role in the theory of Banach lattices [17].
Recall that a Banach lattice X is p-convex if there exists a constant K ě 1 such that for all n P N
and x1, . . . , xn P X we have

(1.1)
∥∥∥∥∥
ˆ n
ÿ

i“1
|xi|

p

˙

1
p
∥∥∥∥∥ ď K

ˆ n
ÿ

i“1
}xi}

p

˙

1
p

.

Evidently, every Banach lattice is 1-convex, and Lppµq is p-convex. By reversing the inequality
in (1.1) one obtains the notion of a p-concave Banach lattice, and it is well-known that a Banach
lattice X is both p-convex and p-concave if and only if it is lattice isomorphic to Lppµq for some
measure µ.

The above convexity and concavity properties partition the class of Banach lattices into a scale
of spaces with properties similar to those of Lp. In fact, by Maurey’s Factorization Theorem, it
follows that a Banach lattice is p-convex if and only if it is lattice isomorphic to a closed sublattice
of an ℓ8-sum of Lp-spaces. This theorem unlocks a host of concrete tools that can be used to study
a wide class of function spaces and is in some sense analogous to the well-known representation of
Banach spaces as closed subspaces of ℓ8-sums of copies of the real line.

It is natural to replace one of the p-sums by a q-sum in (1.1). However, it is well-known that this
only leads to one additional non-trivial property; namely, pp,8q-convexity. Here, we recall that a
Banach lattice X is pp,8q-convex (or has an upper p-estimate) if there exists a constant K ě 1
such that for all n P N and x1, . . . , xn P X we have

(1.2)
∥∥∥∥∥

n
ł

i“1
|xi|

∥∥∥∥∥ ď K

ˆ n
ÿ

i“1
}xi}

p

˙

1
p

.

It is well-known that X is pp,8q-convex if and only if the inequality (1.1) holds for all pairwise
disjoint x1, . . . , xn P X. Although pp,8q-convexity is also a classical notion [17], the corresponding
theory is far more difficult and underdeveloped than that of p-convexity – the primary objective of
this article is to explain and rectify this issue.

As we shall see, the class of pp,8q-convex Banach lattices is modeled by weak-Lp. In fact, using
Pisier’s Factorization Theorem we will be able to represent every pp,8q-convex Banach lattice
as a closed sublattice of an ℓ8-sum of weak-Lp-spaces. Then, by studying the properties of this
representing space, we will give quick and transparent proofs of many of the fundamental structural
properties of the full class of pp,8q-convex Banach lattices, including the fact that pp,8q-convexity
implies q-convexity for q ă p with sharp constant growing like pp´ qq´ 1

p as q Ò p. This is the main
content of Section 2.

In the remainder of the article, we will analyze the fine structure of pp,8q-convex and pp, 1q-
concave Banach lattices and their operators. This will present major challenges compared to the
analogous study of p-convexity and concavity. This is perhaps most strikingly illustrated by con-
trasting Proposition 2.7 and Example 3.4: Every p-convex Banach lattice with constant one em-
beds lattice isometrically into an ℓ8-sum of Lp-spaces and every pp,8q-convex Banach lattice with
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constant one embeds lattice isomorphically into an ℓ8-sum of weak-Lp-spaces, but there are pp,8q-
convex Banach lattices with constant one that do not embed lattice isometrically into any ℓ8-sum
of weak-Lp-spaces. This fact will make the isometric theory of pp,8q-convex Banach lattices partic-
ularly subtle, and will have immediate implications for the study of free Banach lattices with upper
p-estimates as well as all other universal constructions.

Another difficulty in the study of upper p-estimates is that one no longer has access to convexifi-
cation and concavification arguments. This is a standard and often indispensable tool in the theory
of p-convex Banach lattices. For example, one may use it in combination with the fact that every
separable Banach lattice embeds lattice isometrically into Cp∆, L1q to immediately deduce that
every separable p-convex Banach lattice embeds lattice isometrically into Cp∆, Lpq, i.e., Cp∆, Lpq

is injectively universal for separable p-convex Banach lattices. Identifying an analogous injectively
universal object in the upper p-estimate case is much more difficult, not only because the above
proof technique breaks down, but also because Lp,8pµq is non-separable, depends in a more compli-
cated way on the choice of measure µ, and can be equipped with more than one norm. However, in
Section 6 we will give strong evidence that Cp∆, L˝

p,8r0,8qq might be the correct universal space.
With the above difficulties in mind, the primary objective of this article will be to develop a host

of new techniques to understand pp,8q-convex spaces and operators. In particular, we will develop
a series of factorization results in Section 4 and a complete theory of the relevant operator ideals
in Section 7. In many cases, the correct route to obtain a pp,8q-convex analogue of a result on p-
convex Banach lattices is to replace Lp with the far more difficult to work with Lp,8 (contrast Pisier
and Maurey’s factorization theorems) and then overcome the additional difficulties. Interestingly,
however, in other cases it will be more appropriate to replace certain ℓn

p -norms with ℓn
8-norms

(compare (1.1) with (1.2), or the general strategy in Section 7) or to instead replace multiple ℓn
p

norms with ℓn
p,8 norms (compare the norm of FBLppq with FBLpp,8q). In all cases, the proof that

the desired pp,8q-convex result holds will be significantly more complicated than the p-convex one.

1.1. Content of the paper. We begin the paper by reviewing in Section 2 some basic facts about
p-convexity and upper p-estimates. In particular, we recall some of the properties of Lp,8, as well
as its role as a model space in the factorization of pp,8q-convex operators (Theorem 2.4) and the
representation of Banach lattices with upper p-estimates (Proposition 2.7). We also provide a simple
proof of the well-known fact that every Banach lattice with upper p-estimates is q-convex for every
1 ď q ă p with a constant that explodes at a precise rate as q approaches p, and give an example
that shows that the converse is not true.

Next, in Section 3 we delve into the connection between the class of Banach lattices with upper
p-estimates (with constant 1) and that of sublattices of ℓ8-sums of Lp,8-spaces. Proposition 2.7
implies that these classes coincide isomorphically, with a universal constant γp depending only on
p. However, in Section 3.1 we establish that they cannot coincide isometrically, as we provide an
example of a (three-dimensional) Banach lattice that satisfies an upper p-estimate with constant 1,
but does not embed isometrically into any ℓ8-sum of Lp,8-spaces. Moreover, we show in Section 3.2
that the ambiguity in the choice of the renorming of Lp,8 (see (2.5)) is not the cause of this
discrepancy. Implications for free Banach lattices are also discussed.

Section 4 is devoted to extending a series of results on abstract factorizations of convex and
concave operators through Banach lattices with certain convexity and concavity properties due to
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Reisner [25], Meyer-Nieberg [20], and Raynaud and the last author [24]. We take the ideas from
[20, 24] to develop a general theory of convex and concave Banach lattices and operators, which is
developed through Sections 4.1 to 4.4. This allows us to extend the results from [24] on minimal
and maximal factorizations for p-convex and q-concave operators, respectively, to the setting of
pp,8q-convex and pq, 1q-concave operators (see Theorem 4.1), refining [20, Theorem 2.8.7]. Finally,
in Section 4.5 we apply this abstract theory to the study of factorizations of operators between
Banach lattices which are simultaneously pp, p2q-convex and pq, q2q-concave, for p2 P tp,8u and
q2 P t1, qu. The corresponding result when p2 “ p and q2 “ q was established in [24]. Therefore,
here we deal with the three remaining cases.

In Section 5, we revisit the construction of push-outs in subcategories of Banach lattices es-
tablished in [8] with the aim of improving the isomorphism constant of Theorem 4.7 from the
aforementioned reference. We show using a p-convexification and p-concavification argument that
in the p-convex case this constant can be reduced to 1, that is, [3, Theorem 4.4] holds also for
push-outs in the subcategory of p-convex Banach lattices. We also apply the abstract factorization
techniques from the previous section to improve the proof for the upper p-estimates case.

Next, in Section 6, we continue the study of universal constructions in subcategories of Banach
lattices. More specifically, we show that Cp∆, Lpr0, 1sq is universal for the class of separable p-
convex Banach lattices, and provide some partial results that point towards Cp∆, L˝

p,8r0,8qq as the
natural candidate to satisfy an analogous property in the setting of upper p-estimates.

Finally, we devote Section 7 to extending some results from Reisner [25] concerning the ideal of
operators that factor through a Banach lattice with p-convex and q-concave factors to the other
three relevant cases: We show that the ideal Mpp,p2;q,q2q of operators that factor through a pp, p2q-
convex and a pq, q2q-concave operator, with p2 P tp,8u and q2 P t1, qu, is perfect, and can be
identified with the ideal of operators that factor through a multiplication operator from Lp,p2 to
Lq,q2 .

2. An overview of p-convexity and upper p-estimates

Throughout the paper, Banach lattices will be denoted by X, Y, Z... and Banach spaces by
E,F,G... The closed unit ball of a Banach space E is denoted by BE. Given 1 ď p ď 8, we
will write p˚ “

p
p´1 . Expressions of the form

`
řn

i“1 |xi|
p
˘

1
p are defined via functional calculus

(cf. [17, Section 1.d]) and must be understood as the finite supremum
Žn

i“1 |xi| for p “ 8. We refer
the reader to [17, 20] for standard notation and terminology concerning Banach lattices.

As explained in the introduction, this paper is devoted to the study of upper p-estimates, and
more specifically its differences and similarities with p-convexity. We begin by recalling the classical
notions of convexity and concavity in full generality (see [6, Chapter 16]):

Definition 2.1. Let X be a Banach lattice, E a Banach space and 1 ď p, q ď 8.
(1) An operator T : E Ñ X is called pp, qq-convex if there exists a constant K ě 1 such that

(2.1)
∥∥∥∥∥
ˆ n
ÿ

i“1
|Txi|

q

˙

1
q
∥∥∥∥∥ ď K

ˆ n
ÿ

i“1
}xi}

p

˙

1
p
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for every x1, . . . , xn P E and n P N. The best constant K satisfying (2.1) is called the
pp, qq-convexity constant of T and is denoted Kpp,qqpT q.

(2) An operator T : X Ñ E is called pp, qq-concave if there exists a constant K ě 1 such that

(2.2)
ˆ n
ÿ

i“1
}Txi}

p

˙

1
p

ď K

∥∥∥∥∥
ˆ n
ÿ

i“1
|xi|

q

˙

1
q
∥∥∥∥∥

for every x1, . . . , xn P X and n P N. The best constant K satisfying (2.2) is called the
pp, qq-concavity constant of T and is denoted Kpp,qqpT q.

(3) A Banach lattice X is said to be pp, qq-convex (respectively, pp, qq-concave) if the identity
operator idX : X Ñ X is pp, qq-convex (respectively, pp, qq-concave). We write Kpp,qqpXq “

Kpp,qqpidXq and Kpp,qqpXq “ Kpp,qqpidXq for the pp, qq-convexity and pp, qq-concavity con-
stants of X, respectively.

If p “ q, we will simply say that T or X is p-convex (respectively, p-concave) and write KppqpT q or
KppqpXq (respectively, KppqpT q or KppqpXq) instead.

If we replace arbitrary collections of vectors by disjoint collections, we arrive at the notions of
upper and lower estimates:

Definition 2.2. Let X be a Banach lattice and 1 ď p ď 8.
(1) X is said to satisfy an upper p-estimate if there exists a constant K ě 1 such that

(2.3)
∥∥∥∥∥

n
ÿ

i“1
xi

∥∥∥∥∥ ď K

ˆ n
ÿ

i“1
}xi}

p

˙

1
p

for every (positive) pairwise disjoint x1, . . . , xn P X and n P N. The best constant K
satisfying (2.3) is called the upper p-estimates constant of X and is denoted KpÒpqpXq.

(2) X is said to satisfy a lower p-estimate if there exists a constant K ě 1 such that

(2.4)
ˆ n
ÿ

i“1
}xi}

p

˙

1
p

ď K

∥∥∥∥∥
n
ÿ

i“1
xi

∥∥∥∥∥
for every (positive) pairwise disjoint x1, . . . , xn P X and n P N. The best constant K
satisfying (2.4) is called the lower p-estimates constant of X and is denoted KpÓpqpXq.

The first thing that should be mentioned is that convexity and concavity are dual notions: An
operator T is pp, qq-convex (respectively, pp, qq-concave) if and only if T ˚ is pp˚, q˚q-concave (respec-
tively, pp˚, q˚q-convex), with the same constant, and a similar relation holds for upper and lower
p-estimates (see, for instance, [17, Sections 1.d and 1.f] or [6, Chapter 16]). Next, note that when
q ă p, the only pp, qq-convex operator is the null operator, and the same happens for pp, qq-concavity
when q ą p. Additionally, an operator T is pp, qq-convex for some q ą p (respectively, pp, qq-concave
for some q ă p) if and only if it is pp,8q-convex (respectively, pp, 1q-concave), with equivalent
constants; and a Banach lattice is pp,8q-convex (respectively, pp, 1q-concave) if and only if it sat-
isfies an upper p-estimate (respectively, lower p-estimate), with the same constant. Finally, it is
straightforward to check that for every 1 ď q ď 8, every operator T : E Ñ X is p1, qq-convex and
every operator T : X Ñ E is p8, qq-concave, both with constant 1. Therefore, the only meaningful
cases, up to constants, are p-convexity and p-concavity for 1 ď p ď 8, and pp,8q-convexity/upper
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p-estimates and pp, 1q-concavity/lower p-estimates for 1 ă p ă 8. Throughout the paper, either of
the synonymous terms pp,8q-convexity and upper p-estimates will be employed when deemed more
appropriate.

As expected, the notions of p-convexity and pp,8q-convexity are strongly related, and therefore so
are p-concavity and pp, 1q-concavity. First, it is clear that every p-convex operator is pp,8q-convex
with the same constant. Moreover, it can be shown that every p-convex operator is q-convex for every
q ă p, and the q-convexity constant is non-decreasing [17, Proposition 1.d.5]. On the other hand,
every pp,8q-convex operator is q-convex for every q ă p, with constant KpqqpT q ď Cp,qK

pp,8qpT q,
where Cp,q is a constant that explodes like pp ´ qq´ 1

p when q Ñ p´. Below, we elaborate on the
proof of this fact and provide a new argument (see Corollary 2.8). Moreover, we show that the
converse is not true via Example 2.10.

The prototypical examples of p-convex and p-concave Banach lattices are Lp-spaces. Actually,
these spaces play a crucial role in many representation and factorization results for p-convex and
p-concave Banach lattices and operators, as we will recall later. Some of these results have an
analogue in the setting of pp,8q-convexity and pp, 1q-concavity, with the Lorentz spaces Lp,8 and
Lp,1 playing the role of model spaces. Let us recall some facts about these spaces.

Let pΩ,Σ, µq be a measure space and f a measurable function on Ω. We define its decreasing
rearrangement f˚ : r0,8q Ñ r0,8q by

f˚
ptq :“ inftλ ą 0 : µt|f | ą λu ď tu.

Given 1 ă p ă 8, the space Lp,1pµq is the set of all measurable functions f : Ω Ñ R such that the
norm

~f~Lp,1 :“
ż 8

0
t

1
pf˚

ptq
dt

t

is finite. Similarly, the space Lp,8pµq is the set of all measurable functions f such that the quasinorm

~f~Lp,8
:“ sup

tą0
t

1
pf˚

ptq “ sup
λą0

λµpt|f | ą λuq
1
p

is finite. Note, in particular, that every f P Lp,8pµq has σ-finite support. It is easy to check that
the quasinorm of Lp,8pµq is equivalent to the dual norm of Lp˚,1pµq with equivalence constant p˚,
in other words, Lp,8pµq is the dual of Lp˚,1pµq (up to a lattice isomorphic renorming). Actually,
Lp,8pµq admits the following family of lattice renormings: For each 1 ď r ă p, let

}f}
L

rrs
p,8

:“ sup
0ăµpAqă8

µpAq
1
p

´ 1
r

ˆ
ż

A

|f |
r dµ

˙
1
r

.

All of these norms are equivalent to the quasinorm [11, Exercise 1.1.12]:

(2.5) ~f~Lp,8 ď }f}
L

rrs
p,8

ď

ˆ

p

p ´ r

˙
1
r

~f~Lp,8 for every f P Lp,8pµq.

Moreover, given f P Lp,8pµq, the norms }f}
L

rrs
p,8

are increasing in r P r1, pq. Observe that for each
1 ď r ă p, Lrrs

p,8pµq “ pLp,8pµq, } ¨ }
L

rrs
p,8

q is a Banach lattice that satisfies an upper p-estimate with
constant 1. Hence, Lp˚,1pµq satisfies a lower p˚-estimate.
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Unless stated otherwise, in this paper, we will assume that Lp,8pµq is endowed with the norm
} ¨ }

L
r1s
p,8

, and we will simply denote this norm by } ¨ }Lp,8 or } ¨ }p,8. Similarly, when referring to the
predual space Lp˚,1pµq, we will write Lrrs

p˚,1pµq when it is endowed with the dual norm induced by
} ¨ }

L
rrs
p,8

, and we will simply write Lp˚,1pµq in the default case r “ 1. As usual, when the measure
space is the natural numbers with the counting measure, we will write ℓp,8 and ℓp˚,1.

As mentioned earlier, the spaces Lp, Lp,8 and Lp,1 play a special role in the theory of concavity
and convexity, as the following results due to Maurey [19] and Pisier [23] illustrate. It should be
noted that both theorems can be stated for 0 ă r ă p, but in this work, we will only consider the
range 1 ď r ă p.

Theorem 2.3 (Maurey’s Factorization Theorem). Let 1 ď r ă p ă 8, E a Banach space, T : E Ñ

Lrpµq a linear operator and C ą 0. The following are equivalent:
(1) T is p-convex with KppqpT q ď C.
(2) There exists a normalized g P L1pµq` such that tg “ 0u Ď tTx “ 0u for every x P E, and

T “ MR, where R : E Ñ Lppg ¨ µq given by Rx “ g´ 1
rTx is bounded with }R} ď C and

M : Lppg ¨ µq Ñ Lrpµq is the multiplication operator by g 1
r .

E

R ##

T // Lrpµq

Lppg ¨ µq

M

99

Theorem 2.4 (Pisier’s Factorization Theorem). Let 1 ď r ă p ă 8, E a Banach space and
T : E Ñ Lrpµq a linear operator. The following are equivalent:

(1) There exists C ą 0 such that T is pp,8q-convex with Kpp,8qpT q ď C.
(2) There exists C 1 ą 0 and a normalized g P L1pµq` such that for every x P E and measurable

subset B Ď Ω

}TxχB}Lrpµq ď C 1
}x}

ˆ
ż

B

g dµ

˙
1
r

´ 1
p

.

(3) There exists C2 ą 0 and a normalized g P L1pµq` such that tg “ 0u Ď tTx “ 0u for every
x P E, and T “ MR, where R : E Ñ L

rrs
p,8pg ¨ µq given by Rx “ g´ 1

rTx is bounded with
}R} ď C2 and M : Lrrs

p,8pg ¨ µq Ñ Lrpµq is the multiplication operator by g 1
r .

E

R $$

T // Lrpµq

L
rrs
p,8pg ¨ µq

M

99

Moreover, for the best constants, we have C ď C2 ď C 1 ď p1 ´ r
p
q

1
p

´ 1
rC.

Note that in the pp,8q-convex setting, we obtain a constant p1 ´ r
p
q

1
p

´ 1
r that does not appear in

the p-convex case. For r “ 1, this constant will play a significant role in subsequent sections, so we
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will denote it by

γp “

´

1 ´
1
p

¯
1
p

´1
“ pp˚

q
1

p˚ .

We include for later use the corresponding dual statements for concave operators.
Theorem 2.5. Let 1 ă q ă s ă 8, E a Banach space, T : Lspµq Ñ E a linear operator and C ą 0.
The following are equivalent:

(1) T is q-concave with KpqqpT q ď C.
(2) There exists a normalized g P L1pµq` such that T “ SĂM , where ĂM : Lspµq Ñ Lqpg ¨ µq is

the multiplication operator by g´ 1
s and S : Lqpg ¨ µq Ñ E is bounded with }S} ď C.

Lspµq

ĂM %%

T // E

Lqpg ¨ µq

S

;;

Theorem 2.6. Let 1 ă q ă s ă 8, E a Banach space and T : Lspµq Ñ E a linear operator. The
following are equivalent:

(1) There exists C ą 0 such that T is pq, 1q-concave with Kpq,1qpT q ď C.
(2) There exists C 1 ą 0 and a normalized g P L1pµq` such that for every f P Lspµq and

measurable subset B Ď Ω

}T pfχBq} ď C 1
}f}Lspµq

ˆ
ż

B

g dµ

˙
1
q

´ 1
s

.

(3) There exists C2 ą 0 and a normalized g P L1pµq` such that T “ SĂM , where ĂM : Lspµq Ñ

L
rs˚s

q,1 pg ¨ µq is the multiplication operator by g´ 1
s and S : Lrs˚s

q,1 pg ¨ µq Ñ E is bounded with
}S} ď C2.

Lspµq

ĂM %%

T // E

L
rs˚s

q,1 pg ¨ µq

S

;;

Moreover, for the best constants, we have C ď C2 ď C 1 ď p1 ´ s˚

q˚ q
1

q˚ ´ 1
s˚C.

For concave operators defined on L8, or more generally on CpKq-spaces, the analogues of the
last two results are Pietsch’s Factorization Theorem for p-summing operators (see, for instance,
[27, Theorem 9.2]) and Pisier’s generalization for pp, 1q-summing operators [23, Theorem 2.4], since
every operator defined on a CpKq-space is pp, qq-concave if and only if it is pp, qq-summing. Maurey’s
and Pisier’s Factorization Theorems can be used, for instance, to prove the following representation
result [8, Proposition 3.3], which generalizes the well-known representation of any Banach lattice
as a sublattice of an ℓ8-sum of L1 spaces (see [18, Lemma 3.4]). Throughout the paper, by the
ℓ8-sum of spaces pXγqγPΓ we mean the space

ˆ

à

γPΓ
Xγ

˙

8

:“
"

x “ pxγqγPΓ : xγ P Xγ @γ P Γ, }x} :“ sup
γPΓ

}xγ} ă 8

*

.
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Proposition 2.7. Let X be a Banach lattice and 1 ă p ă 8:
(1) If X is p-convex, there are a family Γ of probability measures and a lattice isomorphism

J : X Ñ

ˆ

à

µPΓ
Lppµq

˙

8

such that }x} ď }Jx} ď KppqpXq}x} for all x P X.
(2) If X is pp,8q-convex, there are a family Γ of probability measures and a lattice isomorphism

J : X Ñ

ˆ

à

µPΓ
Lp,8pµq

˙

8

such that }x} ď }Jx} ď γpK
pp,8qpXq}x} for all x P X, where γp “ pp˚q

1
p˚ is the constant

from Theorem 2.4 associated to r “ 1.

Clearly, every closed sublattice of a p-convex or pp,8q-convex Banach lattice inherits the corre-
sponding property. Therefore, the above conditions characterize p-convexity and pp,8q-convexity.
Similarly, one can characterize the p-concave and pp, 1q-concave Banach lattices as quotients of
ℓ1-sums of Lp and Lp,1-spaces, respectively. As a corollary of Proposition 2.7, we obtain an alter-
native proof of the fact that every pp,8q-convex Banach lattice (and, by [20, Theorem 2.8.7] every
pp,8q-convex operator) is q-convex for every q ă p, with a constant that explodes like pp ´ qq´ 1

p

when q Ñ p´. To our knowledge, there existed two proofs of this fact: The proof presented in [6,
Corollary 16.7] exploits a connection between pr, sq-concave operators and pr, sq-summing operators
on CpKq-spaces (see [6, Theorem 16.5]) to apply Pisier’s generalization of Pietsch’s factorization
theorem for pr, 1q-summing operators ([23, Theorem 2.4], see also [27, Theorem 21.3]). On the
other hand, the proof presented in [17, Theorem 1.f.7] uses a probabilistic argument. The argument
we provide here also relies on a result of Pisier (namely Theorem 2.4, which corresponds to [23,
Theorem 1.1] instead of [23, Theorem 2.4]), but has some advantages over the other proofs. First
of all, it is more direct than the one presented in [6], as it does not require one to go through
pp, qq-summing operators. On the other hand, this proof is conceptually simpler than that of [17],
and does not require probabilistic techniques.

Corollary 2.8. Let 1 ă p ă 8 and assume that X is a Banach lattice satisfying an upper p-

estimate. Then it is q-convex for every 1 ď q ă p with constant KpqqpXq ď

´

p
p´q

¯
1
q
γpK

pÒpqpXq.

Proof. First of all, by Proposition 2.7 we know that X lattice embeds with distortion γpK
pÒpqpXq into

a Banach lattice of the form
`
À

µPΓ Lp,8pµq
˘

8
, with µ a probability measure for every µ P Γ. Now,

let us fix 1 ď q ă p, and observe that by (2.5) each of the factors Lp,8pµq is lattice isomorphic to

L
rqs
p,8pµq, with distortion

´

p
p´q

¯
1
q . Now, it suffices to show that Lrqs

p,8pµq is q-convex with constant 1:
Given f1, . . . , fn P L

rqs
p,8pµq and a measurable set A with µpAq ą 0, it follows that

µpAq
1
p

´ 1
q

ˆ
ż

A

n
ÿ

i“1
|fi|

q dµ

˙

1
q

“

ˆ n
ÿ

i“1

ˆ

µpAq
1
p

´ 1
q

ˆ
ż

A

|fi|
q dµ

˙
1
q
˙

q
˙

1
q

ď

ˆ n
ÿ

i“1
}f}

q

L
rqs
p,8pµq

˙

1
q

.
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Taking the supremum over all the sets A, we obtain∥∥∥∥∥
ˆ n
ÿ

i“1
|fi|

q

˙

1
q
∥∥∥∥∥

L
rqs
p,8pµq

ď

ˆ n
ÿ

i“1
}f}

q

L
rqs
p,8pµq

˙

1
q

.

Since q-convexity is preserved under taking ℓ8-sums, sublattices and isomorphisms, we conclude

that X is q-convex with constant KpqqpXq ď

´

p
p´q

¯
1
q
γpK

pÒpqpXq. □

Remark 2.9. Observe that the previous argument shows that for every 1 ď q ă p, Lp,8 endowed
with the norm } ¨ }

L
rqs
p,8

is q-convex with constant 1, while it simultaneously satisfies an upper p-
estimate with constant 1. In general, by the above results, obtaining information on the structure
of

´

À

µPΓ Lp,8pµq

¯

8
will have implications for arbitrary Banach lattices with upper p-estimates. In

particular, a direct proof of the fact that Lp,8 is pp, qq-convex for every q ą p suffices to show that
every pp,8q-convex operator is pp, qq-convex following the same scheme of proof as in Corollary 2.8.
We note that this strategy is part of a more general line of reasoning; for example, understanding
the ideals of universal spaces was used in [3] to deduce information about separably injective Banach
lattices.

The following example illustrates that the reverse implication in Corollary 2.8 is not true:

Example 2.10. Let 1 ă p ă 8. The space X “ ℓp,8pℓpq, formed by the sequences of vectors
x “ pxkqkPN such that xk P ℓp for every k P N and }x}X :“ }p}xk}ℓpqk}ℓp,8 is finite, does not satisfy

an upper p-estimate, but it is q-convex with constant
´

p
p´q

¯
1
q for every 1 ď q ă p.

Proof. We start by showing that X is q-convex for any 1 ď q ă p. Recall that both ℓp and ℓp,8 are

q-convex with constants 1 and
´

p
p´q

¯
1
q , respectively. Given xpiq “ px

piq
k qkPN P X, i “ 1, . . . , n, we

have ∥∥∥∥∥
ˆ n
ÿ

i“1
|xpiq

|
q

˙

1
q
∥∥∥∥∥

X

“

∥∥∥∥∥∥
˜

ˆ n
ÿ

i“1
|x

piq
k |

q

˙

1
q

¸

k

∥∥∥∥∥∥
X

“

∥∥∥∥∥∥
˜∥∥∥∥∥

ˆ n
ÿ

i“1
|x

piq
k |

q

˙

1
q
∥∥∥∥∥

ℓp

¸

k

∥∥∥∥∥∥
ℓp,8

ď

∥∥∥∥∥∥
˜

ˆ n
ÿ

i“1
}x

piq
k }

q
ℓp

˙

1
q

¸

k

∥∥∥∥∥∥
ℓp,8

“

∥∥∥∥∥∥
ˆ n
ÿ

i“1

∣∣∣∣´}x
piq
k }ℓp

¯

k

∣∣∣∣q
˙

1
q

∥∥∥∥∥∥
ℓp,8

ď

ˆ

p

p ´ q

˙
1
q
ˆ n
ÿ

i“1

∥∥∥∥´}x
piq
k }ℓp

¯

k

∥∥∥∥q

ℓp,8

˙

1
q

“

ˆ

p

p ´ q

˙
1
q
ˆ n
ÿ

i“1
}xpiq

}
q
X

˙

1
q

,

where the first and second inequalities follow from the q-convexity of ℓp and ℓp,8, respectively.

To show that X does not satisfy an upper p-estimate (i.e., it is not pp,8q-convex), let us assume
that the coordinates in ℓp and ℓp,8 are indexed starting at 0. Let us fix n ě 1 and denote by
pejq8

j“0 the canonical basis of ℓp. For k “ 0, . . . , n ´ 1, we write apkq “
řn´1

j“0 αpk`jqnej for the cyclic
permutations of the coefficients αk “ pk ` 1q

1
p˚ ´ k

1
p˚ over the set t0, . . . , n ´ 1u. Here, by in we
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mean i mod n. We consider for i “ 0, . . . , n´ 1 the (finite) sequences xpiq “ px
piq
k q8

k“0 P X given by
x

piq
k “ αpk`iqnei for k “ 0, . . . , n ´ 1 and x

piq
k “ 0 for k ě n. It is clear that for every i,

}xpiq
}X “ }pαpk`iqnq

n´1
k“0}ℓp,8 “ }pαkq

n´1
k“0}ℓp,8 “ 1, so

ˆn´1
ÿ

i“0
}xpiq

}
p
X

˙

1
p

“ n
1
p .

On the other hand, for every k “ 0, . . . , n ´ 1,
n´1
ł

i“0
|x

piq
k | “

n´1
ÿ

i“0
αpk`iqnei “ apkq,

so ∥∥∥∥∥
n´1
ł

i“0
|xpiq

|

∥∥∥∥∥
X

“

∥∥∥∥∥∥
˜∥∥∥∥∥

n´1
ł

i“0
|x

piq
k |

∥∥∥∥∥
ℓp

¸n´1

k“0

∥∥∥∥∥∥
ℓp,8

“

∥∥∥∥´}apkq
}ℓp

¯n´1

k“0

∥∥∥∥
ℓp,8

“ Ann
1
p ,

where An “

´

řn´1
j“0 α

p
j

¯
1
p is the norm of apkq in ℓp for every k, and n

1
p is the norm in ℓp,8 of the

constant 1 vector on the set t0, . . . , n ´ 1u. It is not difficult to check that An diverges as n Ñ 8.
More specifically, αk « pk`1q

´ 1
p uniformly in k, so An «

`
řn

k“1 k
´1˘

1
p , which diverges. To conclude

the argument, observe that the quotients
∥∥∥Žn´1

i“0 |xpiq|
∥∥∥

X
{

´

řn´1
i“0 }xpiq}

p
X

¯
1
p

“ An are not uniformly
bounded, so X cannot be pp,8q-convex. □

Remark 2.11. Observe that for the previous argument to hold, it suffices to consider ℓp,8pℓn
p qnPN,

an ℓp,8-sum of ℓn
p with n P N. However, it is essential that the dimensions of the inner terms in the

sum increase.

3. Banach lattices with upper p-estimates vs. sublattices of ℓ8-sums of Lp,8

Proposition 2.7 points out a fundamental difference between p-convexity and upper p-estimates:
While the class of p-convex Banach lattices (with constant 1) and the class of closed sublattices
of ℓ8-sums of Lp-spaces can be identified isometrically, the class of Banach lattices with upper
p-estimates (with constant 1) and the class of closed sublattices of ℓ8-sums of Lp,8-spaces do not
coincide isometrically, but only isomorphically. Indeed, in this section, we provide an example of a
Banach lattice that satisfies an upper p-estimate with constant 1 but does not embed isometrically
into any ℓ8-sum of Lp,8-spaces. Moreover, we show that Lp,8 endowed with the different renormings
from (2.5) can always be isometrically embedded into an ℓ8-sum of Lr1s

p,8, concluding that the choice
of norm for Lp,8 is not the cause of the obstruction.

3.1. A finite dimensional counterexample. A natural question that arises from Theorem 2.4
and Proposition 2.7 is whether the constant γp can be improved to 1. In this section, we will show
that the answer is generally negative.

Let X, Y be Banach lattices and let 1 ď C ă 8. We say that X C-lattice embeds into Y if there
exists a lattice isomorphic injection T : X Ñ Y such that C´1}x} ď }Tx} ď }x} for all x P X. In
this case, we call T a C-lattice embedding. If C “ 1, then T is a lattice isometric embedding. A
Banach space with a normalized 1-unconditional basis can be regarded as a Banach lattice with
respect to the coordinate-wise order.
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Theorem 3.1. Let X be a Banach lattice with the order given by a normalized 1-unconditional
basis peiq. Denote the biorthogonal functionals by pe˚

i q. For any C ě 1, the following statements
are equivalent:

(1) For each normalized finitely supported a “
řn

i“1 aiei P X` and every ε ą 0, there exist
b “

řn
i“1 bie

˚
i P X˚

` and d “ pdiq
n
i“1 P Rn

` so that
řn

i“1 aibi ą 1 ´ ε,
řn

i“1 di “ 1 and
}
ř

iPI bie
˚
i }p˚

ď Cp˚ ř

iPI di for any I Ď t1, . . . , nu.
(2) There is a set Γ of (probability) measures such that X C-lattice embeds into the space

`
À

µPΓ Lp,8pµq
˘

8
.

Proof. (1) ùñ (2) Let a P X` be normalized and finitely supported, and let ε ą 0 be given. Obtain
b and d from (1). Let pUiq

n
i“1 be a measurable partition of p0, 1q such that λpUiq “ di, 1 ď i ď n,

where λ denotes the Lebesgue measure. Define

Sa,ε : X Ñ Lp,8p0, 1q by Sa,ε

ˆ 8
ÿ

i“1
ciei

˙

“

n
ÿ

i“1

cibiχUi

di

.

We have

}Sa,εa} ě λp0, 1q
´ 1

p˚

ż 1

0
|Sa,εa| dλ “

n
ÿ

i“1
aibi ą 1 ´ ε.

On the other hand, if }
ř8

i“1 ciei} ď 1 then there exists I Ď t1, . . . , nu so that

}Sa,εc} “ λ

ˆ

ď

iPI

Ui

˙´ 1
p˚

ż

Ť

iPI Ui

|Sa,εc| dλ “

ˆ

ÿ

iPI

di

˙´ 1
p˚

ÿ

iPI

|ci|bi

“

ˆ

ÿ

iPI

di

˙´ 1
p˚

C

8
ÿ

i“1
|ci|ei,

ÿ

iPI

bie
˚
i

G

ď

ˆ

ÿ

iPI

di

˙´ 1
p˚

∥∥∥∥∥ÿ
iPI

bie
˚
i

∥∥∥∥∥ ď C.

Let Γ be the Cartesian product of the set of normalized finitely supported elements in X` and the
interval p0, 1

2q. It is now clear that the map T : X Ñ
`
À

pa,εqPΓ Lp,8p0, 1q
˘

8
given by

Tc “ pC´1Sa,εcqpa,εqPΓ

is a C-lattice embedding.

(2) ùñ (1) Let T : X Ñ
`
À

µPΓ Lp,8pµq
˘

8
be a C-lattice embedding. Suppose that a “

řn
i“1 aiei is

normalized and ε ą 0. For each µ0 P Γ, let Pµ0 be the projection of
`
À

µPΓ Lp,8pµq
˘

8
onto the µ0-th

component. There exists µ0 such that C}Pµ0Ta} ą 1 ´ ε. Let fi “ Pµ0Tei. Choose a µ0-measurable
set U such that 0 ă µ0pUq ă 8 and

C

ż

U

Pµ0Ta dµ0 ą p1 ´ εqµ0pUq
1

p˚ .

Set Ui “ U X supp fi and m “ p
řn

i“1 µ0pUiqq
1

p˚ . Define

bi “
C
ş

Ui
fi dµ0

m
, di “

µ0pUiq

mp˚ , 1 ď i ď n.
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We have di ě 0,
řn

i“1 di “ 1 and
n
ÿ

i“1
aibi “

C

m

ż

Ťn
i“1 Ui

n
ÿ

i“1
aifi dµ0 “

C

m

ż

U

Pµ0Ta dµ0 ą 1 ´ ε.

On the other hand, suppose that I Ď t1, . . . , nu. If }
ř8

i“1 ciei} ď 1, then
C

8
ÿ

i“1
ciei,

ÿ

iPI

bie
˚
i

G

“
ÿ

iPI

cibi “
C

m

ż

Ť

iPI Ui

ÿ

iPI

cifi dµ0

ď
C

m

∥∥∥∥∥Pµ0T

ˆ 8
ÿ

i“1
ciei

˙

∥∥∥∥∥ µ0

ˆ

ď

iPI

Ui

˙
1

p˚

ď C

ˆ

ÿ

iPI

di

˙
1

p˚

.

This proves that }
ř

iPI bie
˚
i }p˚

ď Cp˚ ř

iPI di. □

Remark 3.2. If X is a two-dimensional Banach lattice that satisfies an upper p-estimate with
constant 1, then both conditions (1) and (2) of Theorem 3.1 hold with C “ 1. Indeed, let pe1, e2q

be a normalized 1-unconditional basis for X. Suppose that a “ a1e1 ` a2e2 is normalized and
non-negative. Choose b “ b1e

˚
1 ` b2e

˚
2 P X˚

` such that xa, by “ 1 “ }b}. Define di “ bp˚

i {pbp˚

1 ` bp˚

2 q,
i “ 1, 2. Note that X˚ satisfies a lower p˚-estimate with constant 1 and e˚

1 and e˚
2 are disjoint, so

bp˚

1 ` bp˚

2 “ }b1e
˚
1}

p˚

` }b2e
˚
2}

p˚

ď }b}p˚

“ 1.

It is easy to check that }
ř

iPI bie
˚
i }p˚

ď
ř

iPI di for any I Ď t1, 2u and d1 ` d2 “ 1.

Corollary 3.3. Suppose that X is a Banach lattice with the order given by a normalized 1-
unconditional basis peiq that C-lattice embeds into

`
À

µPΓ Lp,8pµq
˘

8
. For any normalized b “

řn
i“1 bie

˚
i P X˚

` and any Ij Ď t1, . . . , nu, 1 ď j ď m, such that
řm

j“1 χIj
“ lχt1,...,nu for some

l P N, we have
m
ÿ

j“1

∥∥∥∥∥ÿ
iPIj

bie
˚
i

∥∥∥∥∥
p˚

ď Cp˚

l.

Proof. Choose a normalized a “
řn

i“1 aiei P X` so that
řn

i“1 aibi “ 1. First, assume that rpeiq
n
i“1s

is uniformly convex. Let ε ą 0 be given. There exists δ ą 0 so that if b1 “
řn

i“1 b
1
ie

˚
i P X˚

`, }b1} “ 1
and xa, b1y ą 1 ´ δ, then }b´ b1} ă ε. By Theorem 3.1, there exists b1 P X˚

` and d “ pdiq
n
i“1 P Rn

` so
that

řn
i“1 di “ 1, xa, b1y ą 1 ´ δ and }

ř

iPI b
1
ie

˚
i }p˚

ď Cp˚ ř

iPI di for any I Ď t1, . . . , nu. It follows
that for any I Ď t1, . . . , nu,∥∥∥∥∥ÿ

iPI

bie
˚
i

∥∥∥∥∥ ď

∥∥∥∥∥ÿ
iPI

|bi ´ b1
i|e

˚
i

∥∥∥∥∥ `

∥∥∥∥∥ÿ
iPI

b1
ie

˚
i

∥∥∥∥∥ ď ε|I| ` C

ˆ

ÿ

iPI

di

˙
1

p˚

.

Now assume that Ij Ď t1, . . . , nu, 1 ď j ď m, are such that
řm

j“1 χIj
“ lχt1,...,nu for some l P N. Set

Aj “ ε|Ij| and Bj “ Cp
ř

iPIj
diq

1
p˚ . Then

ˆ m
ÿ

j“1

∥∥∥∥∥ÿ
iPIj

bie
˚
i

∥∥∥∥∥
p˚
˙

1
p˚

ď

ˆ m
ÿ

j“1
pAj ` Bjq

p˚

˙

1
p˚

ď

ˆ m
ÿ

j“1
Ap˚

j

˙

1
p˚

`

ˆ m
ÿ

j“1
Bp˚

j

˙

1
p˚
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ď

m
ÿ

j“1
Aj `

ˆ m
ÿ

j“1
Bp˚

j

˙

1
p˚

“ ε
m
ÿ

j“1
|Ij| ` C

ˆ m
ÿ

j“1

ÿ

iPIj

di

˙

1
p˚

ď εnl ` Cl
1

p˚ .

Taking ε Ó 0 gives the desired result.
We now return to a general X with a normalized 1-unconditional basis peiq. Given a normalized

b “
řn

i“1 bie
˚
i P X˚

` and ε ą 0, there is a uniformly convex lattice norm ~ ¨ ~ on rpeiq
n
i“1s such that

}x} ď ~x~ ď p1 ` εq}x} for any x P rpeiq
n
i“1s (take, for instance, ~ ¨ ~ “ } ¨ } ` δ} ¨ }ℓn

2
for δ ą 0 small

enough, which is strictly convex and hence uniformly convex, since rpeiq
n
i“1s is finite dimensional).

Set ui “ ei{~ei~, u˚
i “ e˚

i {~e˚
i ~ and b1 “

řn
i“1 b

1
iu

˚
i “ b{~b~. Note that puiq

n
i“1 is a 1-unconditional

basis for rpeiq
n
i“1s “ rpuiq

n
i“1s and b1 is ~¨~-normalized. Moreover, if T : rpeiq

n
i“1s Ñ

`
À

µPΓ Lp,8pµq
˘

8

is a C-lattice embedding, then

rTx “ Tx : rpuiq
n
i“1s Ñ

ˆ

à

µPΓ
Lp,8pµq

˙

8

is a p1 ` εqC-lattice embedding. Assume that Ij Ď t1, . . . , nu, 1 ď j ď m, are such that
řm

j“1 χIj
“

lχt1,...,nu for some l P N. By the first part of the proof,

m
ÿ

j“1

‌

‌

‌

‌

‌

ÿ

iPIj

b1
iu

˚
i

‌

‌

‌

‌

‌

p˚

ď p1 ` εqp˚

Cp˚

l.

Since ~b~ ď 1 ` ε, for any I Ď t1, . . . , nu we have
‌

‌

‌

‌

‌

ÿ

iPI

b1
iu

˚
i

‌

‌

‌

‌

‌

“
1

~b~

‌

‌

‌

‌

‌

ÿ

iPI

bie
˚
i

‌

‌

‌

‌

‌

ě
1

1 ` ε

∥∥∥∥∥ÿ
iPI

bie
˚
i

∥∥∥∥∥ .
Thus,

m
ÿ

j“1

∥∥∥∥∥ÿ
iPI

bie
˚
i

∥∥∥∥∥
p˚

ď p1 ` εq2p˚

Cp˚

l.

Taking ε Ó 0 gives the desired result. □

The next example shows that γp cannot be made to be 1 in Proposition 2.7 or Theorem 2.4.

Example 3.4. Suppose that 1 ă p ă 8. Denote by Cp the infimum of the set of constants C
so that every Banach lattice satisfying an upper p-estimate with constant 1 C-lattice embeds into
`
À

γPΓ Lp,8pµq
˘

8
for some set of measures Γ. Then Cp˚

p ě 3¨2p˚

2p1`2p˚
q

ą 1.

Proof. Let X “ R3 so that the norm on X˚ is

}pb1, b2, b3q}X˚ “ max
␣`

|bi|
p˚

` p|bj| ` |bk|q
p˚˘ 1

p˚ : ti, j, ku “ t1, 2, 3u
(

.

It is clear that the coordinate unit vectors form a normalized 1-unconditional basis for X. Suppose
that b “ pb1, b2, b3q P X˚ and I, J are disjoint non-empty subsets of t1, 2, 3u. Without loss of
generality, we may assume that I “ tiu and J “ tj, ku, where i, j, k are distinct. Then

}bχI}
p˚

X˚ ` }bχJ}
p˚

X˚ “ |bi|
p˚

` p|bj| ` |bk|q
p˚

ď }b}p˚

X˚ .
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Thus, X˚ satisfies a lower p˚-estimate with constant 1. Hence, X satisfies an upper p-estimate
with constant 1. Suppose that X C-lattice embeds into some

`
À

γPΓ Lp,8pµq
˘

8
. The vector p1 `

2p˚

q
´ 1

p˚ p1, 1, 1q is normalized in X˚
`. By Corollary 3.3,

1
1 ` 2p˚ p}p1, 1, 0q}

p˚

` }p1, 0, 1q}
p˚

` }p0, 1, 1q}
p˚

q ď 2Cp˚

.

Thus,
3 ¨ 2p˚

2p1 ` 2p˚
q

ď Cp˚

.

Taking infimum over the eligible C’s gives the desired result. Direct verification shows that
3¨2p˚

2p1`2p˚
q

ą 1 if 1 ă p ă 8. □

Question 3.5. Is γp “ pp˚q
1

p˚ the optimal value of the constant Cp defined in Example 3.4?

As a consequence of the previous discussion, we find that the free Banach lattices associated
to the classes Cp,8 of Banach lattices satisfying an upper p-estimate with constant 1, and Xp,8 of
Lp,8pµq spaces, are not lattice isometric in general, even though they are lattice isomorphic (see [8]).
Recall that, given a class C of Banach lattices and a Banach space E, there exists an (essentially
unique) Banach lattice FBLC

rEs together with a linear isometric embedding ϕ : E Ñ FBLC
rEs with

the property that for every Banach lattice X in the class C and every bounded operator T : E Ñ X,
there exists a unique extension pT : FBLC

rEs Ñ X as a lattice homomorphism such that pTϕ “ T

and }pT } “ }T }. This space is called the free Banach lattice generated by E associated to the class
C. In [8, Theorem 3.6] it was established that for every Banach space E, the norm of FBLCp,8rEs

is γp-equivalent to the norm of FBLXp,8rEs. However, we will see that this isomorphism constant
cannot be made 1.

In order to show this claim, we need to recall the following property. A Banach lattice X
is said to have the isometric lattice-lifting property if there exists a lattice isometric embedding
α : X Ñ FBLrXs such that yidXα “ idX . This property was introduced in the article [2], inspired
by previous work of Godefroy and Kalton [9] on Lipschitz-free spaces. Notably, Banach lattices
ordered by a 1-unconditional basis have this property (see [2, Theorem 4.1]). In [21, Theorem
8.3] an alternative proof of this fact was given, which also worked when FBLrEs was replaced by
FBLppq

rEs. We now show how to generalize these results to any class C.

Proposition 3.6. Let C be a class of Banach lattices, X a Banach space with a normalized 1-
unconditional basis peiqi, viewed as a Banach lattice with the order given by the basis, and C ě 1.
The following are equivalent.

(1) X C-lattice embeds into some
`
À

γPΓ Xγ

˘

8
with Xγ P C for every γ P Γ.

(2) For every operator T : X Ñ X, there exists a unique extension pT : FBLC
rXs Ñ X satisfying

}pT } ď C}T }.

(3) There exists a unique extension yidX : FBLC
rXs Ñ X of the identity idX : X Ñ X satisfying

}yidX} ď C.
(4) X C-lattice embeds into FBLC

rXs.
Moreover, the C-lattice embedding α : X Ñ FBLC

rXs in p4q can be chosen so that yidXα “ idX .
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Proof. p1q ñ p2q is an adaptation of [8, Proposition 2.5] and p2q ñ p3q is clear.
p3q ñ p4q Recall that by either [2, Theorem 4.1] or [21, Theorem 8.3] with p “ 1 there is a
lattice isometric embedding α0 : X Ñ FBLrXs, the free Banach lattice (which can be seen as
the free Banach lattice associated to the class of all Banach lattices), such that yidXα0 “ idX

(here, yidX : FBLrXs Ñ X). Moreover, since C is a class of Banach lattices, the formal identity
j : FBLrXs Ñ FBLC

rXs is a continuous norm one injection such that yidXjα0 “ idX (now, we are
abusing the notation by also denoting yidX : FBLC

rXs Ñ X the extension of idX to FBLC
rXs given

in p3q). We claim that α :“ jα0 : X Ñ FBLC
rXs defines a C-lattice embedding. To prove the

claim, simply note that for every x P X

1
C

}x} ď
1

}yidX}
}yidXαx} ď }αx}FBLCrXs ď }α0x}FBLrXs ď }x}.

This also proves the additional claim.
p4q ñ p1q follows from [8, Proposition 2.7], as FBLC

rXs embeds lattice isometrically into an ℓ8-sum
of spaces in C. □

We can apply Proposition 3.6 to the Banach lattice X constructed in Example 3.4 to conclude
that, since X does not 1-lattice embed into

`
À

µPΓ Lp,8pµq
˘

8
for any choice of measures Γ, the

extension yidX of the identity on X to FBLXp,8rXs cannot be contractive. However, if we instead
consider FBLCp,8rXs (which by [8, Theorem 3.6] coincides as a set with FBLXp,8rXs, with an
equivalent renorming), we observe that in this setting the norm of the extension yidX becomes
}idX} “ 1, since X belongs to the class Cp,8. Therefore, the norms } ¨ }FBLXp,8 rXs and } ¨ }FBLCp,8 rXs

cannot agree.

3.2. The renormings of weak-Lp. In this paper (and also in [8]), we have chosen to equip Lp,8pµq

with the norm
}f}

L
r1s
p,8

:“ sup
0ăµpAqă8

µpAq
1
p

´1
ż

A

|f | dµ.

However, for each 1 ď r ă p, we could have equally chosen to equip Lp,8pµq with the norm

}f}
L

rrs
p,8

:“ sup
0ăµpAqă8

µpAq
1
p

´ 1
r

ˆ
ż

A

|f |
r dµ

˙
1
r

,

as it also defines a lattice norm on Lp,8pµq with upper p-estimate constant 1. For this reason, it is
natural to ask whether the ambiguity in choosing a norm on Lp,8pµq is the reason why γp cannot
be chosen to be 1 in [8, Proposition 3.3 and Theorem 3.6].

The aim of this subsection is to show that pLp,8pµq, } ¨ }
L

rrs
p,8

q embeds lattice isometrically into
a Banach lattice of the form

`
À

µPΓ L
r1s
p,8pµq

˘

8
. As a consequence, we deduce that the above

renormings cannot eliminate the constant γp in [8, Proposition 3.3 and Theorem 3.6].
Recall that every Banach lattice with upper p-estimates is r-convex for every 1 ď r ă p, with a

constant that might explode like pp ´ rq´ 1
p as r approaches p. Moreover, every r-convex Banach

lattice has an equivalent lattice norm whose r-convexity constant becomes 1 [17, Proposition 1.d.8].
As we saw in Remark 2.9, it turns out that in the case of Lp,8, we can use the Lrrs

p,8-renorming
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to actually renorm Lp,8 so that the upper p-estimates constant and the r-convexity constant are
simultaneously 1. Now that we have clarified the role of the renormings, we can proceed with the
main goal of this section. We begin with some notation and technical lemmata.

Let e “ p1, . . . , 1q P Rn and let peiq
n
i“1 be the unit vector basis for Rn. Let β, b P Rn

`, }β}1, }b}1 ď 1,
and let 0 ă s ă 1. Define α : Rn

` Ñ R by

(3.1) αpxq “ pβ ¨ xq
1´s

pb ¨ xq
s,

where ¨ is the dot product on Rn. Clearly, α is positively homogeneous.

Lemma 3.7. There exists d “ pdiq
n
i“1 P Rn

` with }d}1 ď 1 such that αpxq ď d ¨ x for any x P Rn
`.

Proof. Let d “ p1 ´ sqβ ` sb, so that d P Rn
` and }d}1 ď 1. Given x P Rn

`, by Young’s inequality for
products, we have that

αpxq “ pβ ¨ xq
1´s

pb ¨ xq
s

ď p1 ´ sqpβ ¨ xq ` spb ¨ xq “ pp1 ´ sqβ ` sbq ¨ x “ d ¨ x.

□

Lemma 3.8. Let pΩ,Σ, µq be a measure space. Suppose that paiq
n
i“1 P Rn

` and pUiq
n
i“1 is a disjoint

sequence in Σ with 0 ă µpUiq ă 8 so that C :“ p
řn

i“1 µpUiqq
1
p

´ 1
r }
řn

i“1 aiχUi
}Lrpµq ď 1. There

is a measure ν on Σ and a lattice homomorphism S : Lrrs
p,8pµq Ñ L

r1s
p,8pνq so that }S} ď 1 and

}Sp
řn

i“1 aiχUi
q} ě Cr.

Proof. Define M “
řn

i“1 µpUiq, bi “
µpUiq

M
, b “ pbiq

n
i“1 and βi “ M

r
p

´1µpUiqa
r
i , β “ pβiq

n
i“1. Clearly,

β, b P Rn
` and }b}1 “ 1. Moreover,

}β}1 “ M
r
p

´1
∥∥∥∥∥

n
ÿ

i“1
aiχUi

∥∥∥∥∥
r

Lrpµq

“ Cr
ď 1.

Take s “ p˚p1
r

´ 1
p
q and define α as in (3.1). Note that αpeq “ }β}

1´s
1 }b}s

1 “ Crp1´sq ď 1. Let d be
given by Lemma 3.7. Define a measure ν on Σ by νpAq “

řn
i“1

di µpAXUiq

µpUiq
and a linear operator

S : Lrrs
p,8pµq Ñ Lr1s

p,8pνq by Sf “ M
r
p

n
ÿ

i“1

ar´1
i bi

di

fχUi
.

Clearly, S is a lattice homomorphism. Note that νp
Ťn

i“1 Uiq “ }d}1 ď 1. Hence,∥∥∥∥∥S
ˆ n
ÿ

i“1
aiχUi

˙

∥∥∥∥∥ ě M
r
p

∥∥∥∥∥
n
ÿ

i“1

ar
i bi

di

χUi

∥∥∥∥∥
L1pνq

“ M
r
p

n
ÿ

i“1
ar

i bi

“ M
r
p

´1
∥∥∥∥∥

n
ÿ

i“1
aiχUi

∥∥∥∥∥
r

Lrpµq

“ Cr.

On the other hand, let f P L
rrs
p,8pµq with }f} ď 1. If A P Σ with 0 ă νpAq ă 8 then

ż

A

|Sf | dν “ M
r
p

n
ÿ

i“1

ar´1
i bi

di

ż

AXUi

|f | dν “ M
r
p

´1
n
ÿ

i“1
ar´1

i

ż

AXUi

|f | dµ
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ď M
r
p

´1
∥∥∥∥∥

n
ÿ

i“1
ar´1

i χAXUi

∥∥∥∥∥
Lr˚ pµq

∥∥∥∥∥fχŤn
i“1pAXUiq

∥∥∥∥∥
Lrpµq

ď

˜

n
ÿ

i“1
βi
µpA X Uiq

µpUiq

¸
1

r˚
˜

n
ÿ

i“1
bi
µpA X Uiq

µpUiq

¸
1
r

´ 1
p

.

Let x “
`

µpAXUiq

µpUiq

˘n

i“1 P Rn
`. Since 1 ´ s “

p˚

r˚ , it follows from Lemma 3.7 that
ż

A

|Sf | dν ď pβ ¨ xq
1´s
p˚ pb ¨ xq

s
p˚ “ αpxq

1
p˚ ď px ¨ dq

1
p˚ “ νpAq

1
p˚ .

Hence, }Sf} ď 1. □

We are now in disposition of proving the claim that we made at the beginning of the subsection.

Theorem 3.9. Suppose that pΩ,Σ, µq is a measure space and 1 ă r ă p. There is a set Γ of
measures on Σ so that Lrrs

p,8pµq embeds lattice isometrically into
`
À

νPΓ L
r1s
p,8pνq

˘

8
.

Proof. Let Γ be the set of simple functions f “
řn

i“1 aiχUi
, where n P N, ai ą 0, 0 ă µpUiq ă 8

and pUiq
n
i“1 is a disjoint sequence in Σ with

Cf “

ˆ n
ÿ

i“1
µpUiq

˙

1
p

´ 1
r
∥∥∥∥∥

n
ÿ

i“1
aiχUi

∥∥∥∥∥
r

ď 1.

For each f P Γ, according to Lemma 3.8, there is a lattice homomorphism Sf : Lrrs
p,8pµq Ñ L

r1s
p,8pνf q

such that }Sf } ď 1 and }Sff} ě Cr
f . Define

T : Lrrs
p,8pµq Ñ

ˆ

à

fPΓ
Lr1s

p,8pνf q

˙

8

by Tg “ pSfgqfPΓ.

Clearly, T is a lattice homomorphism and }T } ď 1. Suppose that g P L
rrs
p,8pµq` with }g}

L
rrs
p,8

“ 1.
For any ε ą 0, there exists a non-negative simple function h such that g ě h and }h}

L
rrs
p,8

ě 1 ´ ε.
Write h “

řn
i“1 aiχUi

. There exists I Ď t1, . . . , nu so that
ˆ

ÿ

iPI

µpUiq

˙
1
p

´ 1
r
∥∥∥∥∥ÿ

iPI

aiχUi

∥∥∥∥∥
r

“ }h}
L

rrs
p,8

ě 1 ´ ε.

Then f :“
ř

iPI aiχUi
P Γ with Cf ě 1 ´ ε. Thus,

}Tg} ě }Sfg} ě }Sff} ě Cr
f ě p1 ´ εqr,

so that }Tg} ě 1. This shows that T is an isometric embedding. □

4. Factorization of convex and concave operators

There are several results in the literature that provide methods of factoring pp, qq-convex/concave
operators through pp, qq-convex/concave Banach lattices. Namely, in [25, Proposition 5] it is shown
that every q-concave operator factors through a q-concave Banach lattice, and the bi-adjoint of every
p-convex operator factors through a p-convex Banach lattice. In [20, Theorem 2.8.7] one can find
analogous statements for cone q-absolutely summing operators and q-superadditive Banach lattices
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(i.e., pq, 1q-concave operators and Banach lattices with lower q-estimates) and for p-majorizing
operators and p-subadditive Banach lattices (i.e., pp,8q-convex operators and Banach lattices with
upper p-estimates). Finally, in [24], the approach of [20] was further explored to cover the setting
of q-concavity and p-convexity, establishing the existence of canonical factorizations for q-concave
and p-convex operators that satisfy certain maximality/minimality properties, as well as a duality
theory for such factorizations.

The aim of this section is to extend these results to an abstract setting of operators satisfying
general convexity and concavity conditions, recovering as a particular case the analogues of [24] for
pp,8q-convex and pq, 1q-concave operators. We begin by considering operators whose domain or
target space is a Banach lattice, which include concave and convex operators as particular cases,
respectively. Namely, in Section 4.1 we identify suitable classes of factorizations for these operators
in terms of the sets that they induce in the corresponding Banach lattice, and we devote Section 4.2
to introducing two types of convex sets associated to such operators and investigating their duality
relations (see Theorem 4.10). Next, in Section 4.3, we define pτ, σq-convex and concave operators
and Banach lattices as a general version of Definition 2.1 and use the sets introduced in the previous
subsection to establish that such operators admit factorizations through such Banach lattices. These
factorizations also satisfy certain minimality and maximality properties with respect to the classes
of factorizations introduced in Section 4.1, as was the case in [24, Section 2] (see Theorems 4.17
and 4.19). In particular, we improve [20, Theorem 2.8.7] in the following way:

Theorem 4.1. Let E be a Banach space and X a Banach lattice.

(1) Let T : E Ñ X be a pp,8q-convex operator. There exist a pp,8q-convex Banach lattice Y0
with constant 1, and operators U0 : E Ñ Y0 and V0 : Y0 Ñ X, so that V0 is an injective, in-
terval preserving lattice homomorphism such that V0pBY0q is closed in X (i.e., V0 is of Class
C) and T “ V0U0. Moreover, if there exist a pp,8q-convex Banach lattice Y and operators
U : E Ñ Y and V : Y Ñ X such that V is of Class C and T “ V U , then there is a Class C
operator ϕ : Y0 Ñ Y so that U “ ϕU0 and V0 “ V ϕ.

E X

Y

Y0

U

U0

T

V

V0
ϕ

(2) Let T : X Ñ E be a pp, 1q-concave operator. There exist a pp, 1q-concave Banach lattice
Y 0 with constant 1, and operators U0 : X Ñ Y 0 and V 0 : Y 0 Ñ E, so that U0 is a lattice
homomorphism with dense range (i.e., U0 is of Class D) and T “ V 0U0. Moreover, if there
exist a pp, 1q-concave Banach lattice Y and operators U : X Ñ Y and V : Y Ñ E such that
U is of Class D and T “ V U , then there is a Class D operator ϕ : Y Ñ Y 0 so that U0 “ ϕU
and V 0ϕ “ V .
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X E

Y

Y 0

U

U0

T

V

ϕ
V 0

Moreover, we show in Section 4.4 that these canonical factorizations satisfy a duality relation
similar to the one presented in [24, Theorem 5]. Finally, in Section 4.5, we apply the abstract theory
developed in the previous sections to factor operators which are simultaneously pp, p2q-convex and
pq, q2q-concave, for p2 P tp,8u and q2 P t1, qu. The case p2 “ p and q2 “ q was already covered in
[24, Theorem 15], whereas Theorems 4.27 and 4.31 cover the remaining three cases.

4.1. Geometry of factorization. We start by establishing suitable classes of factorizations for
convex and concave operators. The definitions are motivated by results in [24]. Let X, Y be Banach
lattices and let E be a Banach space. Recall that a positive linear operator T : X Ñ Y is interval
preserving, respectively almost interval preserving, if T r0, xs “ r0, Txs, respectively, T r0, xs is norm
dense in r0, Txs, for any x P X` [20, Definition 1.4.18]. A linear operator T : X Ñ Y is of

(1) Class C if T is an injective, interval preserving lattice homomorphism such that T pBXq is
closed in Y . Note that T is necessarily bounded, and hence T pBXq is bounded in Y .

(2) Class D if T is a lattice homomorphism with dense range. Note that in particular T is
almost interval preserving.

Let T : E Ñ X be a bounded linear operator. A triple pY, U, V q is a Class C factorization of T
if Y is a Banach lattice, U : E Ñ Y and V : Y Ñ X are bounded linear operators so that V is
of class C and T “ V U . A triple pY, U, V q is a Class D factorization of a bounded linear operator
T : X Ñ E if Y is a Banach lattice, U : X Ñ Y and V : Y Ñ E are bounded linear operators
so that U is of class D and T “ V U . Two Class C, respectively Class D, factorizations pYi, Ui, Viq,
i “ 1, 2, of T are equivalent if there is a Banach lattice isomorphism ι : Y1 Ñ Y2 so that U2 “ ιU1
and V1 “ V2ι. Two closed bounded subsets B1, B2 of E are equivalent if there is a positive constant
c so that c´1B1 Ď B2 Ď cB1. As we will see in this section, there is a correspondence between Class
C factorizations of an operator T : E Ñ X and subsets of X satisfying certain properties, and a
similar situation operates for Class D factorizations. Before proceeding with the precise statements,
let us recall the following well-known fact:

Lemma 4.2. Let E be a Banach space and let B be a closed bounded convex circled subset of E.
Then the Minkowski functional ρ of B defines a complete norm on spanB so that B is the closed
ball with respect to ρ.

Proof. Let C be a finite constant so that B Ď CBE. Recall that the Minkowski functional of B
is given by ρpyq “ inftλ ą 0 : y P λBu for every y P E (y R spanB if and only if ρpyq “ 8q. If
y P spanB and ρpyq “ 0, then

y P
č

λą0
λB Ď

č

λą0
λCBE “ t0u.

Hence ρ is a norm on spanB.
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Suppose pynq is a sequence in spanB so that
ř

ρpynq ă 1. Then there exists a sequence pλnq so
that yn P λnB for all n and

ř

λn ă 1. In particular, }yn} ď λnC and hence
ř

}yn} ă C. So
ř

yn

converges in E to some y. Since
m
ÿ

n“1
yn P

m
ÿ

n“1
λn ¨ B Ď B

for all m and B is closed, y P B. If k ą m,
k
ÿ

n“m`1
yn P

k
ÿ

n“m`1
λn ¨ B Ď

8
ÿ

n“m`1
λn ¨ B.

We take the limit as k Ñ 8 in the space E. Then y ´
řm

n“1 yn P
ř8

n“m`1 λn ¨ B. Hence, ρpy ´
řm

n“1 ynq Ñ 0 as m Ñ 8. This proves that ρ is complete.
If y P B, then obviously ρpyq ď 1. Conversely, suppose that ρpyq ď 1. For any λ ą 1, y

λ
P B.

Since B is closed in E, y P B, as required. □

Regarding Class C factorizations, we have the following correspondence:

Proposition 4.3. Let T : E Ñ X be a nonzero bounded linear operator.
(1) The map pY, U, V q ÞÑ V pBY q is a surjective correspondence between the set of Class C

factorizations of T and the set of closed bounded convex solid subsets of X that contain
cT pBEq for some c ą 0.

(2) Let pYi, Ui, Viq, i “ 1, 2, be two Class C factorizations of T . The following are equivalent:
(a) There is a bounded linear map ϕ : Y1 Ñ Y2 such that U2 “ ϕU1 and V1 “ V2ϕ. In this

case, ϕ is necessarily of Class C.
(b) There is a positive constant c so that V1pBY1q Ď cV2pBY2q.

As a result, two Class C factorizations pY1, U1, V1q and pY2, U2, V2q are equivalent if and only
if V1pBY1q and V2pBY2q are equivalent.

Proof. (1) If pY, U, V q is a Class C factorization of T , then V is of Class C and hence V pBY q is a closed
bounded convex and solid subset of X. Since T “ V U is nonzero, T pBEq “ V UpBEq Ď }U}V pBY q.
Thus, V pBY q contains cT pBEq with c “ 1

1`}U}
ą 0.

Conversely, suppose that B is a closed bounded convex solid subset of X that contains cT pBEq

for some c ą 0. Let Y “ spanB and let ρ be the Minkowski functional of B on Y . Then pY, ρq is a
Banach space by Lemma 4.2. Since B is solid, Y is a Banach lattice in the order inherited from X.
Define U : E Ñ Y by Ux “ Tx. Since T pEq Ď Y , U is a well-defined linear operator. Moreover,
UpBEq “ T pBEq Ď 1

c
B. Hence U is bounded. Let V : Y Ñ X be the formal inclusion. Then V is

of class C. Clearly, T “ V U . Thus, pY, U, V q is a Class C factorization of T .
We have shown that the correspondence pY, U, V q ÞÑ V pBY q is well defined and surjective between

the stated sets. Let us verify injectivity. Assume that pYi, Ui, Viq are Class C factorizations so that
V1pBY1q “ V2pBY2q. Then, since V2 is an injective lattice homomorphism, the operator ι “ V ´1

2 V1 :
Y1 Ñ Y2 is a well-defined lattice homomorphism and ιBY1 “ BY2 , so it is contractive. Similarly,
ι´1 “ V ´1

1 V2 : Y2 Ñ Y1 is a well-defined and contractive lattice homomorphism. It follows that
Y1 and Y2 are isometric Banach lattices, and moreover U2 “ ιU1 and V1 “ V2ι, so both Class C
factorizations are equivalent.
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(2) (a) ùñ (b) From the assumption, we have V1pBY1q “ V2ϕpBY1q Ď }ϕ}V2pBY2q. Let us verify
that ϕ is of Class C. Recall that V2 is injective. For any v P Y1,

V2|ϕv| “ |V2ϕv| “ |V1v| “ V1|v| “ V2ϕ|v|.

Hence |ϕv| “ ϕ|v|. Similarly, if v P pY1q`, then

V2r0, ϕvs “ r0, V2ϕvs “ r0, V1vs “ V1r0, vs “ V2pϕr0, vsq.

Thus r0, ϕvs “ ϕr0, vs. This shows that ϕ is an interval preserving lattice homomorphism. It is
injective since V1 “ V2ϕ is injective. Finally, ϕpBY1q “ V ´1

2 pV1pBY1qq is closed since V1pBY1q is
closed. Therefore, ϕ is of Class C.

(b) ùñ (a) Since V1pY1q Ď V2pY2q and V2 is injective, ϕ “ V ´1
2 V1 : Y1 Ñ Y2 is a well-defined linear

operator. If u P BY1 , then ϕpuq “ V ´1
2 V1u P V ´1

2 pV1pBY1qq Ď cBY2 . Thus, ϕ is bounded. By the
definition of ϕ, V1 “ V2ϕ. If x P E, then

ϕU1x “ V ´1
2 V1U1x “ V ´1

2 Tx “ V ´1
2 V2U2x “ U2x.

Thus ϕU1 “ U2. The final statement follows by applying (2) in both directions. □

On the other hand, Class D factorizations can be characterized as follows:

Proposition 4.4. Let T : X Ñ E be a nonzero bounded linear operator.
(1) The map pY, U, V q ÞÑ U´1pBY q is a surjective correspondence between the set of Class D

factorizations of T and the set of closed convex solid subsets S of X so that c´1BX Ď S Ď

cT´1pBEq for some c ě 1.
(2) Let pYi, Ui, Viq, i “ 1, 2, be two Class D factorizations of T . The following are equivalent:

(a) There is a bounded linear map ϕ : Y1 Ñ Y2 such that U2 “ ϕU1 and V1 “ V2ϕ. In this
case, ϕ is necessarily of Class D.

(b) There is a positive constant c so that U´1
1 pBY1q Ď cU´1

2 pBY2q.
As a result, two Class D factorizations pY1, U1, V1q and pY2, U2, V2q are equivalent if and only
if U´1

1 pBY1q and U´1
2 pBY2q are equivalent.

Proof. (1) Let pY, U, V q be a Class D factorization of T . Since U is a lattice homomorphism,
U´1pBY q is a closed convex solid subset of X. By the boundedness of U , UpBXq Ď }U}BY . Hence
BX Ď }U}U´1pBY q. Note that T ‰ 0 implies that U ‰ 0, so }U} ą 0. Also, T pU´1pBY qq “

V UpU´1pBY qq “ V pBY q Ď }V }BE. Thus U´1pBY q Ď }V }T´1pBEq. Again, }V } ą 0 since V ‰ 0.

Conversely, suppose that B is a closed convex solid subset of X so that c´1BX Ď B Ď T´1pBEq

for some c ě 1. The Minkowski functional ρ of B is a lattice seminorm on X. The kernel I :“ ker ρ
is a vector lattice ideal in X; ρ induces a lattice norm pρ on the vector lattice X{I by pρpQuq “ ρpuq,
where Q : X Ñ X{I is the quotient map. Let Y be the completion of X{I with respect to pρ. Then Y
is a Banach lattice. Let U :“ Q : X Ñ X{I Ď Y . Then U is a lattice homomorphism; in particular,
U is bounded. By definition, U has dense range. Hence U is of Class D. Define V : X{I Ñ E by
V pQuq “ Tu. Note that u P I implies that u P λB for all λ ą 0. Since T pBq Ď BE, Tu “ 0. Thus,
V is well defined. If pρpQuq ă 1, then u P B. Hence, }Tu} ď 1. So, V is bounded. Therefore, V
extends to a bounded linear operator from Y into E, still denoted by V . By definition, V U “ T .
Thus, pY, U, V q is a Class D factorization of T .



BANACH LATTICES WITH UPPER p-ESTIMATES: RENORMING AND FACTORIZATION 23

To check the injectivity of the correspondence, assume that pYi, Ui, Viq, i “ 1, 2, are two Class D
factorizations of T such that U´1

1 pBY1q “ U´1
2 pBY2q, and let us define ι : U1pXq Ñ Y2 by ιy “ U2x

for every y “ U1x P U1pXq. Observe that

kerU1 “
č

λą0
λU´1

1 pBY1q “
č

λą0
λU´1

2 pBY2q “ kerU2.

Therefore, whenever U1x “ U1x
1 it follows that U2x “ U2x

1, and hence ι is well defined. Moreover,
if y “ U1x P BY1 , then x P U´1

1 pBY1q “ U´1
2 pBY2q and ιy “ U2x P BY2 , so ι is contractive. Since

U1 and U2 are lattice homomorphisms, U1pXq is a sublattice, and for every y “ U1x P U1pXq,
|y| “ U1|x| and ι|y| “ U2|x| “ |U2x| “ |ιy|, so ι is a lattice homomorphism. Finally, U1 has dense
range, so ι extends to Y1 as a contractive lattice homomorphism. Interchanging the roles of U1 and
U2, we can show that ι has an inverse operator, so it is an onto isometry from Y1 into Y2. Clearly,
U2 “ ιU1 and V1 “ V2ι, so the factorizations are equivalent.
(2) (a) ùñ (b) If u P X and U1u P BY1 , then U2u “ ϕU1u P ϕpBY1q Ď }ϕ}BY2 . Hence U´1

1 BY1 Ď

}ϕ}U´1
2 pBY2q. Let us verify that ϕ is of Class D. For any u P X,

|ϕU1v| “ |U2v| “ U2|v| “ ϕU1|v| “ ϕ|U1v|.

Since U1pXq is dense in Y1, this proves that ϕ is a lattice homomorphism. As ϕpY1q Ě U2pXq, ϕ has
dense range in Y2. Therefore, ϕ is of Class D.
(b) ùñ (a) If u P X and U1u “ 0, then u P λU´1

1 pBY1q for all λ ą 0. Hence u P λU´1
2 pBY2q for

all λ ą 0. Thus, U2u “ 0. This shows that the map ϕ : U1pXq Ñ Y2 given by ϕpU1uq “ U2u is well
defined. Moreover, if U1u P BY1 , then u P U´1

1 pBY1q Ď cU´1
2 pBY2q. Hence ϕpU1uq “ U2u P cBY2 .

Thus, ϕ : U1pXq Ñ Y2 is bounded. Denote its bounded extension to Y1 by ϕ again. By definition,
ϕU1 “ U2. If u P X, then V2ϕU1u “ V2U2u “ Tu “ V1U1u. As U1pXq is dense in Y1, V2ϕ “ V1.
This completes the proof of the proposition. □

4.2. Duality of convex sets. Krivine’s functional calculus (cf. [17, Section 1.d]) allows us to define
expressions such as

`
řn

i“1 |xi|
p
˘

1
p for a finite quantity of elements x1, . . . , xn in an arbitrary Banach

lattice X. However, we could replace the p-sum of n elements for an arbitrary n P N, by any norm
σ on c00, as the only requirements for functional calculus to exist is that the function on Rn that
we want to represent is positively homogeneous and continuous. Therefore, we will use this fact to
study convex and concave operators and Banach lattices in a more general sense.

Throughout the following subsections, let σ : c00 Ñ R be a lattice norm on c00 that is
(1) Symmetric: σppsiqiq “ σppsπpiqqiq for any permutation π of N.
(2) Normalized: σp1, 0, . . . q “ 1.

Denote the norm on c00 dual to σ by σ˚. That is, for any psiqi P c00,

σ˚
ppsiqiq “ sup

"

ÿ

i

siti : ptiqi P c00, σpptiqiq ď 1
*

.

It is clear that σ˚ is a symmetric normalized lattice norm on c00. Moreover, taking σ˚˚ “ pσ˚q˚,
we have σ˚˚ “ σ. Let peiq be the unit vector basis of c00. For each n P N, define σn : Rn Ñ R by
σnpt1, . . . , tnq “ σp

řn
i“1 tieiq. Then σn is a monotone positively homogeneous continuous function.

As a particular case, we can take σ to be the norm of ℓp for some 1 ď p ă 8 or the norm of c0.
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In what follows, let X be a Banach lattice and E be a Banach space. Let τ be another symmetric
normalized lattice norm on c00. The following sets are the main objects of our considerations.

Definition 4.5. (1) Let T : E Ñ X be a bounded linear operator. Define

Cτ,σ
T “

"

u P X : Dpxiq
n
i“1 Ď E such that |u| ď σnp|Tx1|, . . . , |Txn|q, τ

ˆ n
ÿ

i“1
}xi}ei

˙

ď 1
*

.

Let T : X Ñ E be a bounded linear operator. Define

DT
τ,σ “

"

u P X : |u| ě σnp|u1|, . . . , |un|q, puiq
n
i“1 Ď X ùñ τ

ˆ n
ÿ

i“1
}Tui}ei

˙

ď 1
*

.

In the rest of the section, we consider the duality xX,X˚y. In particular, all polars are taken
with respect to this dual pair. Our aim is to show Theorem 4.10, which establishes that the sets
defined above satisfy a duality relation. First, we need a linearization lemma. Let K be a compact
Hausdorff space, and let µ be a regular Borel measure on K. Suppose that phiq

n
i“1 Ď CpKq and

pgiq
n
i“1 Ď L1pµq. It follows from the uniqueness of function calculus that

σph1, . . . , hnqptq “ σph1ptq, . . . , hnptqq for all t P K, and
σ˚

pg1, . . . , gnqptq “ σ˚
pg1ptq, . . . , gnptqq for µ-almost all t P K.

Lemma 4.6. Let µ be a regular Borel measure on a compact Hausdorff space K. Given pgiq
n
i“1 Ď

L1pµq and ε ą 0, there is a sequence phiq
n
i“1 in CpKq such that σnph1ptq, . . . , hnptqq ď 1 for all

t P K, and
ż

σ˚
npg1, . . . , gnq dµ ď

n
ÿ

i“1

ż

higi dµ ` ε.

Proof. First, assume that the functions pgiq
n
i“1 Ď L1pµq are simple. Without loss of generality, we

can assume that there is a Borel measurable partition pAjqk
j“1 so that each gi “

řk
j“1 aijχAj

for
some aij (not necessarily positive). In this case, given ε ą 0, by the regularity of the measure µ there
exist closed sets pCjqk

j“1 and open sets pUjqk
j“1 such that Cj Ď Aj Ď Uj and µpUjzCjq ă ε

4ks
, where

s “ supj σ
˚
npa1j, . . . , anjq ą 0 (recall that σ˚

n is a lattice norm, so σ˚
npa1, . . . , anq “ σ˚

np|a1|, . . . , |an|q).
Since the sets pCjqk

j“1 are pairwise disjoint and K is compact and Hausdorff, and thus, normal,
there exist pairwise disjoint open neighborhoods pVjqk

j“1 with Cj Ď Vj for each j. Let Wj “ Uj XVj

and rgi “
řk

j“1 aijχWj
. Then µpWj∆Ajq ď µpUjzCjq, where A∆B denotes the symmetric difference

of A and B, so
ż

|σ˚
npg1, . . . , gnq ´ σ˚

nprg1, . . . , rgnq| dµ ď

k
ÿ

j“1
σ˚

npa1j, . . . , anjqµpWj∆Ajq ď
ε

4 .

Now, choose bij so that bijaij ě 0, σnpb1j, . . . , bnjq ď 1 and

σ˚
npa1j, . . . , anjq ď

n
ÿ

i“1
aijbij `

ε

4µpKq
for 1 ď j ď k.
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Since K is normal, there are functions pujqk
j“1 Ď CpKq such that 0 ď uj ď χWj

and uj “ 1 on Cj.
The functions hi “

řk
j“1 bijuj satisfy |hi| ď

řk
j“1 |bij|χWj

and, moreover,

0 ď

k
ÿ

j“1
aijbijµpWjq “

ż
ˆ k
ÿ

j“1
bijχWj

˙

rgi dµ “

ż

hirgi dµ `

ż
ˆ k
ÿ

j“1
bijpχWj

´ ujq

˙

rgi dµ

ď

ż

higi dµ `

ż

|hi||gi ´ rgi| dµ `

k
ÿ

j“1

ż

aijbijpχWj
´ ujqχWjzCj

dµ

ď

ż

higi dµ `

k
ÿ

j“1
aijbijpµpWj∆Ajq ` µpWjzCjqq

ď

ż

higi dµ `
ε

2ks

k
ÿ

j“1
aijbij for 1 ď i ď n.

Observe that, if t P Wj,
σnph1ptq, . . . , hnptqq ď σnpb1j, . . . , bnjq ď 1,

so σph1ptq, . . . , hnptqq ď 1 for all t P K. Finally,
ż

σ˚
pg1, . . . , gnq dµ ď

ż

σ˚
prg1, . . . , rgnq dµ `

ε

4 “

k
ÿ

j“1

ż

σ˚
npa1j, . . . , anjqχWj

dµ `
ε

4

ď

k
ÿ

j“1

˜

n
ÿ

i“1
aijbij `

ε

4µpKq

¸

µpWjq `
ε

4 ď

n
ÿ

i“1

k
ÿ

j“1
aijbijµpWjq `

ε

2

ď

n
ÿ

i“1

ż

higi dµ `
ε

2ks

k
ÿ

j“1

n
ÿ

i“1
aijbij `

ε

2

ď

n
ÿ

i“1

ż

higi dµ `
ε

2ks

k
ÿ

j“1
σ˚

npa1j, . . . , anjq `
ε

2 ď

n
ÿ

i“1

ż

higi dµ ` ε.

This completes the proof for simple functions. Now, given general functions pgiq
n
i“1 Ď L1pµq, for

every i “ 1, . . . , n there exists a sequence psimq8
m“1 of simple functions such that s`

im Ò g`
i and

s´
im Ò g´

i almost everywhere, so in particular σ˚ps1m, . . . , snmq Ò σ˚pg1, . . . , gnq almost everywhere.
By the dominated convergence theorem, for every ε ą 0 there is a natural number M P N such that

ż

|σ˚
pg1, . . . , gnq ´ σ˚

ps1M , . . . , snM q| dµ ď
ε

n ` 2 , and
ż

|gi ´ siM | dµ ď
ε

n ` 2 for 1 ď i ď n.

By the first part of the proof, for this M there exist some phiq
n
i“1 Ď CpKq such that we have

σnph1ptq, . . . , hnptqq ď 1 for all t P K and
ż

σ˚
nps1M , . . . , snM q dµ ď

n
ÿ

i“1

ż

hisiM dµ `
ε

n ` 2 .
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In particular, hi P BCpKq and we have
ż

|hi||gi ´ siM | dµ ď

ż

|gi ´ siM | dµ ď
ε

n ` 2
for every i. In order to obtain the result, we just use the previous inequalities:

ż

σ˚
pg1, . . . , gnq dµ ď

ż

σ˚
ps1M , . . . , snM q dµ `

ε

n ` 2

ď

n
ÿ

i“1

ż

hisiM dµ `
2ε

n ` 2 ď

n
ÿ

i“1

ż

higi dµ ` ε.

□

We will use the previous lemma to linearize expressions of the form x|u|, σ˚
np|u˚

1 |, . . . , |u˚
n|qy for

u P X and u˚
1 , . . . , u

˚
n P X˚.

Proposition 4.7. The following statements hold:
(1) Suppose that u˚ P X˚ and puiq

n
i“1 Ď X. For any ε ą 0, there are pu˚

i qn
i“1 Ď X˚ such that

σ˚
np|u˚

1 |, . . . , |u˚
n|q ď |u˚| and

xσnp|u1|, . . . , |un|q, |u˚
|y ď

n
ÿ

i“1
xui, u

˚
i y ` ε.

(2) Suppose that u P X and pu˚
i qn

i“1 Ď X˚. For any ε ą 0, there are puiq
n
i“1 Ď X such that

σnp|u1|, . . . , |un|q ď |u| and

x|u|, σ˚
np|u˚

1 |, . . . , |u˚
n|qy ď

n
ÿ

i“1
xui, u

˚
i y ` ε.

Proof. It suffices to prove (2). (1) follows by applying (2) with X taken to be X˚ and σ taken to
be σ˚.

Let u P X, pu˚
i qn

i“1 Ď X˚, and ε ą 0 be given. There exists a compact Hausdorff space K and
an interval preserving injective lattice homomorphism ι : CpKq Ñ X so that ι1 “ |u|, where 1
denotes the constant 1 function on K. Set u˚ “ σ˚

np|u˚
1 |, . . . , |u˚

n|q. Since |u˚
i | ď u˚ and ι˚ is a

lattice homomorphism, |µi| :“ ι˚|u˚
i | ď ι˚u˚ “: µ. Hence, there are functions gi P L1pµq such that

µi “ gi ¨µ. Apply Lemma 4.6 to obtain the corresponding sequence phiq
n
i“1 in CpKq and set ui “ ιhi.

Then ui P X and
σnp|u1|, . . . , |un|q “ σnpι|h1|, . . . , ι|hn|q “ ισnp|h1|, . . . , |hn|q ď ι1 “ |u|.

Moreover,
x|u|, σ˚

np|u˚
1 |, . . . , |u˚

n|qy “ x1, σ˚
npι˚|u˚

1 |, . . . , ι˚|u˚
n|qy “ x1, σ˚

npι˚u˚
1 , . . . , ι

˚u˚
nqy

“

ż

σ˚
npg1, . . . , gnq dµ ď

n
ÿ

i“1

ż

higi dµ ` ε

“

n
ÿ

i“1
xhi, ι

˚u˚
i y ` ε “

n
ÿ

i“1
xui, u

˚
i y ` ε.

This completes the proof. □
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Next, we show that DT ˚

τ˚,σ˚ Ď pCτ,σ
T q˝ (respectively, DT

τ,σ Ď pCτ˚,σ˚

T ˚ q˝) whenever T : E Ñ X
(respectively, T : X Ñ E) is bounded.

Proposition 4.8. The following statements hold:
(1) Let T : E Ñ X be a bounded linear operator. Then u˚puq ď 1 for all u P Cτ,σ

T and all
u˚ P DT ˚

τ˚,σ˚.
(2) Let T : X Ñ E be a bounded linear operator. Then u˚puq ď 1 for all u P DT

τ,σ and all
u˚ P Cτ˚,σ˚

T ˚ .

Proof. (1) Suppose that u P Cτ,σ
T and u˚ P DT ˚

τ˚,σ˚ . There exists pxiq
n
i“1 in E so that |u| ď

σnp|Tx1|, . . . , |Txn|q and τp
řn

i“1 }xi}eiq ď 1. By Proposition 4.7(1), for any ε ą 0, there exists
pu˚

i qn
i“1 Ď X˚ so that σ˚

np|u˚
1 |, . . . , |u˚

n|q ď |u˚| and

x|u|, |u˚
|y ď xσnp|Tx1|, . . . , |Txn|q, |u˚

|y ď

n
ÿ

i“1
xTxi, u

˚
i y ` ε

“

n
ÿ

i“1
xxi, T

˚u˚
i y ` ε ď τ

ˆ n
ÿ

i“1
}xi}ei

˙

¨ τ˚

ˆ n
ÿ

i“1
}T ˚u˚

i }e˚
i

˙

` ε.

Since u˚ P DT ˚

τ˚,σ˚ and |u˚| ě σ˚
np|u˚

1 |, . . . , |u˚
n|q, τ˚p

řn
i“1 }T ˚v˚

i }eiq ď 1. Therefore, x|u|, |u˚|y ď 1, as
claimed.

The proof of (2) is similar. □

The next lemma will help us show the reverse inclusions.

Lemma 4.9. Let puiq
n
i“1 and pu˚

i qn
i“1 be sequences in X and X˚, respectively. Then

n
ÿ

i“1
xui, u

˚
i y ď xσnp|u1|, . . . , |un|q, σ˚

np|u˚
1 |, . . . , |u˚

n|qy.

Proof. Take a compact Hausdorff spaceK and an injective interval preserving lattice homomorphism
ι : CpKq Ñ X so that ι1 “ σnp|u1|, . . . , |un|q. Since |ui| ď σnp|u1|, . . . , |un|q, there exists fi P CpKq`

so that ιfi “ |ui|. Set µ “ ι˚σ˚
np|u˚

1q, . . . , |u˚
n|q and µi “ ι˚p|u˚

i |q. Then 0 ď fi ď 1 and 0 ď µi ď µ.
There are functions gi P L1pµq` so that µi “ gi ¨ µ. Then

n
ÿ

i“1
xui, u

˚
i y ď

n
ÿ

i“1
x|ui|, |u

˚
i |y “

n
ÿ

i“1

ż

fi dµi “

ż n
ÿ

i“1
fiptqgiptq dµptq

ď

ż

σnpf1ptq, . . . , fnptqq ¨ σ˚
npg1ptq, . . . , gnptqq dµ

“ xσnpf1, . . . , fnq, σ˚
npµ1, . . . , µnqy

“ xσnp|u1|, . . . , |un|q, σ˚
np|u˚

1 |, . . . , |u˚
n|qy.

□

We are now ready to establish the main result of this subsection.

Theorem 4.10. The following statements hold:
(1) Let T : E Ñ X be a bounded linear operator. Then pCτ,σ

T q˝ “ DT ˚

τ˚,σ˚.
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(2) Let T : X Ñ E be a bounded linear operator. Then pCτ˚,σ˚

T ˚ q˝ “ DT
τ,σ.

Proof. (1) It follows from Proposition 4.8(1) that DT ˚

τ˚,σ˚ Ď pCτ,σ
T q˝. Conversely, suppose that

u˚ R DT ˚

τ˚,σ˚ . There is a sequence pu˚
i qn

i“1 so that |u˚| ě σ˚
np|u˚

1 |, . . . , |u˚
n|q and τ˚p

řn
i“1 }T ˚u˚

i }eiq ą

1. Choose xi P E with }xi} ď 1 and a real sequence pαiq
n
i“1 with τp

řn
i“1 αieiq ď 1 so that

řn
i“1 αixxi, T

˚u˚
i y ą 1. Set ui “ αiTxi. Using Lemma 4.9, we have

1 ă

n
ÿ

i“1
xui, u

˚
i y ď xσnp|u1|, . . . , |un|q, σ˚

np|u˚
1 |, . . . , |u˚

n|qy ď xσnp|u1|, . . . , |un|q, |u˚
|y.

However, τp
řn

i“1 }αixi}eiq ď τp
řn

i“1 αieiq ď 1. Hence, σnp|u1|, . . . , |un|q P Cτ,σ
T . This shows that

u˚ R pCτ,σ
T q˝.

(2) can be proved in the same manner. □

4.3. Convexity and concavity. Let σ and τ be symmetric and normalized lattice norms on c00, X
a Banach lattice and E a Banach space. As we advanced earlier, the following definition generalizes
Definition 2.1.

Definition 4.11.
(1) A bounded linear operator T : E Ñ X is pτ, σq-convex with constant K if for any sequence

pxiq
n
i“1 in E,

}σnp|Tx1|, . . . , |Txn|q} ď Kτ

ˆ n
ÿ

i“1
}xi}ei

˙

.

A Banach lattice X is pτ, σq-convex with constant K if the identity operator on X is pτ, σq-
convex with constant K.

(2) A bounded linear operator T : X Ñ E is pτ, σq-concave with constant K if for any sequence
puiq

n
i“1 in X,

}σnp|u1|, . . . , |un|q} ě K´1τ

ˆ n
ÿ

i“1
}Tui}ei

˙

.

A Banach lattice X is pτ, σq-concave with constant K if the identity operator on X is pτ, σq-
concave with constant K.

It is a well-known fact (see, for instance, [6, Chapter 16]) that an operator T is pp, qq-convex if
and only if its adjoint T ˚ is pp˚, q˚q-concave, and vice versa. Similarly, Theorem 4.10 leads to a
duality theory for the convex and concave operators introduced in Definition 4.11.

Theorem 4.12. Let T : E Ñ X be a pτ, σq-convex operator with constant K. Then T ˚ is a
pτ˚, σ˚q-concave operator with constant K.

Proof. Let pu˚
i qn

i“1 be a sequence in X˚ and let ε ą 0 be given. Choose a sequence px˚
i qn

i“1 in BE so
that

xTxi, u
˚
i y “ xxi, T

˚u˚
i y ě }T ˚u˚

i } ´
Kε

n
for any i.

By definition of τ˚, there exists a positive real sequence paiq
n
i“1 so that τp

řn
i“1 aieiq ď 1 and that

τ˚

ˆ n
ÿ

i“1
}T ˚u˚

i }ei

˙

ď

n
ÿ

i“1
ai}T

˚u˚
i } ` Kε.
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Since T is pτ, σq-convex with constant K,

}σnpa1|Tx1|, . . . , an|Txn|q} ď Kτ

ˆ n
ÿ

i“1
ai}xi}ei

˙

ď Kτ

ˆ n
ÿ

i“1
aiei

˙

ď K.

Therefore,

}σ˚
np|u˚

1 |, . . . , |u˚
n|q} ě K´1

xσnpa1|Tx1|, . . . , an|Txn|q, σ˚
np|u˚

1 |, . . . , |u˚
n|qy

ě K´1
n
ÿ

i“1
aixTxi, u

˚
i y by Lemma 4.9

ě K´1
n
ÿ

i“1
ai

´

}T ˚u˚
i } ´

Kε

n

¯

ě K´1
n
ÿ

i“1
ai}T

˚u˚
i } ´ ε

ě K´1τ˚

ˆ n
ÿ

i“1
}T ˚u˚

i }ei

˙

´ 2ε.

Taking ε Ó 0 give the required inequality for pτ˚, σ˚q-concavity of T ˚ with constant K. □

Theorem 4.13. Let T : X Ñ E be a pτ, σq-concave operator with constant K. Then T ˚ is a
pτ˚, σ˚q-convex operator with constant K.

Proof. Let px˚
i qn

i“1 Ď E˚, ε ą 0 and u P BX be given. By Proposition 4.7(2), there is a sequence
puiq

n
i“1 Ď X such that σnp|u1|, . . . , |un|q ď |u| and

x|u|, σ˚
np|T ˚x˚

1 |, . . . , |T ˚x˚
n|qy ď

n
ÿ

i“1
xui, T

˚x˚
i y ` ε “

n
ÿ

i“1
xTui, x

˚
i y ` ε

ď τ

ˆ n
ÿ

i“1
}Tui}ei

˙

τ˚

ˆ n
ÿ

i“1
}x˚

i }ei

˙

` ε ď Kτ˚

ˆ n
ÿ

i“1
}x˚

i }ei

˙

` ε,

where the last inequality follows from the concavity of T , since

τ

ˆ n
ÿ

i“1
}Tui}ei

˙

ď K}σnp|u1|, . . . , |un|q} ď K}u} ď K.

Taking ε Ó 0 we conclude that

}σ˚
np|T ˚x˚

1 |, . . . , |T ˚x˚
n|q} “ sup

uPBX

x|u|, σ˚
np|T ˚x˚

1 |, . . . , |T ˚x˚
n|qy ď Kτ˚

ˆ n
ÿ

i“1
}x˚

i }ei

˙

,

so T ˚ is a pτ˚, σ˚q-convex operator with constant K. □

Combining both results, we get:

Corollary 4.14.
(1) T : E Ñ X is pτ, σq-convex with constant K if and only if T ˚ : X˚ Ñ E˚ is pτ˚, σ˚q-concave

with constant K.
(2) T : X Ñ E is pτ, σq-concave with constant K if and only if T ˚ : E˚ Ñ X˚ is pτ˚, σ˚q-convex

with constant K.
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Proof. (1) One implication was established in Theorem 4.12. For the reverse implication, we can
apply Theorem 4.13 to obtain that T ˚˚ is pτ, σq-convex with constant K. If we denote by JX

and JE the canonical embeddings into the corresponding bidual spaces, we get that the mapping
JXT “ T ˚˚JE : E Ñ JXpXq Ď X˚˚ is also pτ, σq-convex with the same constant. Since JX is a
lattice isometry, we get the claimed result by composing JXT with J´1

X .

(2) Again, one implication was established in Theorem 4.13, and the converse follows by applying
Theorem 4.12 to T ˚ to obtain that T “ J´1

E JET “ J´1
E T ˚˚JX is pτ, σq-concave with constant K. □

We say that a symmetric lattice norm ρ on c00 is block convex with constant A, respectively block
concave with constant A, if ρp

ř

i yiq ď Aρp
ř

i ρpyiqeiq, respectively ρp
ř

i yiq ě A´1ρp
ř

i ρpyiqeiq, for
any finite disjoint sequence pyiqi in c00. It is easy to see that if a symmetric lattice norm ρ is block
convex with constant A, respectively block concave with constant A, then its dual norm ρ˚ is block
concave, respectively block convex with the same constant. Observe that, for every 1 ď p ă 8, the
norm in ℓp is both block concave and block convex with constant 1, and the same can be said about
the norm in c0.

The following proposition shows that, given an operator T : E Ñ X, the Banach lattice generated
by the set pCτ,σ

T q˝˝ with the procedure described in Lemma 4.2 is pτ, σq-convex.

Proposition 4.15. Let T : E Ñ X be a bounded linear operator, and assume that σ is block concave
with constant Aσ and τ is block convex with constant Aτ . Let puiq

n
i“1 be a sequence in pCτ,σ

T q˝˝ and
let pαiq

n
i“1 be a real sequence so that τp

řn
i“1 αieiq ď 1. Then σnp|α1u1|, . . . , |αnun|q P AσAτ ¨pCτ,σ

T q˝˝.

Proof. Let u˚ P DT ˚

τ˚,σ˚ and let ε ą 0 be given. By Proposition 4.7(1), there exists pu˚
i qn

i“1 Ď X˚

such that σ˚
np|u˚

1 |, . . . , |u˚
n|q ď |u˚| and

xσnp|α1u1|, . . . , |αnun|q, |u˚
|y ď

n
ÿ

i“1
x|αiui|, |u

˚
i |y ` ε.

Let λi “ inftλ ą 0 : |u˚
i | P λDT ˚

τ˚,σ˚u. For each i, there exists pu˚
ijq

mi
j“1 Ď X˚ such that |u˚

i | ě

σ˚
mi

p|u˚
i1|, . . . , |u˚

imi
|q and

τ˚
pyiq ě p1 ´ εqλi, where yi “

mi
ÿ

j“1
}T ˚u˚

ij}ej`
ři´1

k“1 mk
.

Using the fact that σ˚ is block convex with constant Aσ, we find that

|u˚
| ě σ˚

np|u˚
1 |, . . . , |u˚

n|q

ě σ˚
npσ˚

m1p|u˚
11|, . . . , |u˚

1m1 |q, . . . , σ˚
mn

p|u˚
n1|, . . . , |u˚

nmn
|q

ě pAσq
´1σ˚

r p|u˚
11|, . . . , |u˚

1m1 |, . . . , |u˚
n1|, . . . , |u˚

nmn
|q, r “

n
ÿ

i“1
mi.

Since u˚ P DT ˚

τ˚,σ˚ and τ˚ is block concave with constant Aτ ,

1 ě τ˚

ˆ n
ÿ

i“1

mi
ÿ

j“1
pAσq

´1
}T ˚u˚

ij}ej`
ři´1

k“1 mk

˙
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“ pAσq
´1τ˚

ˆ n
ÿ

i“1
yi

˙

ě pAσAτ q
´1τ˚

ˆ n
ÿ

i“1
τ˚

pyiqei

˙

ě p1 ´ εqpAσAτ q
´1τ˚

ˆ n
ÿ

i“1
λiei

˙

.

As |ui| P pCτ,σ
T q˝˝ and |u˚

i | P λiD
T ˚

τ˚,σ˚ “ λipC
τ,σ
T q˝ by Theorem 4.10(1), x|ui|, |u

˚
i |y ď λi. Therefore,

xσnp|α1u1|, . . . , |αnun|q, |u˚
|y ď

n
ÿ

i“1
x|αiui|, |u

˚
i |y ` ε

ď

n
ÿ

i“1
|αiλi| ` ε ď τ

ˆ n
ÿ

i“1
αiei

˙

¨ τ˚

ˆ n
ÿ

i“1
λiei

˙

` ε

ď
AσAτ

1 ´ ε
` ε.

Taking ε Ó 0, we see that xσnp|α1u1|, . . . , |αnun|q, |u˚|y ď AσAτ . As this holds for all u˚ P DT ˚

τ˚,σ˚ , we
conclude that pAσAτ q´1σnp|α1u1|, . . . , |αnun|q P pDT ˚

τ˚,σ˚q˝. Since the last set coincides with pCτ,σ
T q˝˝

by Theorem 4.10(1), the proof is complete. □

We will use the previous lemma to construct optimal factorizations for pτ, σq-convex and pτ, σq-
concave operators, extending the results of [24, Section 2] for p-convex and p-concave operators. In
particular, applying Theorem 4.17 with τ and σ being the norms on ℓp and c0, respectively, we will
obtain the first statement of Theorem 4.1. If we apply instead Theorem 4.19 with the norms on ℓq

and ℓ1 acting as τ and σ, we will recover the second part of Theorem 4.1.

4.3.1. Minimal convex factorization. In this subsection, let T : E Ñ X be a pτ, σq-convex operator
with constant K and recall the sets Cτ,σ

T and DT ˚

τ˚,σ˚ from Definition 4.5.

Proposition 4.16. The set pCτ,σ
T q˝˝ is a closed convex solid set in X so that T pBEq Ď pCτ,σ

T q˝˝ Ď

KBX .

Proof. The set pCτ,σ
T q˝˝ is the closed convex hull of Cτ,σ

T , where the polars are taken with respect to
the duality xX,X˚y. Since Cτ,σ

T is solid, so is pCτ,σ
T q˝˝. Suppose that u P Cτ,σ

T . There exists pxiq
n
i“1

in E so that |u| ď σnp|Tx1|, . . . , |Txn|q and τp
řn

i“1 }xi}eiq ď 1. By the convexity of T , }u} ď K.
Thus Cτ,σ

T Ď KBX and hence pCτ,σ
T q˝˝ Ď KBX . Finally, if x P BE, then |Tx| ď σ1p|Tx|q and

τp}x}e1q “ }x} ď 1. Hence, Tx P Cτ,σ
T Ď pCτ,σ

T q˝˝. □

By Proposition 4.3, there is a Class C factorization pY0, U0, V0q of T so that V0BY0 “ pCτ,σ
T q˝˝.

The Banach lattice Y0 induced by this factorization is pτ, σq-convex.

Theorem 4.17. Assume that σ is block concave with constant Aσ and τ is block convex with constant
Aτ . Then, the Banach lattice Y0 is pτ, σq-convex with constant AσAτ . The operators U0, V0 satisfy
}U0} ď 1, }V0} ď K. If pY, U, V q is a Class C factorization of T so that Y is pτ, σq-convex, then
there is a linear operator ϕ : Y0 Ñ Y of Class C so that U “ ϕU0 and V0 “ V ϕ.

Proof. By definition, Y0 “ spanpCτ,σ
T q˝˝ and pCτ,σ

T q˝˝ is the closed ball of Y0 (Lemma 4.2). Since U0
agrees with T formally and V0 is the inclusion map from Y to X, by Proposition 4.16, }U0} ď 1
and }V0} ď K.
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Let puiq
n
i“1 be a sequence in BY0 “ pCτ,σ

T q˝˝ and let pαiq
n
i“1 be a scalar sequence satisfying

τp
řn

i“1 αieiq ď 1. By Proposition 4.15, σnp|α1u1|, . . . , |αnun|q P AσAτ ¨ BY0 . Hence Y0 is pτ, σq-
convex with constant AσAτ .

Now, suppose that pY, U, V q is a Class C factorization of T so that Y is pτ, σq-convex with constant
K. Without loss of generality, we can assume that U is contractive. We claim that 1

K
pV pBY qq˝ Ď

DT ˚

τ˚,σ˚ . Indeed, if u˚ R DT ˚

τ˚,σ˚ , then there exists pu˚
i qn

i“1 in X˚ so that |u˚| ě σ˚
np|u˚

1 |, . . . , |u˚
n|q and

τ˚p
řn

i“1 }T ˚u˚
i }eiq ą 1. Choose pxiq

n
i“1 Ď BE and a scalar sequence pαiq

n
i“1 so that τp

řn
i“1 αieiq ď 1

and

1 ă

n
ÿ

i“1
αixxi, T

˚u˚
i y “

n
ÿ

i“1
xT pαixiq, u

˚
i y (Lemma 4.9)

ď xσnp|T pα1x1q|, . . . , |T pαnxnq|q, σ˚
np|u˚

1 |, . . . , |u˚
n|qy

ď xσnp|T pα1x1q|, . . . , |T pαnxnq|q, |u˚
|y

“ xV σnp|Upα1x1q|, . . . , |Upαnxnq|q, |u˚
|y.

However, since Y is pτ, σq-convex with constant K and U was assumed to be contractive,

}σnp|Upα1x1q|, . . . , |Upαnxnq|q} ď Kτ

ˆ n
ÿ

i“1
αiei

˙

ď K.

Thus V σnp|Upα1x1q|, . . . , |Upαnxnq|q P KV pBY q. This shows that |u˚| R pKV pBY qq˝ “ 1
K

pV pBY qq˝,
completing the proof of the claim.

From the claim, Theorem 4.10(1), and the fact that V0 is the formal inclusion, we obtain that

V0BY0 “ V0ppCτ,σ
T q

˝˝
q “ pCτ,σ

T q
˝˝

“ pDT ˚

τ˚,σ˚q
˝

Ď KpV pBY qq
˝˝

“ KV pBY q,

where the last equality holds since V pBY q is closed and convex. The existence of the desired map
ϕ : Y0 Ñ Y now follows from Proposition 4.3(2). □

Due to Theorem 4.17, we call pY0, U0, V0q the minimal pτ, σq-convex factorization of T : E Ñ X.

4.3.2. Maximal concave factorization. Similar results for concave operators can be obtained via
duality. Let T : X Ñ E be a pτ, σq-concave operator with constant K.

Proposition 4.18. The set DT
τ,σ is a closed convex solid set in X so that 1

K
BX Ď DT

τ,σ Ď T´1pBEq.

Proof. By Theorem 4.13, T ˚ : E˚ Ñ X˚ is a pτ˚, σ˚q-convex operator. By Proposition 4.16,

T ˚
pBE˚q Ď pCτ˚,σ˚

T ˚ q
˝˝

Ď KBX˚ .

Easy calculations show that pT ˚pBE˚qq˝ “ T´1pBEq and pKBX˚q˝ “ K´1BX . Thus, taking polars
in the string of inclusions above gives

K´1BX Ď pCτ˚,σ˚

T ˚ q
˝

Ď T´1
pBEq.

By Theorem 4.10(2), pCτ˚,σ˚

T ˚ q˝ “ DT
τ,σ. This concludes the proof of the proposition. □

By Proposition 4.4, there is a Class D factorization pY 0, U0, V 0q of T such that pU0q´1pBY 0q “

DT
τ,σ. The next result follows from Theorem 4.17 by duality. We omit the details.
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Theorem 4.19. Assume that σ is block convex with constant Aσ and τ is block concave with constant
Aτ . Then, the Banach lattice Y 0 is pτ, σ)-concave with constant AσAτ . The operators U0, V 0 satisfy
}U0} ď K, }V 0} ď 1. If pY, U, V q is a Class D factorization of T so that Y is pτ, σq-concave, then
there is a linear operator ϕ : Y Ñ Y 0 of Class D so that U0 “ ϕU and V 0ϕ “ V .

We call pY 0, U0, V 0q the maximal pτ, σq-concave factorization of T : X Ñ E.
As a consequence, we have the following generalized version of a factorization result given in [25].

Theorem 4.20. Let E,F be Banach spaces. Let τ, σ, τ 1, σ1 be normalized symmetric norms on c00
such that σ and τ 1 are block concave with constants Aσ and A1

τ , and τ and σ1 are block convex
with constants Aτ and A1

σ, respectively. Assume that a bounded linear operator T : E Ñ F has a
factorization T “ V U , where X is a Banach lattice, U : E Ñ X is pτ, σq-convex with constant K
and V : X Ñ F is pτ 1, σ1q-concave with constant K 1. Then there are a pτ, σq-convex Banach lattice
Y with constant AσAτ and a pτ 1, σ1q-concave Banach lattice Z with constant A1

σA
1
τ and bounded

linear operators A : E Ñ Y , B : Y Ñ Z, C : Z Ñ F so that T “ CBA, }A} ď K, }C} ď K 1 and
B is a contraction of Class D.

Proof. We may replace X by the closed ideal I generated by UpEq in X and V by its restriction
V |I . In this way, we may assume without loss of generality that the ideal generated by UpEq in X
is dense. Apply Theorem 4.17 to U and Theorem 4.19 to V to find the following:

(1) A pτ, σq-convex Banach lattice Y with constant AσAτ and bounded linear operators A :
E Ñ Y , R : Y Ñ X so that R is of Class C and U “ RA. Furthermore, }A} ď K and
}R} ď 1.

(2) A pτ 1, σ1q-concave Banach lattice Z with constant A1
σA

1
τ and bounded linear operators S :

X Ñ Z, C : Z Ñ F so that S is of Class D, V “ CS, }S} ď K 1 and }C} ď 1. We may
replace S and C by S{K 1 and K 1C, respectively. Thus, we may instead assume that }S} ď 1
and }C} ď K 1.

Since U “ RA, UpEq Ď RpY q. Also, since R is of Class C, RpY q is an ideal in X. By the comment
at the beginning of the proof, RpY q “ X. Let B “ SR : Y Ñ Z. Then T “ CBA, }A} ď K,
}C} ď K 1 and }B} ď 1. Since both R and S are lattice homomorphisms with dense range, B is a
lattice homomorphism with dense range. Thus, B is of Class D. □

4.4. Duality of factorization. Our next goal is to generalize [24, Theorem 5]. Let us start by
studying the relations between the Banach lattices induced by a closed bounded convex solid set B
and its polar B˝, and their corresponding duals.

Proposition 4.21. Let B be a closed bounded convex solid subset of X. Denote the Minkowski
functional of B on X by ρ and the Minkowski functional of B˝ on X˚ by ρ˚. Let Y “ pspanB, ρq.
Let Q : X˚ ÞÑ X˚{ ker ρ˚ be the quotient map, and let Z be the completion of pX˚{ ker ρ˚, ρ˚q, where
ρ˚pQu˚q “ ρ˚pu˚q. Then Y and Z are Banach lattices, and there are unique bounded linear maps
ϕ and ψ determined as follows:

ϕ : Y Ñ Z˚, xQu˚, ϕpuqy “ u˚
puq,

ψ : Z Ñ Y ˚, xu, ψpQu˚
qy “ u˚

puq.

Moreover, ϕ and ψ are lattice isometric embeddings, the map ψ is of Class C, and, if X has order
continuous norm, then the map ϕ is of Class C.
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Proof. The fact that pY, ρq is a Banach lattice follows from Lemma 4.2. It is clear that Z is a
Banach lattice. If u P Y and u˚ P X˚, then |u˚puq| ď ρpuq ¨ ρ˚pu˚q “ ρpuq ¨ ρ˚pQu˚q. It follows that
ϕpuq determines a bounded linear functional on pX˚{ ker ρ˚, ρ˚q and hence ϕpuq P Z˚. Similarly, we
have that ψ is a bounded linear map on pX˚{ ker ρ˚, ρ˚q and hence extends uniquely to a bounded
linear map on Z. Furthermore,

}ϕpuq}Z˚ “ sup
ρ˚pQu˚qď1

xQu˚, ϕpuqy “ sup
ρ˚pu˚qď1

u˚
puq “ ρpuq.

Thus, ϕ is an isometric embedding. Similarly, it can be seen that ψ is an isometric embedding. If
u P Y` and u˚ P X˚, then

xu, |ψpQu˚
q|y “ sup

|v|ďu

|xv, ψpQu˚
qy| “ sup

|v|ďu

|u˚
pvq| “ |u˚

|puq “ xu, ψp|Qu˚
|qy.

Hence, |ψpQu˚q| “ ψp|Qu˚|q. Since QpX˚q is dense in Z, ψ is a lattice homomorphism. Similarly,
ϕ is a lattice homomorphism.

Next, we claim that for any u˚ P X˚
`, ψr0, Qu˚s “ r0, ψQu˚s. Indeed, the inclusion Ď is clear.

Suppose that x˚ P r0, ψQu˚s. For any u P Y ,
|xu, x˚

y| ď x|u|, x˚
y ď x|u|, ψQu˚

y “ u˚
p|u|q.

By the Hahn-Banach Theorem for positive functionals (cf. [1, Theorem 1.26]), there exists a func-
tional v˚ on X such that v˚|Y “ x˚ and 0 ď v˚puq ď u˚puq for all u P X`. Thus, Qv˚ P r0, Qu˚s

and for any u P Y ,
xu, ψQv˚

y “ v˚
puq “ xu, x˚

y.

Hence, ψQv˚ “ x˚. This completes the proof of the claim.
We extend the claim to show that ψ is interval preserving and thus ψ is of Class C. Suppose

that z P Z` and 0 ď x˚ ď ψz. For each n P N, choose v˚
n P X˚

` so that }z ´ Qv˚
n}Z ă 1

n
. Set

y˚
n “ px˚ ` ψQv˚

n ´ ψzq`. Then 0 ď y˚
n ď ψQv˚

n and

}y˚
n ´ x˚

} ď }ψQv˚
n ´ ψz} “ }Qv˚

n ´ z}Z ă
1
n
.

By the claim, y˚
n P r0, ψQv˚

ns “ ψr0, Qv˚
ns. Hence, there exists w˚

n P X˚, Qw˚
n P r0, Qv˚

ns, so that
y˚

n “ ψQw˚
n. Since py˚

nq converges to x˚ and ψ is an isometry, pQw˚
nq converges in Z to some z0 P Z.

Clearly, 0 ď z0 ď limQv˚
n “ z and

ψz0 “ limψQw˚
n “ lim y˚

n “ x˚.

This shows that r0, ψzs Ď ψr0, zs. The reverse inclusion is clear.
Finally, we show that ϕ is interval preserving if X has order continuous norm. Let JX : X Ñ X˚˚

be the canonical inclusion. Then JXr´u, us “ r´JXu, JXus for all u P X`. Suppose that u P Y`.
Then ϕr0, us Ď r0, ϕus. Conversely, let z˚ P Z˚, z˚ P r0, ϕus. Since Q : X˚ Ñ pX˚{ ker ρ˚, ρ˚q Ď Z
is bounded, Q˚z˚ P X˚˚. For any u˚ P X˚,

|xu˚, Q˚z˚
y| ď x|Qu˚

|, z˚
y ď xQ|u˚

|, ϕuy “ xu, |u˚
|y “ x|u˚

|, JXuy.

Hence, |Q˚z˚| ď JXu. Thus Q˚z˚ P r´JXu, JXus “ JXr´u, us. Let v P X, v P r´u, us be such that
JXv “ Q˚z˚. Then v P Y and

xQu˚, ϕvy “ u˚
pvq “ xu˚, Q˚z˚

y “ xQu˚, z˚
y



BANACH LATTICES WITH UPPER p-ESTIMATES: RENORMING AND FACTORIZATION 35

for all u˚ P X˚. Therefore, ϕv “ z˚. This completes the proof that ϕr0, us “ r0, ϕus. □

Now, let T : E Ñ X be a pτ, σq-convex operator, and assume that σ is block concave and τ is
block convex. By Theorem 4.17, there is a minimal Class C factorization pY0, U0, V0q of T so that
Y0 “ spanpCτ,σ

T q˝˝ with norm given by the Minkowski functional of pCτ,σ
T q˝˝. By Theorem 4.12,

T ˚ : X˚ Ñ E˚ is pτ˚, σ˚q-concave, σ˚ is block convex and τ˚ is block concave. By Theorem 4.19,
there is a maximal Class D factorization pY 0, U0, V 0q of T ˚. Let ρ be the Minkowski functional
of DT ˚

τ˚,σ˚ and let ρ be the norm on X˚{ ker ρ induced by DT ˚

τ˚,σ˚ . Then Y 0 is the completion of
pX˚{ ker ρ, ρq. From Theorem 4.10(1), we have pCτ,σ

T q˝ “ DT ˚

τ˚,σ˚ . As a result, using Proposition
4.21, we obtain partial duality of the Banach lattices Y0 and Y 0. Note that below we use the fact
that Y0 is a subset of X by construction.
Theorem 4.22. Let T : E Ñ X be a pτ, σq-convex operator and assume that σ is block concave
and τ is block convex. Let pY0, U0, V0q be the Class C factorization of T induced by the set pCτ,σ

T q˝˝

and let pY 0, U0, V 0q be the Class D factorization of T ˚ induced by the set DT ˚
τ˚,σ˚. Let the maps ϕ

and ψ be determined by
ϕ : Y0 Ñ pY 0

q
˚, xU0u˚, ϕpuqy “ u˚

puq,

ψ : Y 0
Ñ pY0q

˚, xu, ψpU0u˚
qy “ u˚

puq.

Then ϕ and ψ are lattice isometric embeddings. The map ψ is of Class C. If X has order continuous
norm, then the map ϕ is of Class C.
Proof. The proof is essentially immediate. Let us just check that ϕ is an into isometry. Denote the
norm on pY 0q˚ by ρ˚. Note that U0 is the quotient map X˚ Ñ X˚{ ker ρ. Thus,

ρ˚
pϕpuqq “ sup

ρpU0u˚qď1
xU0u˚, ϕpuqy “ sup

ρpu˚qď1
u˚

puq “ sup
u˚PDT ˚

τ˚,σ˚

u˚
puq “ }u}Y0 ,

where the last equality holds because } ¨ }Y0 is the Minkowski functional of pCτ,σ
T q˝˝ “ pDT ˚

τ˚,σ˚q˝. □
A similar result holds for concave operators and their adjoints. Let T : X Ñ E be a pτ, σq-concave

operator, where σ is block convex and τ is block concave. Let θ be the Minkowski functional of the
set DT

τ,σ and let θ be the induced norm on X{ ker θ. Let Z0 be the completion of pX{ ker θ, θq. By
Theorem 4.19, there is a maximal Class D factorization pZ0, A0, B0q of T . Also, there is a minimal
Class C factorization pZ0, A0, B0q of T ˚, where Z0 “ spanpCτ˚,σ˚

T ˚ q˝˝, normed by the Minkowski
functional of spanpCτ˚,σ˚

T ˚ q˝˝. As a result of the duality pCτ˚,σ˚

T ˚ q˝ “ DT
τ,σ (Theorem 4.10(2)), we

obtain the following duality theorem. The proof is similar to that of Theorem 4.22 and is omitted.
Theorem 4.23. Let T : X Ñ E be a pτ, σq-concave operator and assume that σ is block convex
and τ is block concave. Let pZ0, A0, B0q be the Class D factorization of T induced by the set DT

τ,σ

and let pZ0, A0, B0q be the Class C factorization of T ˚ induced by the set pCT ˚

τ˚,σ˚q˝˝. Let the maps
rϕ and rψ be determined by

rϕ : Z0
Ñ pZ0q

˚, xu˚, rϕpA0uqy “ u˚
puq,

rψ : Z0 Ñ pZ0
q

˚, xA0u, rψpu˚
qy “ u˚

puq.

Then rϕ and rψ are lattice isometric embeddings. The map rψ is of Class C. If X has order continuous
norm, then the map rϕ is of Class C.
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4.5. Factorization of a simultaneously convex and concave operator. Let X and Y be
Banach lattices. In [24], a factorization for an operator T : X Ñ Y that is both p-convex and q-
concave was given. In this section, we adapt an argument of [25] to prove an analogous factorization
result that allows us to replace the p-convexity or q-concavity assumptions by pp,8q-convexity and
pq, 1q-concavity, respectively. We start with the following:

Proposition 4.24. Let Z be a Banach lattice and let C0, C1 be bounded convex sets in Z. For any
0 ă θ ă 1, let
(4.1) Cθ “ tv P Z : |x| ď |v0|

θ
|v1|

1´θ for some v0 P C0, v1 P C1u.

Then Cθ is a bounded convex solid set in Z.

Proof. Suppose that a0, a1, b0, b1 are nonnegative real numbers. Let 0 ă α ă 1. Then
p1 ´ αqaθ

0 a
1´θ
1 ` αbθ

0 b
1´θ
1 ď }pp1 ´ αq

θaθ
0, α

θbθ
0q} 1

θ
¨ }pp1 ´ αq

1´θa1´θ
1 , α1´θb1´θ

1 q} 1
1´θ

“ pp1 ´ αqa0 ` αb0q
θ

¨ pp1 ´ αqa1 ` αb1q
1´θ.

Now, for v, w P Cθ, there are v0, w0 P C0 and v1, w1 P C1 so that |v| ď |v0|θ |v1|1´θ and |w| ď

|w0|θ |w1|1´θ. Hence,

|p1 ´ αqv ` αw| ď p1 ´ αq|v| ` α|w| ď p1 ´ αq|v0|
θ

|v1|
1´θ

` α|w0|
θ

|w1|
1´θ

ď pp1 ´ αq|v0| ` α|w0|q
θ

¨ pp1 ´ αq|v1| ` α|w1|q
1´θ.

Therefore, p1 ´ αqv ` αw P Cθ. It follows that Cθ is convex. Clearly, Cθ is also solid. By [17,
Proposition 1.d.2], if |v| ď |v0|θ |v1|1´θ, then }v} ď }v0}θ }v1}1´θ. Thus, the boundedness of Cθ

follows from that of C0 and C1. □

4.5.1. Factoring a pp, p2q-convex and pq, 1q-concave operator. In this subsection, let X, Y be Banach
lattices, 1 ď p, q ď 8 and p2 P tp,8u. Suppose that T : X Ñ Y is a bounded linear operator that
is pp, p2q-convex with constant Kp and pq, 1q-concave with constant Kq. As in Definition 4.5, let

Cp,p2
T “

"

v P Y : Dpuiq
n
i“1 Ď X such that |v| ď

ˆ n
ÿ

i“1
|Tui|

p2

˙

1
p2

,
n
ÿ

i“1
}ui}

p
ď 1

*

,

which corresponds to the set Cτ,σ
T taking the norms σ “ } ¨ }p2 and τ “ } ¨ }p on c00, both of them

block convex and block concave with constant 1. By Proposition 4.16, C0 :“ pCp,p2
T q˝˝ is a closed

convex solid set in Y so that T pBXq Ď C0 Ď KpBY . By Proposition 4.15, if ρ0 is the Minkowski
functional of C0, then

ρ0

ˆˆ n
ÿ

i“1
|ui|

p2

˙

1
p2
˙

ď

ˆ n
ÿ

i“1
ρ0puiq

p

˙

1
p

,

for puiq
n
i“1 Ď spanC0.

Proposition 4.25. Let C0 “ pCp,p2
T q˝˝ and C1 “ BY . For any 0 ă θ ă 1, let pθ be determined

by the equation 1
pθ

“ θ
p

` p1 ´ θq and set p2 “ pθ if p2 “ p, and p2 “ 8 if p2 “ 8. Define Cθ by
(4.1) and let ρθ be the Minkowski functional of Cθ on Zθ :“ spanCθ. Then T pBXq Ď K1´θ

p Cθ and
pZθ, ρθq is ppθ, p2q-convex with constant 1.
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Proof. First, observe that if Kp “ 0, then T is the null operator, Zθ “ t0u, and the result becomes
trivial. Therefore, we can assume that Kp ą 0. Now, suppose that u P BX . Then Tu P C0 Ď KpC1,
and hence

|Tu|

K1´θ
p

ď |Tu|
θ

ˆ

|Tu|

Kp

˙1´θ

P Cθ.

Thus, T pBXq Ď K1´θ
p Cθ.

Now, suppose that vi P αiCθ, 1 ď i ď n. There are vi
0 P C0, v

i
1 P C1 so that |vi| ď αi|v

i
0|θ |vi

1|1´θ.
First, consider the case where p2 “ p. Note that p

θpθ
and 1

p1´θqpθ
are conjugate indices. Thus, using

Hölder’s inequality in the second step below, we have
ˆ n
ÿ

i“1
|vi|

pθ

˙

1
pθ

ď

ˆ n
ÿ

i“1
pα

pθ
p

i |vi
0|q

θpθ pαpθ
i |vi

1|q
p1´θqpθ

˙

1
pθ

(4.2)

ď

ˆˆ n
ÿ

i“1
pα

pθ
p

i |vi
0|q

p

˙

1
p
˙

θ
ˆ n
ÿ

i“1
αpθ

i |vi
1|

˙p1´θq

.

Hence,

ρθ

ˆˆ n
ÿ

i“1
|vi|

pθ

˙

1
pθ
˙

ď ρ0

ˆˆ n
ÿ

i“1
pα

pθ
p

i |vi
0|q

p

˙

1
p
˙

θ∥∥∥∥∥
n
ÿ

i“1
αpθ

i |vi
1|

∥∥∥∥∥
1´θ

Y

ď

ˆ n
ÿ

i“1
αpθ

i

˙

θ
p
ˆ n
ÿ

i“1
αpθ

i

˙1´θ

“

ˆ n
ÿ

i“1
αpθ

i

˙

1
pθ

.

For the case p2 “ 8, we use the inequality

(4.3)
n
ł

i“1
|vi| ď

ˆ n
ł

i“1
pα

pθ
p

i |vi
0|q

˙θ ˆ n
ł

i“1
pαpθ

i |vi
1|q

˙1´θ

to obtain

ρθ

ˆ n
ł

i“1
|vi|

˙

ď ρ0

ˆ n
ł

i“1
pα

pθ
p

i |vi
0|q

˙θ∥∥∥∥∥
n
ÿ

i“1
αpθ

i |vi
1|

∥∥∥∥∥
1´θ

Y

ď

ˆ n
ÿ

i“1
αpθ

i

˙

θ
p
ˆ n
ÿ

i“1
αpθ

i

˙1´θ

“

ˆ n
ÿ

i“1
αpθ

i

˙

1
pθ

.

In both cases, we may take αi to be arbitrarily close to ρθpviq to complete the proof of the proposition.
□

In Proposition 4.25 we have exploited the convexity of the operator T to build a ppθ, p2q-convex
normed vector lattice Zθ. Next, we exploit the pq, 1q-concavity of T :

Proposition 4.26. For 0 ă θ ă 1, set qθ “
q

1´θ
. Let Sθ : X Ñ Zθ be the operator defined by

Sθu “ Tu. Then Sθ is pqθ, 1q-concave with constant K1´θ
q .
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Proof. First, note that Sθ maps into Zθ by Proposition 4.25. Let puiq
n
i“1 Ď X. Write ρ1 for the

original norm on Y . Note that

|Sθui| “ |Tui| “ ρ0pTuiq
θρ1pTuiq

1´θ

ˆ

|Tui|

ρ0pTuiq

˙θ ˆ
|Tui|

ρ1pTuiq

˙1´θ

,

which implies that ρθpSθuiq ď ρ0pTuiq
θρ1pTuiq

1´θ. Thus
ˆ n
ÿ

i“1
ρθpSθuiq

qθ

˙

1
qθ

ď

ˆ n
ÿ

i“1
ρ0pTuiq

θqθρ1pTuiq
p1´θqqθ

˙

1
qθ

ď sup
i
ρ0pTuiq

θ

ˆ n
ÿ

i“1
ρ1pTuiq

q

˙

1
qθ

.

Let u “
řn

i“1 |ui|. Since T is pq, 1q-concave with constant Kq,

}u} “

∥∥∥∥∥
n
ÿ

i“1
|ui|

∥∥∥∥∥ ě K´1
q

ˆ n
ÿ

i“1
ρ1pTuiq

q

˙

1
q

.

Since T pBXq Ď C0, ρ0pTuiq ď }ui} ď }u}. Hence,
ˆ n
ÿ

i“1
ρθpSθuiq

qθ

˙

1
qθ

ď }u}
θ
pKq}u}q

q
qθ “ K1´θ

q }u}.

Therefore, Sθ is pqθ, 1q-concave with constant K1´θ
q . □

The previous results yield an analogue of [24, Theorem 15] for operators that are simultaneously
pp, p2q-convex and pq, 1q-concave:

Theorem 4.27. Let X, Y be Banach lattices and let T : X Ñ Y be a bounded linear operator that
is both pp, p2q-convex (p2 P tp,8u) and pq, 1q-concave. Let 0 ă θ ă 1. Determine pθ, qθ by the
equations 1

pθ
“ θ

p
` p1 ´ θq and qθ “

q
1´θ

. Set p2 “ pθ if p2 “ p, and p2 “ 8 if p2 “ 8. There exists
(1) a ppθ, p2q-convex Banach lattice Zθ and a pqθ, 1q-concave Banach lattice Wθ;
(2) an interval preserving injective lattice homomorphism Φ : Zθ Ñ Y and a Class D operator

Ψ : X Ñ Wθ;
(3) a bounded linear operator Tθ : Wθ Ñ Zθ,

so that T “ ΦTθ Ψ.

Proof. Let pZθ, ρθq be as in Proposition 4.25 and let Sθ : X Ñ Zθ be defined by Sθu “ Tu. By
Proposition 4.25, pZθ, ρθq is a ppθ, p2q-convex normed vector lattice. Hence, its norm completion Zθ

is a ppθ, p2q-convex Banach lattice. Since Cθ is a bounded convex solid subset of Y , its Minkowski
functional ρθ dominates the norm of Y . Thus, every ρθ-Cauchy sequence in Zθ converges in Y .
Hence Zθ may be identified (as a vector lattice) with

tv P Y : D a ρθ-Cauchy sequence pvnq
8
n“1 in Zθ so that pvnq

8
n“1 converges to v in Y u.

In this way, Zθ is (identified with) a vector lattice ideal in Y . Hence, the inclusion map Φ : Zθ Ñ Y
is an interval preserving injective lattice homomorphism. Note that ΦSθ “ T by the definition of
Φ and Sθ.
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By Proposition 4.26, Sθ : X Ñ Zθ Ď Zθ is pqθ, 1q-concave. Hence, by Theorem 4.1(2), there is a
pqθ, 1q-concave Banach lattice Wθ, a Class D operator Ψ : X Ñ Wθ, and a bounded linear operator
Tθ : Wθ Ñ Zθ so that Sθ “ Tθ Ψ. Therefore, T “ ΦSθ “ ΦTθ Ψ, as claimed. □

4.5.2. Factoring a pp,8q-convex and pq, q2q-concave operator. In this subsection, let X, Y be Banach
lattices, 1 ď p, q ď 8 and q2 P tq, 1u. Suppose that T : X Ñ Y is a bounded linear operator that
is pp,8q-convex with constant Kp and pq, q2q-concave with constant Kq. As in Definition 4.5, let

C
q˚,q˚

2
T ˚ “

"

u˚
P X˚ : Dpv˚

i q
n
i“1 Ď Y ˚ such that |u˚

| ď

ˆ n
ÿ

i“1
|T ˚v˚

i |
q˚

2

˙

1
q˚

2
,

n
ÿ

i“1
}vi}

q˚

ď 1
*

,

which corresponds to the set Cτ,σ
T ˚ taking the norms σ “ } ¨ }q˚

2
and τ “ } ¨ }q˚ on c00, both of them

block convex and block concave with constant 1. Since T is pq, q2q-concave with constant Kq, T ˚

is pq˚, q˚
2 q-convex with constant Kq by Theorem 4.13. By Proposition 4.16, C0 :“ pC

q˚,q˚
2

T ˚ q˝˝ is a
closed convex solid set in X˚ so that T ˚BY ˚ Ď C0 Ď KqBX˚ . Fix 0 ă θ ă 1 and let

Cθ “ tu˚
P X˚ : |u˚

| ď |u˚
0 |

θ
|u˚

1 |
1´θ, u˚

0 P C0, u
˚
1 P BX˚u.

Let Zθ “ spanCθ and let ρθ be the Minkowski functional of Cθ. Then pZθ, ρθq is a normed vector
lattice. By Proposition 4.25, T ˚BY ˚ Ď K1´θ

q Cθ and pZθ, ρθq is pq˚
θ , pq2q˚q-convex with constant 1,

where
1
q˚

θ

“
θ

q˚
` p1 ´ θq and q2 “

#

qθ if q2 “ q,

1 if q2 “ 1.
Note that the first condition is equivalent to taking qθ “

q
θ
. Let D Ď X be the set pCθq˝, where the

polar is taken with respect to the duality xX,X˚y.

Proposition 4.28. The set D is a closed convex solid subset of X that contains K´θ
p BX . Let π

be the Minkowski functional of D on X and let Q : X Ñ X{ kerπ be the quotient map. Define
pπ on X{ kerπ by pπpQuq “ πpuq. Then pX{ kerπ, pπq is a normed vector lattice. The map j :
pX{ kerπ, pπq Ñ pZθ, ρθq˚ given by xu˚, jpQuqy “ xu, u˚y is a well-defined lattice isometric embedding.
In particular, pX{ kerπ, pπq is pqθ, q2q-concave.

Proof. Since Cθ Ď Kθ
pBX˚ is a bounded solid subset of X˚, D is a closed convex solid subset of

X that contains K´θ
p BX . In particular, ker π is a vector lattice ideal in X and pπ is a well-defined

lattice norm on the vector lattice X{ kerπ. If Qu “ 0, then u P λD for all λ ą 0. Thus, |xu, u˚y| ď λ
for any u˚ P Cθ and λ ą 0. Hence, xu, u˚y “ 0 for any u˚ P Cθ. It follows that xu, u˚y “ 0 for any
u˚ P Zθ. This shows that the map j is well defined. For any u P X,

}jpQuq} “ sup
ρθpu˚qď1

|xu˚, jpQuqy| “ sup
u˚PCθ

|xu, u˚
y|.

If pπpQuq ă 1, then u P D and hence |xu, u˚y| ď 1 for any u˚ P Cθ, since D “ pCθq˝. On the other
hand, if pπpQuq ą 1, then u R D “ pCθq˝. Hence, there exists u˚ P Cθ such that xu, u˚y ą 1. Thus,
}jpQuq} ą 1 by the above equation. This completes the proof that j is an isometric embedding.

For any u P X and u˚ P pZθq`,
xu˚, |jpQuq|y “ sup

|w˚|ď|u˚|

|xw˚, jQuy| “ sup
|w˚|ď|u˚|

|xu,w˚
y| “ x|u|, u˚

y “ xu˚, jQ|u|y.
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Thus |jQu| “ jQ|u|. Since Q is a lattice homomorphism, Q|u| “ |Qu|. Therefore, |jQu| “ j|Qu|.
This shows that j is a lattice homomorphism.

Finally, since pZθ, ρθq is pq˚
θ , pq2q˚q-convex, its dual is pqθ, q2q-concave by Theorem 4.12. Thus,

pX{ kerπ, pπq, which is lattice isometric to a sublattice of pZθ, ρθq˚, is pqθ, q2q-concave. □

The next step is to show that T factors through pX{ kerπ, pπq as T “ RQ, with R a ppθ,8q-convex
operator.

Proposition 4.29. Define R : pX{ kerπ, pπq Ñ Y by RpQuq “ Tu. Then R is a well-defined
bounded linear operator.

Proof. Suppose that u P D. Then xu, u˚y ď 1 for all u˚ P Cθ. Since T ˚BY ˚ Ď K1´θ
q Cθ, |xTu, v˚y| ď

K1´θ
q for all v˚ P BY ˚ . This proves that }Tu} ď K1´θ

q πpuq. In particular, if Qu “ 0, then πpuq “ 0
and thus Tu “ 0. Therefore, R is well defined. Also, the same inequality shows that

}RpQuq} “ }Tu} ď K1´θ
q πpuq “ K1´θ

q pπpQuq.

Thus, R is bounded. □

Define Sθ : Y ˚ Ñ Zθ by Sθv
˚ “ T ˚v˚. By Proposition 4.26, Sθ is pp˚

θ , 1q-concave, where p˚
θ “

p˚

1´θ

(equivalently, 1
pθ

“ 1´θ
p

` θ).

Proposition 4.30. Define ψ : pZθ, ρθq Ñ pX{ kerπ, pπq˚ by xQu, ψu˚y “ xu, u˚y. Then ψ is a
well-defined bounded linear operator so that R˚ “ ψSθ. Consequently, R is ppθ,8q-convex.

Proof. Note that |xu, u˚y| ď 1 if u P D and u˚ P Cθ. Hence xu, u˚y “ 0 if Qu “ 0 and u˚ P Zθ. This
shows that ψu˚ is a well-defined functional on X{ kerπ. Also, if pπpQuq ă 1, then u P D and hence
|xQu, ψu˚y| “ |xu, u˚y| ď ρθpu˚q for any u˚ P Zθ. Hence, ψu˚ P pX{ kerπ, pπq˚ and }ψu ˚ } ď ρθpu˚q.
Therefore, ψ is a bounded linear operator.

For any v˚ P Y ˚ and any u P X,
xQu, ψSθv

˚
y “ xu, Sθv

˚
y “ xu, T ˚v˚

y “ xTu, v˚
y “ xRQu, v˚

y “ xQu,R˚v˚
y.

Thus, R˚ “ ψSθ. Finally, since Sθ is pp˚
θ , 1q-concave, so is R˚. Hence R is ppθ,8q-convex. □

Finally, we can state the analogue of [24, Theorem 15] for operators that are simultaneously
pp,8q-convex and pq, q2q-concave.

Theorem 4.31. Let X, Y be Banach lattices and let T : X Ñ Y be a bounded linear operator that
is both pp,8q-convex and pq, q2q-concave (q2 P tq, 1u). Let 0 ă θ ă 1. Determine pθ, qθ by the
equations qθ “

q
θ

and 1
pθ

“ θ
p

` 1 ´ θ. Set q2 “ qθ if q2 “ q, and q2 “ 1 if q2 “ 1. There exists
(1) a pqθ, q2q-concave Banach lattice Zθ and a ppθ,8q-convex Banach lattice Wθ,
(2) a Class C operator Φ : Wθ Ñ Y and a Class D operator Ψ : X Ñ Zθ,
(3) a bounded linear operator Tθ : Zθ Ñ Yθ,

so that T “ ΦTθ Ψ.

Proof. Let Zθ be the completion of pX{ kerπ, pπq and let R : Zθ Ñ Y be the continuous extension
to Zθ of the bounded linear operator R : pX{ kerπ, pπq Ñ Y . Also, let Ψ : X Ñ Zθ be given by
Ψu “ Qu. Then Ψ is a Class D operator. By Proposition 4.29, T “ RΨ. It follows from Proposition
4.30 that R is ppθ,8q-convex. By Theorem 4.1(1), there is a ppθ,8q-convex Banach lattice Wθ, a
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Class C operator Φ : Wθ Ñ Y and a bounded linear operator Tθ : Zθ Ñ Wθ so that R “ ΦTθ.
Therefore, T “ ΦTθ Ψ, as claimed. □

5. Push-outs in classes of convex Banach lattices

Recall that in a given category, for objects X0, X1, X2 and morphisms Ti : X0 Ñ Xi, i “ 1, 2, a
push-out diagram is an object PO “ POpT1, T2q together with morphisms Si : Xi Ñ PO, i “ 1, 2,
making the following diagram commutative

X1
S1 // PO

X0
T2
//

T1

OO

X2

S2

OO

and with the universal property that if S 1
i : Xi Ñ Y are such that S 1

1T1 “ S 1
2T2, then there is a

unique γ : PO Ñ Y such that γSi “ S 1
i for i “ 1, 2, as follows:

Y

X1
S1 //

S1
1

//

PO

γ
==

X0
T2
//

T1

OO

X2

S2

OO
S1

2

NN

In the category BL of Banach lattices and lattice homomorphisms, isometric push-outs, i.e., push-
outs satisfying the additional conditions that maxt}S1}, }S2}u ď 1 and }γ} ď maxt}S 1

1}, }S 1
2}u, were

shown to exist in [3]. The construction of such isometric push-outs was extended in [8] to certain
classes of Banach lattices C:

Theorem 5.1. Let C be a class of Banach lattices which is closed under the operations of taking
quotients and sublattices of ℓ8-sums of spaces in C. Given Banach lattices X0, X1, X2 in C and
lattice homomorphisms Ti : X0 Ñ Xi for i “ 1, 2, there is a Banach lattice POC in C and lattice
homomorphisms S1, S2 so that the following is an isometric push-out diagram in C:

X1
S1 // POC

X0
T2
//

T1

OO

X2

S2

OO

Theorem 5.1 applies, in particular, when C is the class Cp of p-convex Banach lattices or the
class Cp,8 of Banach lattices with upper p-estimates (both with constant 1). For these classes, the
problem of extending [3, Theorem 4.4] was also studied in [8]. This result establishes that isometric
push-outs in the category BL preserve isometries. Namely, if in the definition of the push-out
diagram above, T1 : X0 Ñ X1 is contractive and T2 : X0 Ñ X2 is an isometric embedding, it was
shown in [3] that S1 : X1 Ñ PO is an isometric embedding. For push-outs in the classes Cp and Cp,8,
it was shown in [8, Theorem 4.7] that S1 is a KC-isomorphic embedding, with KC “ 2

1
p˚ when C “ Cp
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and KC “ 2
1

p˚ γp when C “ Cp,8. The proof provided in [8] uses Maurey’s and Pisier’s Factorization
Theorems. It turns out that both constants can be improved by using different techniques.

In the p-convex setting, we can obtain KCp “ 1, that is, a complete extension of [3, Theorem 4.4],
using a p-concavification and p-convexification argument (see, for instance, [17, Section 1.d]):

Theorem 5.2. Let 1 ă p ă 8 and let Cp be the class of p-convex Banach lattices (with constant
1). Let

X1
S1 // POCp

X0
T2
//

T1

OO

X2

S2

OO

be an isometric push-out diagram in Cp. If T1 is contractive and T2 is an isometric embedding, then
S1 is an isometric embedding.

Proof. Since Xi, i “ 0, 1, 2, are p-convex Banach lattices, we can p-concavify the spaces. Let Xippq

be their p-concavifications. The maps Ti : X0ppq Ñ Xippq, i “ 1, 2, will still be contractive lattice
homomorphisms, since lattice homomorphisms preserve functional calculus, and moreover T2 will
still be an isometry:

}T2z}X2ppq
:“ }T2z}

p
X2 “ }z}

p
X0 “: }z}X0ppq

, z P X0ppq.

Let PO be a push-out in the category of all Banach lattices for this new diagram:

X1ppq

R1 // PO

X0ppq
T2
//

T1

OO

X2ppq

R2

OO

By [3, Theorem 4.4] we know that R1 : X1ppq Ñ PO is an isometric embedding. If we p-convexify
this diagram, we find that for every i “ 0, 1, 2, pXippqq

ppq “ Xi, as Xi has p-convexity constant 1.
Arguing as before, the lattice homomorphisms Ri : Xi Ñ POppq, i “ 1, 2, are contractive, and R1
is an isometry. Since POppq is p-convex with constant 1, we can apply the minimality property
of POCp to find a lattice homomorphism γ : POCp Ñ POppq such that Ri “ γSi, i “ 1, 2, and
}γ} ď maxt}R1}, }R2}u ď 1:

POppq

X1
S1 //

R1
00

POCp

γ
::

X0
T2
//

T1

OO

X2

S2

OO
R2

KK

It follows that
}y}X1 “ }R1y}P Oppq “ }γS1y}P Oppq ď }S1y}P OCp ď }y}X1 ,

so S1 is an isometry. □
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Unfortunately, this technique cannot be used in the upper p-estimates setting. However, we can
adapt the abstract factorization techniques developed in Section 4 to improve the constant KCp,8

obtained in [8].

Theorem 5.3. Let 1 ă p ă 8 and let Cp,8 be the class of Banach lattices with upper p-estimates
(with constant 1). Let

X1
S1 // POCp,8

X0
T2

//

T1

OO

X2

S2

OO

be an isometric push-out diagram in Cp,8. If T1 is contractive and T2 is an isometric embedding,
then S1 is a 2

1
p˚ -embedding.

Proof. We begin the proof by considering the isometric push-out diagram in the category BL from
[3, Theorem 4.4], so that R1 is an isometric embedding:

X1
R1 // PO

X0

T1

OO

T2
// X2

R2

OO

Our aim is to construct a pp,8q-convex Banach lattice Z with constant 1 and a lattice homomor-
phism ψ : Z Ñ PO with }ψ} ď 2

1
p˚ “: Kp such that for i “ 1, 2, Ri factors through Z as ψ pRi, with

pRi : Xi Ñ Z contractive lattice homomorphisms. Once this is established, it follows that pR1 must
be an isomorphism, since

}y}X1 “ }R1y}P O ď }ψ}} pR1y}Z ď Kp} pR1y}Z

for every y P X1. Moreover, by the universal property of the push-out in Cp,8 established in
Theorem 5.1, there exists a contractive lattice homomorphism γ : POCp,8 Ñ Z that makes the
following diagram commute:

Z

X1
S1 //

pR1
//

POCp,8

γ
;;

X0
T2

//

T1

OO

X2

S2

OO
pR2

LL

It follows that
}y}X1 ď Kp} pR1y}Z “ Kp}γS1y}Z ď Kp}S1y}P OCp,8 ,

as we wanted to show.
Let us construct the Banach lattice Z. We will take Z “ spanB, for B Ď PO a certain closed,

convex and solid set (so that Z endowed with the Minkowski functional is a Banach lattice by
Lemma 4.2) such that Z is pp,8q-convex with constant 1 and RipBXi

q Ď B Ď KpBP O. The latter
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will imply that Ri can be factored through Z as Ri “ ψ pRi, with pRi : Xi Ñ Z given by pRix “ Rix

and ψ : Z Ñ PO the formal identity, so that pRi is contractive and }ψ} ď Kp. Using the ideas from
Section 4, let us choose B “ C˝˝, where

C “

#

u P PO : Dpvjq
m
j“1 Ď X1, pwjq

n
j“m`1 Ď X2 such that |u| ď

ˆ m
ł

j“1
|R1vj|

˙

_

ˆ n
ł

j“m`1
|R2wj|

˙

and
ˆ m
ÿ

j“1
}vj}

p
`

n
ÿ

j“m`1
}wj}

p

˙

1
p

ď 1
+

,

and the polars are taken with respect to xPO, PO˚y. B is the closed convex hull of the solid set
C, so it is closed, convex and solid. Clearly RipBXi

q Ď C Ď B. Moreover, C Ď KpBP O. Indeed, if
u P C, there exist pvjqm

j“1 Ď X1 and pwjqn
j“m`1 Ď X2 such that

|u| ď

ˆ m
ł

j“1
|R1vj|

˙

_

ˆ n
ł

j“m`1
|R2wj|

˙

and
ˆ m
ÿ

j“1
}vj}

p
`

n
ÿ

j“m`1
}wj}

p

˙

1
p

ď 1.

Therefore, using that the Xi satisfy upper p-estimates with constant 1, and hence Ri are pp,8q-
convex with constant 1, we obtain that

}u} ď

∥∥∥∥∥
ˆ m
ł

j“1
|R1vj|

˙

_

ˆ n
ł

j“m`1
|R2wj|

˙

∥∥∥∥∥ ď

∥∥∥∥∥
m
ł

j“1
|R1vj|

∥∥∥∥∥ `

∥∥∥∥∥
n
ł

j“m`1
|R2wj|

∥∥∥∥∥
ď

ˆ m
ÿ

j“1
}vj}

p

˙

1
p

`

ˆ n
ÿ

j“m`1
}wj}

p

˙

1
p

ď 2
1

p˚ .

Since BP O is already closed and convex, it follows that B Ď KpBP O. It remains to show that Z
satisfies an upper p-estimate (equivalently, it is pp,8q-convex) with constant 1. This can be done
by reproducing the results from Sections 4.2 and 4.3 for the pp,8q-convex case, that is, choosing σ
to be the c0-norm and τ the ℓp-norm, and replacing the roles of the sets Cτ,σ

T and DT ˚

τ˚,σ˚ by C and

D “

#

u˚
P PO˚ : |u˚

| ě

ˆ n
ÿ

j“1
|u˚

j |
p˚

2

˙

1
p˚

2 implies that

@J Ď t1, . . . , nu

ˆ

ÿ

jPJ

}R˚
1u

˚
j }

p˚

`
ÿ

jRJ

}R˚
2u

˚
j }

p˚

˙
1

p˚

ď 1
+

,

respectively. More specifically, one needs to show that C˝ “ D following the proofs of Proposi-
tion 4.8(1) and Theorem 4.10(1), and then adapt the argument of Proposition 4.15 to show that
for every sequence puiq

n
i“1 Ď B “ C˝˝ and pαiq

n
i“1 Ď R such that

řn
i“1 |αi|

p ď 1, it follows that
Žn

i“1 |αiui| P B, i.e., that the Minkowski functional of B induces a pp,8q-convex norm with con-
stant 1 over Z. We omit the details. □

The contrast between Theorems 5.2 and 5.3 makes us wonder whether the constant Kp “ 2
1

p˚ in
the latter result is just an artifact of the proof or, on the contrary, it is a fundamental difference
between p-convexity and upper p-estimates. It should be noted that if Kp could be taken to be 1 in
Theorem 5.3, this would allow us to adapt other categorical constructions from [3], such as Banach
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lattices of universal disposition or separably injective Banach lattices, to the category of Banach
lattices with upper p-estimates.

6. Searching for a universal separable Banach lattice with upper p-estimates

As we have seen in the previous section, certain universal constructions in the category of Banach
lattices can be easily generalized to the p-convex setting via a p-concavification and p-convexification
argument, but this process does not carry over to the class of Banach lattices with upper p-estimates.
Another example concerns injectively universal Banach lattices. Recall that in [16] it has been
shown that Cp∆, L1r0, 1sq (∆ denotes the Cantor set) is injectively universal for the class of all
separable Banach lattices, that is, every separable Banach lattice embeds lattice isometrically into
Cp∆, L1r0, 1sq. Using p-concavification and p-convexification, we can show the following:

Theorem 6.1. Cp∆, Lpr0, 1sq is injectively universal for the class of separable p-convex Banach
lattices (with constant 1). That is, if X is a p-convex Banach lattice with constant 1, then there
exists a lattice isometric embedding from X into Cp∆, Lpr0, 1sq.

Proof. The proof is composed of two claims: First, we show that the p-convexification of the Banach
lattice Cp∆, L1r0, 1sq is injectively universal for the class of separable p-convex Banach lattices, and
then we show that this space can be identified with Cp∆, Lpr0, 1sq.

To show the first claim, let X be a p-convex Banach lattice with constant 1, and consider its
p-concavification Xppq, which is also a Banach lattice. By [16, Theorem 1.1], there exists a lattice
isometric embedding T : Xppq Ñ Cp∆, L1r0, 1sq. If we p-convexify both spaces, we find that T is
again a lattice isometry from X “ pXppqq

ppq into Cp∆, L1r0, 1sqppq. Therefore, Cp∆, L1r0, 1sqppq is
injectively universal for the class of separable p-convex Banach lattices.

Next, we identify Cp∆, L1r0, 1sqppq with Cp∆, Lpr0, 1sq. Let Φ : Cp∆, Lpr0, 1sq Ñ Cp∆, L1r0, 1sqppq

be the map that sends any function f P Cp∆, Lpr0, 1sq to fp. This map is well defined: Given any
t P ∆, fptqp P L1r0, 1s, and clearly fp is continuous as a function from ∆ into L1r0, 1s, so fp belongs
to Cp∆, L1r0, 1sq, which coincides as a set with Cp∆, L1r0, 1sqppq. If we denote by ‘ and d the sum
and product by scalars defined in Cp∆, L1r0, 1sqppq (see [17, Section 1.d]), it can be easily checked
that Φpf ` gq “ Φf ‘ Φg and Φpλfq “ λ d Φf for any f, g P Cp∆, Lpr0, 1sq and λ P R, so Φ is a
linear map from Cp∆, Lpr0, 1sq to Cp∆, L1r0, 1sqppq. It is straightforward to check that Φ is a lattice
homomorphism. We also observe that

}Φf}Cp∆,L1r0,1sqppq “ }fp
}

1
p

Cp∆,L1r0,1sq
“ }f}Cp∆,Lpr0,1sq,

so Φ is a lattice isometry. Finally, we can argue similarly to check that the map that sends every
h P Cp∆, L1r0, 1sqppq to h

1
p is the inverse map of Φ, so in particular Φ is an onto isometry. □

As we discussed earlier, there is no analogue of p-convexification and p-concavification for upper
p-estimates, so the proof given above does not directly adapt to show the existence of an injectively
universal Banach lattice for separable Banach lattices with upper p-estimates (with constant 1). In
analogy with Theorem 6.1, one could expect that if such a Banach lattice existed, it should be of the
form Cp∆, Zq for some separable Banach lattice with upper p-estimates Z that is somehow canonical
in the setting of upper p-estimates. A reasonable candidate could be the order continuous part of
Lp,8. Given a measure space pΩ,Σ, µq, the order continuous part of Lp,8pµq, denoted L˝

p,8pµq, is
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defined as the closure in Lp,8pµq of the simple functions. For instance, the prototypical example of
a function that belongs to Lp,8r0, 1s but not to L˝

p,8r0, 1s is t´
1
p . The following characterizes when

a function belongs to L˝
p,8pµq. We include its proof for the sake of completeness.

Proposition 6.2. Let f P Lp,8pµq. Then f P L˝
p,8pµq if and only if

lim
µpAqÑ0

µpAq
´ 1

p˚

ż

A

|f | dµ “ 0 and lim
µpAqÑ8

µpAq
´ 1

p˚

ż

A

|f | dµ “ 0.

Proof. Let us denote by

Y :“
"

f P Lp,8pµq : lim
µpAqÑ0

µpAq
´ 1

p˚

ż

A

|f | dµ “ 0 and lim
µpAqÑ8

µpAq
´ 1

p˚

ż

A

|f | dµ “ 0
*

.

It is clear that Y is an ideal in Lp,8pµq. Moreover, it is closed. Indeed, if pfnqn Ď Y is a sequence
that converges to f P Lp,8pµq, then for every ε ą 0 there is some N P N such that }f ´fN }Lp,8 ă ε

2 .
For this function fN P Y , there are δ ą 0 and M ą 0 such that for every measurable set A with
µpAq ă δ or µpAq ą M , it follows that µpAq

´ 1
p˚

ş

A
|fN | dµ ă ε

2 . Therefore,

µpAq
´ 1

p˚

ż

A

|f | dµ ď µpAq
´ 1

p˚

ż

A

|fN | dµ ` µpAq
´ 1

p˚

ż

A

|f ´ fN | dµ ă
ε

2 ` }f ´ fN }Lp,8 ă ε,

so f P Y . Now, in order to show that L˝
p,8pµq Ď Y , it suffices to check that every characteristic

function belongs to Y . Let B be a measurable subset with 0 ă µpBq ă 8 and ε ą 0. Then, for
every measurable set A with µpAq ă εp we have that

µpAq
´ 1

p˚

ż

A

χB dµ “ µpAq
´ 1

p˚ µpA X Bq ď µpAq
1
p ă ε.

On the other hand, if µpAq ą pµpBq{εqp˚ , it follows that

µpAq
´ 1

p˚

ż

A

χB dµ “ µpAq
´ 1

p˚ µpA X Bq ď µpAq
´ 1

p˚ µpBq ă ε.

We conclude that χB P Y .
To show the reverse inclusion, let us fix f P Y and ε ą 0, and find δ ą 0 and M ą 0 satisfying

µpAq
´ 1

p˚
ş

A
|f | dµ ă ε

3 for every measurable set A with µpAq ă δ or µpAq ą M . Since f P Lp,8pµq,
µpt|f | ą nuq decreases to 0 as n grows to infinity (see the definition of the quasinorm ~ ¨ ~Lp,8), so
there is n P N such that µpt|f | ą nuq ă δ and hence }fχt|f |ąnu}Lp,8 ă ε

3 . If we also fix m P N such
that M

1
p

m
ă ε

3 , we have that for every measurable subset A, either µpAq ą M , so that

µpAq
´ 1

p˚

ż

A

|fχt|f |ď 1
m

u| dµ ď µpAq
´ 1

p˚

ż

A

|f | dµ ă
ε

3 ,

or µpAq ď M , and hence

µpAq
´ 1

p˚

ż

A

|fχt|f |ď 1
m

u| dµ ď
µpAq

1
p

m
ă
ε

3 .

In follows that }fχt|f |ď 1
m

u}Lp,8 ă ε
3 , so that }f ´ fχt 1

m
ă|f |ďnu}Lp,8 ă 2ε

3 . Note that g “ fχtmă|f |ďnu

is bounded and has finite support, so there exists a simple function s supported in supp g such that
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}g ´ s}L8
ă ε{µpsupp gq

1
p and hence }g ´ s}Lp,8 ă ε

3 . Therefore, for every ε ą 0 we have found a
simple function s such that }f ´ s}Lp,8 ă ε, so f P L˝

p,8pµq. □

It turns out that the space L˝
p,8 plays a distinguished role in the class of separable Banach lattices

with upper p-estimates. Indeed, Theorem 2.4 can be improved so that the pp,8q-convex operator
T factors through L˝

p,8 when E is separable.

Proposition 6.3. Let E be a separable Banach space, 1 ă p ă 8 and T : E Ñ L1pµq a pp,8q-
convex operator with constant C. There exists a normalized h P L1pµq` such that th “ 0u Ď tTx “

0u for every x P E, and T “ MR, where R : E Ñ L˝
p,8ph ¨µq given by Rx “ h´1Tx is bounded with

}R} ď K
1

p˚ γpC for some 1 ď K ď 2, and M : L˝
p,8phµq Ñ L1pµq is the multiplication operator by

h.
Proof. By Pisier’s factorization Theorem 2.4, there exists a normalized function g P L1pµq` such
that tg “ 0u Ď tTx “ 0u for every x P E and

›

›

›

›

Tx

g

›

›

›

›

Lp,8pgµq

ď γpC}x}.

Let us take a dense subset pxnq8
n“1 Ă SE and assume without loss of generality that Txn ‰ 0. We

define

fn “
|Txn|

}Txn}L1pµq

and h “
1
K

»

–

˜

ÿ

n

fn

2n

¸

_ g

fi

fl ,

where K is chosen so that }h}L1pµq “ 1, so in particular 1 ď K ď 2. Clearly h is positive and
th “ 0u Ď tg “ 0u. Moreover, for every x P E and measurable subset A we have

ˆ
ż

A

h dµ

˙´ 1
p˚

ż

A

|Tx| dµ ď K
1

p˚

ˆ
ż

A

g dµ

˙´ 1
p˚

ż

A

|Tx| dµ ď K
1

p˚

›

›

›

›

Tx

g

›

›

›

›

Lp,8pgµq

ď K
1

p˚ γpC}x},

so the operator Rx “ T x
h

is bounded from E to Lp,8ph ¨ µq with }R} ď K
1

p˚ γpC. Let us show that
the range of R is contained in L˝

p,8ph ¨ µq. To do so, fix n P N and consider a measurable subset A,
so that

ˆ
ż

A

h dµ

˙´ 1
p˚

ż

A

|Txn| dµ ď p2nKq
1

p˚

ˆ
ż

A

fn dµ

˙´ 1
p˚

}Txn}L1pµq

ż

A

fn dµ

ď Cp2nKq
1

p˚

ˆ
ż

A

fn dµ

˙
1
p

ď C2nK

ˆ
ż

A

h dµ

˙
1
p

.

It is clear that limµpAqÑ0
ş

A
h dµ “ 0, so using Proposition 6.2 we conclude that Rxn P L˝

p,8ph ¨ µq

for every n P N. Since R is continuous and pxnqn is dense in E, it follows that RpEq Ď L˝
p,8ph ¨ µq.

Finally, it is straightforward to check that T “ MR. □

In particular, it follows from the above that every positive operator from a separable Banach
lattice with upper p-estimates to L1 factors through some L˝

p,8. One could try to apply this
result in order to obtain an (isomorphic) analogue of Theorem 6.1 for upper p-estimates by using
the following scheme: If X is a Banach lattice satisfying an upper p-estimate with constant 1,
let T : X Ñ Cp∆, L1r0, 1sq be the isometric lattice embedding given by [16, Theorem 1.1], and
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consider for each t P ∆ the point evaluation δt : Cp∆, L1r0, 1sq Ñ L1r0, 1s, which is a lattice
homomorphism. Then, δtT : X Ñ L1r0, 1s is a pp,8q-convex operator, so by Proposition 6.3 it
factors through L˝

p,8phtq as δtT “ MtRt for some normalized ht P L1r0, 1s`, with }Rt} ď 2
1

p˚ γp.
Since pr0, 1s,m, h ¨ λq, where λ denotes the Lebesgue measure and m the σ-algebra of measurable
sets, is a separable, non-atomic probability measure space, by Carathéodory’s Isomorphism Theorem
([4], see also [12, Section 41]) it must be measure isomorphic to the unit interval with the Lebesgue
measure. In particular, L˝

p,8phtq can be identified isometrically with L˝
p,8r0, 1s. Therefore, each of

the maps δtT : X Ñ L1r0, 1s can be factored through L˝
p,8r0, 1s with a uniform bound on the norm

of the factors. If one could show that the above process of choosing the density ht could be carried
out continuously with respect to t P ∆, then it would produce a lattice isomorphic embedding
R : X Ñ Cp∆, L˝

p,8r0, 1sq that sends every x P X to the function Rxptq “ Rtx, t P ∆. However,
the way the density is obtained in the original proof of Theorem 2.4 (see [23]) makes it difficult to
deduce whether such a choice of density preserving continuity can be made.

Another unclear aspect of this approach is whether the candidate for the universal space should
be Cp∆, L˝

p,8r0, 1sq or Cp∆, L˝
p,8r0,8qq. Clearly, if the former satisfies the universal property, the

latter will as well, as L˝
p,8r0, 1s embeds lattice isometrically into L˝

p,8r0,8q. However, the converse
might not be true. Indeed, L˝

p,8r0, 1s and L˝
p,8r0,8q behave very differently, as the following results

show.
Proposition 6.4. If µ is a separable measure over Ω, L˝

p,8pµq embeds lattice isomorphically into
L˝

p,8r0,8q.

Proof. Let us decompose µ into an atomic part µa and a non-atomic part µna, so that L˝
p,8pµq is

lattice isomorphic to L˝
p,8pµaq ‘L˝

p,8pµnaq. Depending on whether it has a finite or infinite number
of atoms, L˝

p,8pµaq is lattice isometric to ℓn
p,8pωq or L˝

p,8pN, ωq, where ω is a weighted counting
measure over the set t1, . . . , nu or N, respectively. These spaces are in turn lattice isometric to
the span in L˝

p,8r0,8q of characteristic functions of disjoint sets Ak of measure ωk (k “ 1, . . . , n or
k P N, respectively). On the other hand, µna is measure isomorphic to the Lebesgue measure on
r0, rq, where r “ µnapΩq. Hence, L˝

p,8pµq is isomorphic to a sublattice of L˝
p,8r0,8q. □

Therefore, L˝
p,8r0,8q contains any other separable L˝

p,8pµq as a sublattice. On the other hand,
L˝

p,8r0, 1s does not contain ℓ˝
p,8 nor L˝

p,8r0,8q lattice isomorphically:

Proposition 6.5. The Banach lattice ℓ˝
p,8 does not lattice embed into L˝

p,8r0, 1s.

One should compare this result with [15], where it is established that ℓp,8 embeds as a comple-
mented sublattice of Lp,8r0, 1s, with a positive projection. The proof of Proposition 6.5 uses the
following lemma (cf. [5]):
Lemma 6.6. Let pfnqn Ď L˝

p,8r0, 1s be a positive, disjoint and normalized (with respect to the
quasinorm ~ ¨ ~Lp,8) sequence. Then pfnqn has a subsequence equivalent to the c0 basis.
Proof. Since simple functions are dense in L˝

p,8r0, 1s, after a small perturbation, we can assume that
fn P L8r0, 1s for every n P N. Let rn “ λpsupp fnq, where λ denotes the Lebesgue measure. Then
rn Ñ 0, and passing to a subsequence if necessary, we can assume that there is a positive sequence
pmnqn Ď R increasing to 8 such that }fn}L8

ď mn and
ř8

k“n`1 rk ď m´p
n for all n P N. Let f

be
ř

n fn almost everywhere (note that, since the fn are pairwise disjoint, this coincides almost
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everywhere with the supremum). To prove the statement, it suffices to show that f P Lp,8r0, 1s.
Take any t P R`, and choose n so that mn´1 ď t ă mn, where m0 “ 0. Since }fk}L8

ď mk,
tfk ą tu “ H for 1 ď k ă n. Thus,

λtf ą tu “

8
ÿ

k“n

λtfk ą tu ď λtfn ą tu `

8
ÿ

k“n`1
rk ď t´p

` m´p
n ď 2t´p.

As t P R` was arbitrary and f ě 0, we conclude that f P Lp,8r0, 1s, as desired. □

Proof of Proposition 6.5. If such a lattice embedding T : ℓ˝
p,8 Ñ L˝

p,8r0, 1s existed, then pTenqn Ď

L˝
p,8r0, 1s would contain a subsequence equivalent to the basis of c0, where penqn denotes the canon-

ical basis of ℓ˝
p,8. In particular, penqn would also contain a subsequence equivalent to the c0 basis,

which is impossible, since every subsequence of penqn is equivalent to itself. □

As a consequence of the above, we get:
Corollary 6.7. ℓ˝

p,8, L˝
p,8r0, 1s and L˝

p,8r0,8q are pairwise non-isomorphic as Banach lattices.
Proof. Clearly, ℓ˝

p,8 cannot be lattice isomorphic to any of the other two spaces, as it is purely atomic.
L˝

p,8r0, 1s and L˝
p,8r0,8q are not lattice isomorphic, as the latter contains a lattice isometric copy

of ℓ˝
p,8 (the span of the characteristic functions on the intervals rn ´ 1, nq), whereas the first one

does not by Proposition 6.5. □

These facts point towards Cp∆, L˝
p,8r0,8qq as a more suitable candidate for a universal Banach

lattice for upper p-estimates. Finally, it should be noted that none of these candidates will be
isometrically universal for Banach lattices with upper p-estimates with constant 1, as both embed
lattice isometrically into an ℓ8-sum of Lp,8-spaces, and we have shown in Example 3.4 that there
are Banach lattices with upper p-estimates that cannot be embedded isometrically into any space
of this form.
Question 6.8. Is there a separable Banach lattice with upper p-estimates (with constant 1) that
is (isomorphically or isometrically) universal for this class? That is, a separable Banach lattice
Y satisfying an upper p-estimate with constant 1 such that for every separable Banach lattice
X satisfying an upper p-estimate with constant 1 there exists a lattice (isometric or isomorphic)
embedding of X into Y ? Do Cp∆, L˝

p,8r0, 1sq or Cp∆, L˝
p,8r0,8qq have this isomorphic property?

7. Operators factoring through a pp, p2q-convex and a pq, q2q-concave operator

In [25], the author studies the ideal of operators that factor through a p-convex and a q-concave
operator, which is denotedMp,q. This ideal is shown to be perfect, that is, it coincides with its double
adjoint, and can be identified with the ideal Ip,q of operators factoring through a diagonal operator
from Lppµq to Lqpµq defined in [10]. In this section, we provide analogous results for the ideal of
operators factoring through a pp, p2q-convex and a pq, q2q-concave operator, where 1 ă p, q ă 8,
p ď p2 ď 8 and 1 ď q2 ď q. Note that in light of [6, Corollary 16.7], up to constants, the only
relevant cases are p2 P tp,8u and q2 P t1, qu.

Throughout this section, we will use the definitions and notation for tensor products and operator
ideals given in [10]. For instance, recall that an operator ideal is a class A of operators between
Banach spaces such that for each pair of Banach spaces E and F the set ApE,F q “ A X LpE,F q

satisfies that:
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(1) If x˚ P E˚ and y P F , then x˚ b y P ApE,F q, where x˚ b ypxq “ x˚pxqy is a rank one
operator.

(2) ApE,F q is a linear subspace of LpE,F q.
(3) If X and Y are Banach spaces, U P LpX,Eq, T P ApE,F q and V P LpF, Y q, then V TU P

ApX, Y q.
Moreover, a function α : A Ñ R` is an ideal norm if one has:
(4) αpx˚ b yq “ }x˚}}y} for every x˚ P E˚ and y P F .
(4) αpS ` T q ď αpSq ` αpT q for every S, T P ApE,F q.
(4) If X and Y are Banach spaces, U P LpX,Eq, T P ApE,F q and V P LpF, Y q, then αpV TUq ď

}V }αpT q}U}.
A normed (operator) ideal rA,αs is an ideal A with an ideal norm α, and we say that it is a Banach
ideal if each ApE,F q is a Banach space when endowed with α.

Given a normed ideal rA,αs, the adjoint ideal rA,αs˚ “ rA˚, α˚s is defined as follows (observe
that here ˚ denotes the adjoint of an operator ideal instead of the dual of a Banach space): For each
pair of Banach spaces E and F , A˚pE,F q is the set of all T P LpE,F q such that there exists ρ ą 0
satisfying that for all finite-dimensional Banach spaces X, Y and all U P ApY,Xq, V P LpX,Eq and
W P LpF, Y q,

| trWTV U | ď ρ}W }}V }αpUq,

where tr denotes the trace of an operator defined from a finite-dimensional Banach space to itself.
The norm α˚pT q is given by the infimum of all ρ satisfying the above. α˚ is always a complete ideal
norm. An operator ideal rA,αs is perfect if rA,αs “ rA,αs˚˚. This notion is equivalent to the ideal
being finitely generated, maximal or being the adjoint of some other ideal (cf. [26, Theorem 8.11]).

Regarding tensor products, recall that if E and F are Banach spaces, a norm η on E b F is a
reasonable crossnorm if it satisfies the following properties:

(1) ηpx b yq ď }x}}y} for every x P E and y P F .
(2) For every x˚ P E˚ and y˚ P F ˚, the linear functional x˚ b y˚ on E b F that takes values

x˚ b y˚px b yq “ x˚pxqy˚pyq on the elementary products x b y P E b F is bounded, and
}x˚ b y˚} ď }x˚}}y˚}.

A uniform crossnorm is an assignment to each pair of Banach spaces of a reasonable crossnorm on
their tensor product in such a way that whenever E,F,G and H are Banach spaces and S : E Ñ G
and T : F Ñ H are operators, then the operator S b T : E b F Ñ G b H is bounded and
}S bT } ď }S}}T }. It is easy to check that every uniform crossnorm induces an ideal norm over the
operator ideal F of all finite rank operators via the identification FpE,F q “ E˚ b F described in
property (1) in the definition of an operator ideal. We will denote this normed ideal by rF , ηs. A
uniform crossnorm η is finitely generated (see [26, p. 129], this is also referred to as a b-norm in
[25]), if for all u P E b F ,

ηpuq “ inf ηpu;M,Nq,

where the infimum is taken over all finite-dimensional subspaces M Ď E and N Ď F such that
u P M b N , and ηpu;M,Nq denotes the η-norm of u as an element of M b N .

Let us fix 1 ă p, q ă 8, p ď p2 ď 8 and 1 ď q2 ď q. We introduce the following definition,
which generalizes the ideal rMp,q, µp,qs of operators that factor through a p-convex and a q-concave
operator introduced in [25, Section 2]:
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Definition 7.1. Let E and F be Banach spaces. An operator T : E Ñ F belongs to the class
Mpp,p2;q,q2qpE,F q if there exists a Banach lattice X, a pp, p2q-convex operator U : E Ñ X and a
pq, q2q-concave operator V : X Ñ F ˚˚ such that JFT “ V U , where JF : F Ñ F ˚˚ denotes the
canonical embedding:

E

U   

T // F
JF // F ˚˚

X
V

==

We define µpp,p2;q,q2qpT q “ inf tKpp,p2qpUqKpq,q2qpV qu, where the infimum is taken over all possible
factorizations above.

As is customary, when p2 “ p we will simply write p instead of pp, p2q, and similarly when q2 “ q.
Our first goal is to show that Mpp,p2;q,q2q is a perfect ideal. This will be done by showing that it is
the adjoint of rF , ηpp,p2;q,q2qs

˚, where ηpp,p2;q,q2q is a uniform crossnorm defined as follows:

Definition 7.2. Given u P E b F , we define

ηpp,p2;q,q2qpuq “ inf
"

θpp,p2;q,q2qptxi b yiu
n
i“1q : pxiq

n
i“1 Ď E, pyiq

n
i“1 Ď F, u “

n
ÿ

i“1
xi b yi

*

,

where

θpp,p2;q,q2qptxi b yiu
n
i“1q “ sup

#

n
ÿ

i“1

ˆ 8
ÿ

k“1
|x˚

kpxiq|
p2

˙

1
p2
ˆ 8
ÿ

j“1
|y˚

j pyiq|
q˚

2

˙

1
q˚

2 :

}px˚
kq

8
k“1}ℓppE˚q ď 1, }py˚

j q
8
j“1}ℓq˚ pF ˚q ď 1

+

and q˚ and q˚
2 denote the conjugate exponents of q and q2, respectively (when p2 “ 8 or q2 “ 1, the

corresponding p2 or q˚
2 -sum must be understood as a supremum).

Following the steps of [25], the first thing to show is that:

Proposition 7.3. ηpp,p2;q,q2q is finitely generated.

Proof. It suffices to check that whenever we fix a representation u “
řn

i“1 xi b yi with pxiq
n
i“1 Ď M

and pyiq
n
i“1 Ď N for some finite-dimensional subspaces M Ď E and N Ď F , then

θpp,p2;q,q2qptxi b yiu
n
i“1;E,F q “ θpp,p2;q,q2qptxi b yiu

n
i“1;M,Nq.

Clearly, θpp,p2;q,q2qptxi b yiu
n
i“1;E,F q ď θpp,p2;q,q2qptxi b yiu

n
i“1;M,Nq, since every pair of sequences

px˚
kq8

k“1 P BℓppE˚q and py˚
j q8

j“1 P Bℓq˚ pF ˚q can be restricted to M and N , respectively, to induce
sequences in BℓppM˚q and Bℓq˚ pN˚q, and the values of the sums considered in the computation of
θpp,p2;q,q2q remain unchanged.

On the other hand, the inequality θpp,p2;q,q2qptxi b yiu
n
i“1;E,F q ě θpp,p2;q,q2qptxi b yiu

n
i“1;M,Nq

is a consequence of the Hahn–Banach Theorem: Every pair of sequences pv˚
k q8

k“1 P BℓppM˚q and
pw˚

j q8
j“1 P Bℓq˚ pN˚q can be extended to sequences in BℓppE˚q and Bℓq˚ pF ˚q without altering their

values on pxiq
n
i“1 and pyiq

n
i“1. □
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The next proposition shows the connection between the ηpp,p2;q,q2q-norm and pp, p2q-convex and
pq, q2q-concave operators.

Proposition 7.4. For every u P E˚ b F “ FpE,F q Ď LpE,F q,

ηpp,p2;q,q2qpuq “ inf tKpp,p2q
pRqKpq,q2qpSqu ,

where the infimum is taken over all possible factorizations u “ SR with Z a finite-dimensional
Banach space with a 1-unconditional basis (endowed with the order induced by the basis), R : E Ñ Z
and S : Z Ñ F .

Proof. The proof is just an adaptation of [25, Proposition 1.3] with the corresponding changes in
the exponents. We include it for the sake of completeness.

Let u P E˚ b F and assume that it factors as u “ RS with Z a finite-dimensional Banach space
with a 1-unconditional basis, R : E Ñ Z and S : Z Ñ F . Let pei, e

˚
i qn

i“1 be the corresponding
basis of Z and its biorthogonal functionals. We define x˚

i “ R˚e˚
i and yi “ Sei, so that u “ SR “

řn
i“1 x

˚
i b yi. By definition,

Kpp,p2q
pRq “ sup

"

∥∥∥∥∥
n
ÿ

i“1

ˆ

ÿ

k

|x˚
i pxkq|

p2

˙
1

p2
ei

∥∥∥∥∥ : }pxkq
8
k“1}ℓppEq ď 1

*

,

Kpq,q2qpSq “ Kpq˚,q˚
2 q

pS˚
q “ sup

"

∥∥∥∥∥
n
ÿ

i“1

ˆ

ÿ

k

|y˚
j pyiq|

q˚
2

˙
1

q˚
2
e˚

i

∥∥∥∥∥ : }py˚
j q

8
k“1}ℓq˚ pF ˚q ď 1

*

.

Therefore, given ε ą 0, we can choose pxkq8
k“1 P ℓppEq and py˚

j q8
k“1 P ℓq˚pF ˚q that ε-almost attain

the supremum in the definition of θpp,p2;q,q2qptx˚
i b yiu

n
i“1q, so that

θpp,p2;q,q2qptx˚
i b yiu

n
i“1q ď

n
ÿ

i“1

ˆ 8
ÿ

k“1
|x˚

kpxiq|
p2

˙

1
p2
ˆ 8
ÿ

j“1
|y˚

j pyiq|
q˚

2

˙

1
q˚

2
` ε

ď

C

n
ÿ

i“1

ˆ

ÿ

k

|x˚
i pxkq|

p2

˙
1

p2
ei,

n
ÿ

i“1

ˆ

ÿ

k

|y˚
j pyiq|

q˚
2

˙
1

q˚
2
e˚

i

G

` ε

ď Kpp,p2q
pRqKpq,q2qpSq ` ε.

Hence, ηpp,p2;q,q2qpuq ď inftKpp,p2qpRqKpq,q2qpSqu.

For the reverse inequality, let ε ą 0 and suppose that u “
řn

i“1 x
˚
i b yi is a representation such

that
θpp,p2;q,q2qptx˚

i b yiu
n
i“1q ď ηpp,p2;q,q2qpuq ` ε.

Let Z be Rn endowed with the norm

~z~ “ sup
" n
ÿ

i“1

∣∣∣∣∣zi

ˆ

ÿ

k

|y˚
j pyiq|

q˚
2

˙
1

q˚
2

∣∣∣∣∣ : }py˚
j q

8
k“1}ℓq˚ pF ˚q ď 1

*

for z “ pziq
n
i“1 P Rn. Note that the unit vector basis peiq

n
i“1 of Rn is 1-unconditional for this norm,

as ~z~ is only determined by p|zi|q. Let us define R : E Ñ Z by R “
řn

i“1 x
˚
i b ei and S : Z Ñ F
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by Sz “
řn

i“1 ziyi. It follows that u “ SR,

Kpp,p2q
pRq “ sup

#

‌

‌

‌

‌

‌

‌

n
ÿ

i“1

ˆ

ÿ

k

|x˚
i pxkq|

p2

˙
1

p2
ei

‌

‌

‌

‌

‌

‌

: }pxkq
8
k“1}ℓppEq ď 1

+

“ θpp,p2;q,q2qptx˚
i b yiu

n
i“1q ď ηpp,p2;q,q2qpuq ` ε,

and

Kpq,q2qpSq “ Kpq˚,q˚
2 q

pS˚
q “ sup

#

‌

‌

‌

‌

‌

‌

n
ÿ

i“1

ˆ

ÿ

k

|y˚
j pyiq|

q˚
2

˙
1

q˚
2
e˚

i

‌

‌

‌

‌

‌

‌

: }py˚
j q

8
k“1}ℓq˚ pF ˚q ď 1

+

“ sup
" n
ÿ

i“1

∣∣∣∣∣zi

ˆ

ÿ

k

|y˚
j pyiq|

q˚
2

˙
1

q˚
2

∣∣∣∣∣ : ~z~ ď 1, }py˚
j q

8
k“1}ℓq˚ pF ˚q ď 1

*

“ supt~z~ : ~z~ ď 1u “ 1.

Therefore, inftKpp,p2qpRqKpq,q2qpSqu ď ηpp,p2;q,q2qpuq. □

Next, we show that the ideal Mpp,p2;q,q2q defined in Definition 7.1 is perfect.

Proposition 7.5. The following properties hold:
(1) rMpp,p2;q,q2q, µpp,p2;q,q2qs is a perfect normed ideal of operators.
(2) rMpp,p2;q,q2q, µpp,p2;q,q2qs “ rF , ηpp,p2;q,q2qs

˚˚.

Proving Proposition 7.5 requires some previous lemmata. Namely, we need [25, Lemma 2], which
is also valid for the case p “ 8 even though it was originally stated for 1 ď p ă 8, and an analogue
of [25, Lemma 3]:

Lemma 7.6. Let G be a finite-dimensional subspace of a Dedekind complete Banach lattice Y .
Given δ ą 0 there are pairwise disjoint pyiq

n
i“1 Ď Y` and an operator W : G Ñ spanpyiq

n
i“1 such

that }x ´ Wx} ď δ}x} for every x P G, and moreover we have that∥∥∥∥∥
ˆ m
ÿ

j“1
|xj|

p

˙

1
p

´

ˆ m
ÿ

j“1
|Wxj|

p

˙

1
p
∥∥∥∥∥ ď δ

ˆ m
ÿ

j“1
}xj}

p

˙

1
p

for all pxjqm
j“1 Ď G and 1 ď p ď 8.

Lemma 7.7. Assume that E or F are finite-dimensional and T P LpE,F q is such that JFT “ V U
with X a Banach lattice, U : E Ñ X a pp, p2q-convex operator and V : X Ñ F ˚˚ a pq, q2q-concave
operator. Then, for every ε ą 0 there exists a finite-dimensional Z with a 1-unconditional basis and
a factorization

E

R ��

T // F

Z
S

??

with Kpp,p2qpRqKpq,q2qpSq ď p1 ` εqKpp,p2qpUqKpq,q2qpV q.
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Proof. Let us first assume that E is finite-dimensional. By Theorem 4.19, V : X Ñ F ˚˚ factors
through a pq, q2q-concave Banach lattice Y with constant 1 as V “ V2V1, where V1 : X Ñ Y is
a lattice homomorphism with }V1} ď Kpq,q2qpV q and V2 : Y Ñ F ˚˚ is contractive. Without loss
of generality, we can assume that Y is Dedekind complete. Otherwise, we replace Y by Y ˚˚, V1
by JY V1 and V2 by J˚

F ˚V ˚˚
2 . Let us fix ε ą 0, and consider δ ą 0 to be chosen later. We can

apply Lemma 7.6 to the finite-dimensional subspace G “ V1UpEq Ď Y to find a finite-dimensional
sublattice Z Ď Y and an isomorphism W : G Ñ Z such that for all pxjqm

j“1 Ď G,
∥∥∥∥∥
ˆ m
ÿ

j“1
|xj|

p2

˙

1
p2

´

ˆ m
ÿ

j“1
|Wxj|

p2

˙

1
p2

∥∥∥∥∥ ď δ

ˆ m
ÿ

j“1
}xj}

p2

˙

1
p2

.

Observe that V1U is pp, p2q-convex with constant Kpp,p2qpUqKpq,q2qpV q, as V1 is a lattice homomor-
phism, and Z is also pq, q2q-concave with constant 1. It follows that for all pujqm

j“1 Ď E

∥∥∥∥∥
ˆ m
ÿ

j“1
|WV1Uuj|

p2

˙

1
p2

∥∥∥∥∥ ď

∥∥∥∥∥
ˆ m
ÿ

j“1
|V1Uuj|

p2

˙

1
p2

∥∥∥∥∥ `

∥∥∥∥∥
ˆ m
ÿ

j“1
|V1Uuj|

p2

˙

1
p2

´

ˆ m
ÿ

j“1
|WV1Uuj|

p2

˙

1
p2

∥∥∥∥∥
ď Kpp,p2q

pUqKpq,q2qpV q

ˆ m
ÿ

j“1
}uj}

p

˙

1
p

` δ

ˆ m
ÿ

j“1
}V1Uuj}

p2

˙

1
p2

ď Kpp,p2q
pUqKpq,q2qpV q

ˆ m
ÿ

j“1
}uj}

p

˙

1
p

` δ}V1U}

ˆ m
ÿ

j“1
}uj}

p2

˙

1
p2

ď Kpp,p2q
pUqKpq,q2qpV qp1 ` δq

ˆ m
ÿ

j“1
}uj}

p

˙

1
p

,

where, in the last step, we have used the fact that p2 ě p. Therefore, R “ WV1U : E Ñ Z is
pp, p2q-convex with Kpp,p2qpRq ď Kpp,p2qpUqKpq,q2qpV qp1 ` δq.

To construct S, observe that W satisfies that p1 ´ δq}x} ď }Wx} ď p1 ` δq}x} for every x P G.
Denote by k “ dimG, which is independent of ε and δ, and n “ dimZ ě k, and let pejqk

j“1 be a
normalized basis of G. Then pWejqk

j“1 is a seminormalized basis of W pGq Ď Z. Let pz˚
j qk

j“1 Ď Z˚

be the Hahn–Banach extensions to Z of a set of seminormalized functionals which are biorthogonal
to pWejqk

j“1, so that }z˚
j } ď 1

1´δ
for every j “ 1, . . . , k. If we write K “

Şk
j“1 ker z˚

j , then Z “

W pGq‘K. Then, every z P Z can be represented as z “
řk

j“1 cjWej `y with y P K and cj “ z˚
j pzq

for every j. Let us define M : Z “ W pGq ‘ K Ñ Y that sends every z “
řk

j“1 cjWej ` y to
Mz “

řk
j“1 cjej ` y, so that

}Mz ´ z} “

∥∥∥∥∥
k
ÿ

j“1
cjej ´

k
ÿ

j“1
cjWej

∥∥∥∥∥ ď δ

∥∥∥∥∥
k
ÿ

j“1
cjej

∥∥∥∥∥
“ δ

∥∥∥∥∥
k
ÿ

j“1
z˚

j pzqej

∥∥∥∥∥ ď δ
k
ÿ

j“1
}z˚

j }}z} ď
δk

1 ´ δ
}z}.
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It follows that M is an isomorphism onto its image such that }M} ď 1 ` δk
1´δ

and MWx “ x for
every x P G. Let us now compose M with V2 to obtain a finite-dimensional subspace of F ˚˚, to
which we can apply the Local Reflexivity Principle (cf. [7, Theorem 6.3 and Exercise 1.76]) to get
an isomorphism onto its image Q : V2MpZq Ñ F such that Q “ J´1

F on V2MpZq X JF pF q and
}Q} ď 1`δ

1´δ
. It follows that the operator S “ QV2M : Z Ñ F satisfies

SRu “ QV2MWV1Uu “ QV2V1Uu “ QV Uu “ QJFTu “ Tu

for every u P E, and moreover it is pq, q2q-concave, since Z was already pq, q2q-concave, with constant

Kpq,q2qpSq “ }S} ď }Q}}V2}}M} ď
1 ` δ

1 ´ δ

´

1 `
δk

1 ´ δ

¯

.

Taking δ small enough, we can achieve Kpp,p2qpRqKpq,q2qpSq ď p1 ` εqKpp,p2qpUqKpq,q2qpV q, as we
wanted to show.

Now, if we assume that F is finite-dimensional, then F “ F ˚˚, so we can write T “ V U . Then,
it suffices to apply the first part of the proof to the factorization

F ˚

V ˚
!!

T ˚
// E˚

JE˚ // E˚˚˚

Z
JE˚ U˚

;;

and take adjoints in the new factorization to obtain the desired result. □

Now, we are ready to prove Proposition 7.5:
Proof of Proposition 7.5. The first statement follows from the second one by [26, Theorem 8.11].

Let us first show that rMpp,p2;q,q2q, µpp,p2;q,q2qs Ď rF , ηpp,p2;q,q2qs
˚˚. Let E and F be Banach spaces

and T P Mpp,p2;q,q2qpE,F q. Assume that JFT factors as in Definition 7.1. By Lemma 7.7, for every
finite-dimensional G Ď E and H Ď F ˚ (denote by i : G Ñ E and j : H Ñ F ˚ the embeddings) the
operator j˚JFTi admits a factorization

G

R ��

j˚JF T i // H˚

Z
S

==

with Z finite-dimensional with a 1-unconditional basis, such that Kpp,p2qpRqKpq,q2qpSq ď p1 `

εqKpp,p2qpUqKpq,q2qpV q. Since G and H˚ are finite-dimensional, using [22, Proposition 9.2.2] and
Proposition 7.4 we get

η˚˚
pp,p2;q,q2qpj

˚JFTiq “ ηpp,p2;q,q2qpj
˚JFTiq ď Kpp,p2q

pRqKpq,q2qpSq ď p1 ` εqKpp,p2q
pUqKpq,q2qpV q.

Observe that rF , ηpp,p2;q,q2qs
˚˚ is already a perfect ideal, as it is the adjoint of rF , ηpp,p2;q,q2qs

˚. There-
fore, by [26, Theorem 8.11], it is a finitely generated ideal, so

η˚˚
pp,p2;q,q2qpT q “ suptη˚˚

pp,p2;q,q2qpj
˚JFTiq : G Ď E,H Ď F ˚ finite-dimensionalu

ď p1 ` εqKpp,p2q
pUqKpq,q2qpV q.

It now follows that η˚˚
pp,p2;q,q2qpT q ď µpp,p2;q,q2qpT q.
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In order to show that rMpp,p2;q,q2q, µpp,p2;q,q2qs Ě rF , ηpp,p2;q,q2qs
˚˚ we will make use of a standard

ultraproduct argument, so we will omit some of the details. We refer to [13] for basic terminol-
ogy and notation on ultraproducts. Again, let us fix Banach spaces E and F and an operator in
rFpE;F q, ηpp,p2;q,q2qs

˚˚. First of all, we make use of the fact that every Banach space embeds isomet-
rically into the ultraproduct of a collection of its finite-dimensional subspaces (see [13, Proposition
6.2]). In particular, there exist index sets K and L, ultrafilters UE and UF ˚ over K and L (re-
spectively), collections tGkukPK Ď tG : G Ď E finite-dimensionalu and tHlulPL Ď tH : H Ď

F ˚ finite-dimensionalu and isometric embeddings iE : E Ñ pGkqUE
and jF ˚ : F ˚ Ñ pHlqUF ˚ . It

follows that
Uˆ “ tC Ď K ˆ L : DA P UE, B P UF ˚ such that A ˆ B Ď Cu

defines a filter on KˆL, so by [13, Proposition 1.1] there exists an ultrafilter U that dominates Uˆ.
If we put Gk,l “ Gk for every l P L and Hk,l “ Hl for every k P K, there exist canonical isometric
embeddings pi : pGkqUE

Ñ pGk,lqU and pj : pHlqUF ˚ Ñ pHk,lqU. Finally, note that by [13, Section 7]
there exists a canonical isometric embedding φ : pH˚

k,lqU Ñ pHk,lq
˚
U.

Now, let us fix ε ą 0 and consider for each pair pk, lq P K ˆ L the finite-dimensional subspaces
Gk,l Ď E and Hk,l Ď F ˚ (this time we denote by ik,l : Gk,l Ñ E and jk,l : Hk,l Ñ F ˚ the embeddings).
By [22, Proposition 9.2.2], Tk,l “ j˚

k,lJFTik,l P rFpGk,l, H
˚
k,lq, ηpp,p2;q,q2qs

˚˚ “ rFpGk,l, H
˚
k,lq, ηpp,p2;q,q2qs,

so we can use Proposition 7.4 to find a finite-dimensional Zk,l with a 1-unconditional basis and
operators Rk,l : Gk,l Ñ Zk,l and Sk,l : Zk,l Ñ Hk,l such that Tk,l factors as Sk,lRk,l and

Kpp,p2q
pRk,lqKpq,q2qpSk,lq ď p1 ` εqηpp,p2;q,q2qpj

˚
k,lJFTik,lq ď p1 ` εqη˚˚

pp,p2;q,q2qpT q

(the last inequality holds because rF , ηpp,p2;q,q2qs
˚˚ is a finitely generated ideal, see [26, Theorem

8.11]). By rescaling the norm of Zk,l we can assume without loss of generality that Kpq,q2qpSk,lq “ 1.
It follows from [13, Proposition 3.2] that X “ pZk,lqU is a Banach lattice, and it is easy to check
that R “ pRk,lqU : pGk,lqU Ñ X is pp, p2q-convex with Kpp,p2qpRq ď supk,l K

pp,p2qpRk,lq ď p1 `

εqη˚˚
pp,p2;q,q2qpT q and S “ pSk,lqU : X Ñ pH˚

k,lqU is pq, q2q-concave withKpq,q2qpSq ď supk,l Kpq,q2qpSk,lq “

1. Therefore, we have obtained the following commutative diagram:

E
iE // pGkqUE

pi // pGk,lqU

R ""

pTk,lqU // pH˚
k,lqU

φ // pHk,lq
˚
U

pj˚

// pHlq
˚
UF ˚

j˚

F ˚ // F ˚˚

X

S

<<

A careful computation shows that j˚
F ˚
pj˚φpTk,lqUpiiE “ JFT , so for every ε ą 0 we have found a

factorization of JFT through a Banach lattice X with operators U “ RpiiE and V “ j˚
F ˚
pj˚φS such

that
µpp,p2;q,q2qpT q ď Kpp,p2q

pRqKpq,q2qpSq ď p1 ` εqη˚˚
pp,p2;q,q2qpT q.

□

We devote the last part of the section to identifying the ideal Mpp,p2;q,q2q. First, observe that
Theorem 4.20 allows us to redefine the ideal Mpp,p2;q,q2q in an alternative way:
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Proposition 7.8. Let T : E Ñ F . Then T P Mpp,p2;q,q2qpE,F q if and only if JFT factors as

E

U
��

T // F
JF // F ˚˚

X
Q

// Y

V

OO

where X is a pp, p2q-convex Banach lattice, Y is a pq, q2q-concave Banach lattice, both with constant
1, U and V are bounded operators and Q is an (almost interval preserving) lattice homomorphism.
Moreover, µpp,p2;q,q2qpT q “ inf }U}}Q}}V }, where the infimum is computed over all possible factor-
izations.

From now on, we consider only p2 P tp,8u and q2 P t1, qu, as they are the most relevant cases.
The following definition is an analogue in our setting of the ideal Ip,q of operators factoring through
a diagonal D : Lppµq Ñ Lqpµq introduced in [10].

Definition 7.9. An operator T : E Ñ F belongs to Ipp,p2;q,q2qpE,F q (i.e. factors through a mul-
tiplication operator from Lp,p2pg1 ¨ µq to Lq,q2pg2 ¨ µq) if there exists a positive measure µ, func-
tions g1, g2 P L1pµq and operators A : E Ñ Lp,p2pg1 ¨ µq, D : Lp,p2pg1 ¨ µq Ñ Lq,q2pg2 ¨ µq and
B : Lq,q2pg2 ¨µq Ñ F ˚˚ such that JFT “ BDA and D is a multiplication operator, that is, Df “ gf
for some measurable function g:

E

A
��

T // F
JF // F ˚˚

Lp,p2pg1 ¨ µq
D

// Lq,q2pg2 ¨ µq

B

OO

We define ipp,p2;q,q2qpT q “ inf t}A}}D}}B}u, where the infimum is taken over all possible factoriza-
tions above.

Theorem 7.10. Assume p ą q. Then rMpp,p2;q,q2q, µpp,p2;q,q2qs and rIpp,p2;q,q2q, ipp,p2;q,q2qs are isomor-
phic ideals.

Proof. rMpp,p2;q,q2q, µpp,p2;q,q2qs Ě rIpp,p2;q,q2q, ipp,p2;q,q2qs: Assume that JFT factors as in Definition 7.9.
Since Lq,q2pg2 ¨µq is pq, q2q-concave with constant 1, it follows that B is pq, q2q-concave with constant
}B}. On the other hand, observe that Lq,q2pg2 ¨ µq is Dedekind complete, so the operator D has a
modulus |D|, which is given by |D|f “ |g|f for every f P Lp,p2pg1 ¨ µq. Moreover, }|D|} “ }D} and
|D| is a lattice homomorphism. Therefore,∥∥∥∥∥

ˆ n
ÿ

i“1
|Dfi|

p2

˙

1
p2

∥∥∥∥∥
q,q2

“

∥∥∥∥∥
ˆ n
ÿ

i“1
||D|fi|

p2

˙

1
p2

∥∥∥∥∥
q,q2

ď }|D|}

∥∥∥∥∥
ˆ n
ÿ

i“1
|fi|

p2

˙

1
p2

∥∥∥∥∥
p,p2

ď }D}

ˆ n
ÿ

i“1
}fi}

p2
p,p2

˙

1
p2

and D is pp, p2q-convex with constant }D}. It follows that DA is pp, p2q-convex with constant
}A}}D}, so T P Mpp,p2;q,q2qpE,F q and µpp,p2;q,q2qpT q ď }A}}D}}B}.
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rMpp,p2;q,q2q, µpp,p2;q,q2qs Ď rIpp,p2;q,q2q, ipp,p2;q,q2qs: We start by considering a factorization JFT “ V QU
as in Proposition 7.8 and fixing q ă r ă p. The case p2 “ p, q2 “ q was established in [25]. Here,
we show the other three cases, which are summarized in the commutative diagrams below:

(1) Case 1: p2 “ 8, q2 “ q. X is pp,8q-convex, so it is r-convex with constant Cp,r [17,
Theorem 1.f.7]. Let rX be a lattice renorming of X so that the r-convexity constant is 1
[17, Proposition 1.d.8]. By rescaling, we can assume that rQ : rX Ñ Y , the composition
of Q with the renorming isomorphism, is a contractive lattice homomorphism. Moreover,
Y is already r-concave with constant 1, so by Krivine’s Factorization Theorem (cf. [14,
Théorème 2] or [24, Lemma 17]), rQ can be factored through some Lrpµq with contractive
lattice homomorphisms R : rX Ñ Lrpµq and S : Lrpµq Ñ Y . Note that S is q-concave, so,
by Theorem 2.5, it factors through Lqpg2 ¨ µq for some change of density 0 ď g2 P SL1pµq,
with contractive factors S1 : Lrpµq Ñ Lqpg2 ¨ µq and S2 : Lqpg2 ¨ µq Ñ Y , where S1 is
the operator of multiplication by g

´ 1
r

2 . Similarly, by Theorem 2.4, there exists a change of
density 0 ď g1 P SL1pµq such that the composition of the renorming of X with R (which is
pp,8q-convex) factors through L

rrs
p,8pg1 ¨ µq with R1 : X Ñ L

rrs
p,8pg1 ¨ µq of norm bounded by

p1 ´ r
p
q

1
p

´ 1
rCp,r}Q} and R2 : Lrrs

p,8pg1 ¨ µq Ñ Lrpµq the contractive operator of multiplication

by g
1
r
1 . Composing the renorming isomorphism from L

r1s
p,8pg1 ¨ µq into Lrrs

p,8pg1 ¨ µq given by
(2.5) with the multiplication operators R2 and S1, we obtain the operator D : Lr1s

p,8pg1 ¨µq Ñ

Lqpg2 ¨ µq of multiplication by
´

g1
g2

¯
1
r

P Lrpg2 ¨ µq`, which has norm bounded by
´

p
p´r

¯
1
r .

Putting everything together, we conclude that T P Ipp,8;qqpE,F q and, since the factorization
through Q and the exponent r P pq, pq were arbitrary, we can take the infimum over all
possibilities to get that

ipp,8;qqpT q ď inf
qărăp

"ˆ

p

p ´ r

˙
2
r

´1

Cp,r

*

µpp,8;qqpT q.

E

U
��

T // F
JF // F ˚˚

X

Q

))oo //

R1

&&
ĂR1 ��

rX
rQ //

R

%%

Y

V

OO

L
r1s
p,8pg1µq

D

44
oo // L

rrs
p,8pg1µq

R2 // Lrpµq

S

66

S1 // Lqpg2µq

S2

OO

(2) Case 2: p2 “ p, q2 “ 1. The procedure is similar, but this time, we need to renorm Y with
distortion Cq˚,r˚ so that it becomes r-concave with constant 1, and after factoring through
Lrpµq with Krivine’s Theorem, we need to apply Theorem 2.3 and Theorem 2.6, and renorm



BANACH LATTICES WITH UPPER p-ESTIMATES: RENORMING AND FACTORIZATION 59

L
rr˚s

q,1 pg2 ¨ µq to recover the standard norm of Lr1s

q,1pg2 ¨ µq. Finally, we get that

ipp;q,1qpT q ď inf
qărăp

"ˆ

q˚

q˚ ´ r˚

˙
2

r˚ ´1

Cq˚,r˚

*

µpp;q,1qpT q.

E

U
��

T // F
JF // F ˚˚

X

Q

))

R

''

rQ //

R1
��

rY oo // Y

V

OO

Lppg1µq

D

44

R2 // Lrpµq

S

99

S1 // L
rr˚s

q,1 pg2µq oo //

S2

88

L
r1s

q,1pg2µq

ĂS2

OO

(3) Case 3: p2 “ 8, q2 “ 1. This time, both X and Y need to be renormed, introducing
distortions Cp,r and Cp˚,r˚ , respectively, and, after applying Theorems 2.4 and 2.6, we need
to renorm the corresponding Lrrs

p,8pg1 ¨µq and Lrr˚s

q,1 pg2 ¨µq to obtain a multiplication operator
D from L

r1s
p,8pg1 ¨µq into Lr1s

q,1pg2 ¨µq. This time, the relation between the ideal norms is given
by

ipp,8;q,1qpT q ď inf
qărăp

"ˆ

p

p ´ r

˙
2
r

´1 ˆ
q˚

q˚ ´ r˚

˙
2

r˚ ´1

Cp,rCq˚,r˚

*

µpp,8;q,1qpT q.

E

U
��

T // F
JF // F ˚˚

X

Q

**oo //

R1

&&
ĂR1 ��

rX
rQ //

R

%%

rY oo // Y

V

OO

L
r1s
p,8pg1µq

D

33
oo // L

rrs
p,8pg1µq

R2 // Lrpµq

S

99

S1 // L
rr˚s

q,1 pg2µq oo //

S2

88

L
r1s

q,1pg2µq

ĂS2

OO

□

Acknowledgments
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[2] A. Avilés, G. Mart́ınez-Cervantes, J. Rodŕıguez, P. Tradacete, A Godefroy-Kalton principle for free Banach

lattices. Israel J. Math. 247 (2022), 433–458.
[3] A. Avilés, P. Tradacete, Amalgamation and injectivity in Banach lattices. Int. Math. Res. Not. IMRN 2 (2023),

956–997.
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