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ABSTRACT. The aim of this article is to use Banach lattice techniques to study coordinate systems in
function spaces. We begin by proving that the greedy algorithm of a basis is order convergent if and
only if a certain maximal inequality is satisfied. We then show that absolute frames need not admit a
reconstruction algorithm with respect to the usual order convergence, but do allow for reconstruction
with respect to the order convergence inherited from the double dual. After this, we investigate the
extent to which such coordinate systems affect the geometry of the underlying function space. Most
notably, we prove that a Banach lattice X is lattice isomorphic to a closed sublattice of a C'(K)-space
if and only if every unconditional sequence in X is absolute.
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1. INTRODUCTION

The study of coordinate systems in Banach spaces (Schauder bases, Markushevich bases, decom-
positions, frames, greedy algorithms) is a classical subject. However, in applications, the desirable
coordinate systems often have additional structure, which may not even make sense in a generic Ba-
nach or Hilbert space. Common examples include wavelets, which make use of dilation and translation,
and almost everywhere convergence systems. Evidently, to even define these concepts, one must be
working in spaces with suitable symmetries, or possessing additional notions of convergence.
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Here, we will consider the interplay between coordinate systems and lattice structure. When consid-
ering a basic sequence () in a Banach lattice, there are many different ways to incorporate the partial
ordering. The most common requirement is to place restrictions on the set {x;}. For example, one
may require that this set be contained in the positive cone, an order interval, or be pairwise disjoint.
The issue with this approach is that bases in function spaces cannot be disjoint, and those that appear
in practice are rarely contained in the positive cone. Indeed, it is non-trivial [22] [34] to even construct
a positive basis in L;(R) and L(R), and it is not known whether positive bases exist in L,(R) for
p # 1,2. Moreover, if (x}) is a normalized basis for L]0, 1], then {x}} cannot be almost order bounded
(equivalently, equiintegrable) [15], p. 74-75]. Hence, requiring that {x} lie in an order interval is also
very restrictive.

In contrast to the above, our approach in this article will be to utilize the lattice structure to define
mazimal functions and order convergence. For the moment, let us simply note that in any vector
lattice X one may define notions of order convergence f;, = f and uniform convergence f, — f.
Moreover, when X is a space of measurable functions, we have that fi = f if and only if fi, == f
and there is a g € X with |fi| < g for all k. For this reason, one may view order convergence as a
generalization of dominated almost everywhere convergence to vector lattices.

The starting point of our paper is a result of [65] which states that for a basic sequence (zj) in a
Banach lattice X, establishing order convergence of the basis expansions is equivalent to establishing
boundedness of the associated maximal function. More precisely, letting P, (3 ro; artr) = D 1 axTy
denote the n-th canonical basis projection, we have the following theorem.

Theorem 1.1 ([65] Theorem 3.1). Let (xy) be a basic sequence in a Banach lattice X. Denote by [xy]
its closed linear span and let P, : [xy] — [zx] denote the n-th canonical basis projection. The following
are equivalent.

(i) For all x € [z],

(11) For all x € [xy], Px—)x
(11i) For all x € [xy], |Pyx| < u for some u € X and all n;
(iv) For all x € [xy], (1, |Pp|)m is norm bounded;

(v) There exists M > 1 such that for all m € N and scalars aq, ..., a,, one has
n=1 | k=1 k=1

The motivation for Theorem stems from a well-known principle in harmonic analysis [11], 54], 59
which states that for a family of linear operators (7 )ken mapping L,(£2) to Lo(€2), establishing almost
everywhere convergence Tj,f <= f for all f € L,(€) is equivalent to establishing an inequality of
weak type (p, p) for the associated maximal operator 7% f(x) := sup,, |7k f(z)|. From this perspective,
Theorem states that — in the full generality of Banach lattices — establishing dominated almost
everywhere convergence of the basis expansions is equivalent to establishing strong boundedness of the
associated maximal operator.

A second motivation for Theorem is that most of the important bases in martingale theory,
harmonic analysis, probability, stochastic processes and orthogonal series do possess order convergent
sums, although proving this is often a major result. Common examples include martingale difference
sequences in L,(P) with p > 1 and P a probability measure (this is essentially Doob’s inequality), the
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Walsh basis (see [58]), and unconditional blocks of the Haar in L;[0, 1] (this is essentially Burkholder-
Davis-Gundy combined with Khintchine). The proof of the Carleson-Hunt theorem in [30] establishes
for the trigonometric basis. It is also worth mentioning the work of Bourgain [I0] who used
probabilistic techniques to make progress on the Kolmogorov and Garsia conjectures. In our language,
these conjectures essentially ask whether every orthonormal basis of Ly(P) admits a rearrangement
satisfying Theorem . In [I0], Bourgain was able to construct a rearrangement satisfying the inequal-
ity with M ~ log(log(m)), which is the optimal dependence that one can achieve for random
rearrangements. More generally, maximal inequalities such as have a long history in analysis, and
can be used to prove the Birkhoff ergodic theorem [49], a.e. convergence of the Schrédinger evolution
back to the initial data [20], and even appear in the non-commutative setting |29} 35] 511, [56].

The objective of this paper is twofold. First, we wish to continue the study initiated in [7], 26} [65] of
basic sequences satisfying Theorem [I.1 Secondly, we want to extend the theory to frames and greedy
algorithms. Informally, frames can be thought of as redundant bases. The extra redundancy present
in a frame allows for a more robust reconstruction with respect to the norm convergence, which is
crucial in many applications. However, it also makes reconstruction with respect to order and uniform
convergence much more subtle. Indeed, as we will see, Theorem completely fails for frames, yet
certain natural strengthenings of do guarantee a reconstruction algorithm with respect to the
order convergence inherited from the double dual.

In contrast, an analogue of Theorem|1.1|holds in complete generality for the greedy algorithm. Recall
that the greedy algorithm is a nonlinear approximation scheme which approximates vectors using the
coefficients of a basis with largest magnitude. Such algorithms appear in applications such as signal
processing, where one needs to approximate a signal x = ), a,x;, in an infinite or high dimensional
Banach space using only a relatively small number of coordinates ;' _; by, @, . For orthornormal bases
in Hilbert spaces, the most effective way to approximate x in norm using n coordinates is to choose the
n coordinates of the basis expansion with the largest magnitude. That is, we set G,,(2) 1= >} _| Gy Tin,,
where |ap, | > |a;| for all 1 <k <n and i & {mg}1<k<,. Although it is easy to see that such a scheme
provides an optimal approximation when (xj) is orthonormal, it also turns out to be highly efficient
for a large class of bases in Banach spaces. See, for example, [66] for a survey on the applications and
effectiveness of the greedy algorithm.

Given the interest in determining whether the greedy algorithm provides an effective approximation
in norm, it is also of interest to know how well it approximates a vector in order. As it turns out,
by considering the convergence of the greedy sums in Theorem rather than the convergence of the
partial sums over initial segments of the basis, we are able to obtain the following nonlinear variant of
the equivalence between establishing order convergence and maximal function estimates.

Theorem 1.2. Let (xy) be a semi-normalized basic sequence in a Banach lattice X and let [xy] denote
its closed linear span. The following are equivalent.

(i) For all x € [x4], Gn(x) = x;
(ii) For all x € [z;], Gu(z) = 2;
(111) For all x € [xy], |Gn(x)] < u for some uw € X and all n;
(4]

(iv) For all x € [zg], (V] |Gn(x)])m is norm bounded;
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(v) There exists C > 1 such that for all x € [x)] and m € N,

\/ 1G.(2)| H < Cllz|.
n=1

One of the main goals of this article is to study the implications of Theorem [I.2] For now, we note
that Theorem is a theorem about basic sequences which can have implications outside the context
of Banach lattices. That is, it is possible to study different properties of a basic sequence (zx) by
embedding (zy) into different Banach lattices and then applying Theorem In particular, since [xy]
is separable, we may consider [z;] as a subspace of C[0, 1]. In C0, 1], uniform convergence agrees with
norm convergence and |||z| V |y||| = ||z]| V ||y|| for all z,y € C[0,1]. Thus, choosing X = C|0, 1] in
Theorem [1.2| we recover the following key theorem about quasi-greedy bases from [69] which, a priori,
makes no mention of Banach lattices.

Theorem 1.3 ([69] Theorem 1; [4] Theorem 4.1). Let E be a Banach space with a semi-normalized
Schauder basis (xy). The following are equivalent.

(i) For all x € E, G,(x) LN x;
(i1) There exists C' > 1 such that for allx € E and n € N, ||G,(x)| < C||z].

Although Theorem [1.2]reduces to Theorem[I.3)when X = C[0, 1], when X = L, () it is often highly
non-trivial to verify whether a basis satisfies Theorem Several examples and structural properties
of such bases will be given throughout the paper, but for now let us note that Tao [61] proved that all
compactly supported wavelet bases satisfy Theoremwhereas Korner [38,[39] proved that the Fourier
and Walsh bases do not. In other words, even though the Fourier and Walsh bases satisfy Theorem
and are optimally approximated by the greedy algorithm in norm, there are f € Ly([0,1]) for which
(Gnf)oo, fails to converge to f almost everywhere. In fact, Kérner could construct f € Ly([0, 1]) such
that the greedy algorithm for f diverges at almost every point.

1.1. Outline of the paper. We now briefly summarize the paper. In Section 2] we recall the necessary
vector lattice and Banach space terminology. Then, in Section |3| we combine the ideas of [63, [65] with
those from greedy theory to generalize several results on quasi-greedy bases to the lattice setting.
More specifically, in Section [3.1] we prove Theorem [1.2] in Section we discuss the extent to which
Theorem [1.1] holds for frames (and, as a corollary of our methods, solve a problem from [27]), and in
Section [3.3] we verify that most of the fundamental results on quasi-greedy bases extend to uniformly
quasi-greedy bases. Since the results in Sections [3.1] and must recover the classical results on
quasi-greedy bases when X = C[0, 1], there is some inevitable overlap between the new and classical
proofs — our exposition in these two subsections will loosely follow [5, Chapter 10].

The heart of the paper is Section 4| where we aim to develop a qualitatively new perspective on
coordinate systems in Banach lattices by proving results which have no direct analogues in the classical
theories of Schauder or quasi-greedy bases. We begin in Section with the goal of characterizing
when a “good” basis of a Banach space E' can be embedded into a Banach lattice X so that it inherits
“bad” lattice properties. As already mentioned, by choosing X = ([0, 1] one can always embed a
Schauder or quasi-greedy basis into a lattice so that Theorems and hold. In Section {4.1.1] we
construct a Banach lattice X containing a copy of the Lindenstrauss basis which simultaneously fails
Theorems and [1.2] Then, in Section we construct, for each p > 1, a basis (u;) of £, which is
equivalent to the canonical basis of ¢, yet simultaneously fails Theorems and Finally, we show
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in Section that a normalized basis can be embedded into a Banach lattice in such a way that it
fails to be absolute (i.e., so that the maximal inequality for unconditional bases fails) if and only if it
is not equivalent to the canonical ¢; basis.

In Section we move from embeddings to blockings. This is a topic where bibases and greedy
bases behave very differently. Indeed, as we will demonstrate in Section [£.2.1] it is quite easy to block a
basis so that it satisfies Theorem or its unconditional variant. On the other hand, in Section 4.2.2
we show that the canonical basis of ¢, is the only subsymmetric basis for which every blocking is
greedy.

In Section we characterize (up to a lattice isomorphism) AM-spaces as the only Banach lattices
for which every unconditional sequence is absolute. We also show that if every basic sequence in a
Banach lattice X satisfies Theorem then X must be p-convex for all finite p.

In Section [£.4] we prove that complemented absolute sequences behave very much like disjoint se-
quences and use this to give a Banach lattice proof of the well-known fact that the only complemented
subspace of C[0, 1] with an unconditional basis is ¢y. In Section [4.5[ we prove that every unconditional
basis of L, can be rearranged to fail Theorem and that o-order complete Banach lattices which
embed into the span of an absolute FDD must be purely atomic.

Throughout, we make use of standard facts and notation — see e.g. [5l, 44 [45] for Banach spaces in
general, [47] for Banach lattices specifically. The field of scalars is R, unless otherwise specified.

Acknowledgments. The first author was supported by the grant PID2022-142202NB-100 / AEI /
10.13039/501100011033 (Agencia Estatal de Investigacién, Spain).

2. BACKGROUND

In this section, we provide the necessary vector lattice and Banach space background — background
on frames and greedy algorithms will appear throughout the paper.

If (yq) is a net in a vector lattice X then y, | 0 means that y, is decreasing and inf{y,} = 0.
A vector lattice X is called Archimedean if n~te | 0 for every positive vector e € X. We will be
working with the following three classical notions of sequential convergence of a sequence (z,)%°; in
an Archimedean vector lattice X.

e We say that (x,)°%, uniformly converges to x and write x,, — = if there exists e € X, and a
sequence €, | 0 in R satisfying:

VYm Ing, Vn > ngy, o, — 2| < ene.

e We say that (x,)%%, order converges to = (with respect to a sequence) and write z, —» z if
there exists a sequence vy, | 0 in X satisfying:

VYm Ing, Yn > ny, 2, — 2] < Y.

e We say that (x,)°%, order converges to x (with respect to a net) and write x,, — z if there
exists a net yg | 0 in X satisfying:

VB 3ng Vn > ng, |z, — x| < ys.
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Evidently, z, — = = x, — & = &, — «; however, neither converse implication holds in general. In a
Banach lattice one also has norm convergence, and although u-convergence implies norm convergence,
or-convergence need not. It is also not true that norm convergent sequences are o-convergent, but they
do at least have u-convergent subsequences.

Recall that a (Schauder) basis of a Banach space X is a sequence (z) in X such that for every vector
x in X there is a unique sequence of scalars (ay) satisfying © = Y, | axx). Here, of course, the series
converges in norm. For each n, we define the n-th basis projection P,: X — X via P, (220:1 apry) =

ZZ:1 arxk, so that P,x M> x. It is known that the projections P, are uniformly bounded; the number
K := sup,||P,|| is called the basis constant of (xy). A sequence (zj) in X is called a (Schauder)
basic sequence if it is a Schauder basis of its closed linear span [z;]. In this case, the P,’s are defined
on [zg]. It is a standard fact that a sequence (z) of non-zero vectors is Schauder basic iff there exists
a constant K > 1 such that

(2.1) \/HZakka gKHZakka for all m € N and all scalars aq, ..., a,,.
n=1 k=1 k=1

Moreover, the least value of the constant K is the basis constant of (xy). A sequence (zy) is called
unconditional if every permutation of (xj) is basic. As is well-known, unconditionality of a basic
sequence is characterized by the existence of a constant C' > 1 such that

m

(2.2) \/ HZ ekak:pkH < C’HZ akka for all m € N and all scalars aq, ..., an,.

Suppose now that X is a Banach lattice. By interchanging the order of the supremum and the norm,
one obtains the “maximal inequality” variants of (2.1) and (2.2)). More formally, a sequence (xj) of
non-zero vectors in a Banach lattice X is called bibasic if there exists a constant M > 1 such that

(2.3) Hn\?1 ' gakxk

and absolute if there exists a constant A > 1 such that

H < MHZ ak:ckH for all m € N and all scalars aq, ..., a,,
k=1

(2.4) HZ ]akxle < AHZ akka for all m € N and all scalars aq, ..., a,,.
k=1 k=1
Note that in obtaining the inequality (2.4) from (2.2) we used the standard fact that
(2.5) \/ Zekakl‘k = Z |CLk:Ek|,
=1 | k=1 k=1

which holds in any Archimedean vector lattice. Clearly, every bibasic sequence is basic. By Theo-
rem u, a basic sequence is bibasic if and only if, for each x € [z], P,z 2.

When X is a C'(K)-space it is easy to see that every basic sequence is bibasic and every unconditional
sequence is absolute. One of the main objectives of this paper is to prove a converse statement; namely,
that a Banach lattice X is lattice isomorphic to a closed sublattice of a C'(K)-space if and only if every
unconditional sequence is absolute.
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3. RECONSTRUCTION ALGORITHMS FOR COORDINATE SYSTEMS IN BANACH LATTICES

In this section, we begin our goal of infusing lattice technique into the study of frames and greedy
bases.

3.1. A greedy version of the bibasis theorem. We begin by proving Theorem [1.2] To fix the
notation, X will be a Banach lattice, E a closed subspace of X, and B = (e,) a semi-normalized basis
of E. The biorthogonal functionals of (e,) will be denoted by e* € E*.

We first recall some of the essentials on greedy algorithms. Fix x € E. A greedy ordering of x
is an injective map 7 : N — N such that {n : e} (z) # 0} C «(N) and (le}, (z)|) is non-increasing.
The m-th greedy sum of x associated to 7 is given by G (x) ==Y ", €5 (n) (%)ex(m), and the sequence
(Grm(x))e0_; is called a greedy approzimation of x. A strictly greedy sum of x of order m is an element
Grm(z) for which there is no ambiguity in defining the m-th greedy sum of z, i.e., Gy () = Go ()
for all greedy orderings o. It is well-known that the choice of greedy ordering is not particularly
important, and hence we will usually use the ordering induced by the basis. More specifically, we define
p: N — Nso that {n: e}, () # 0} C p(N) and if j < k then either |e}, (z)] > |}, (z)] or |e}, ()] =
€54 (@)] and p(j) < p(k). We define the m-th natural greedy sum of x as G, (z) := o €y (T)€p(n)

and call the basis (e,) quasi-greedy if, for all x € E, G,,,(x) LN By Theorern (e,) is quasi-greedy

iff there exists a constant C' > 1 such that for all x € E' and m € N, ||G,,(z)|| < C||z||.

All of the above definitions are valid in Banach, and even quasi-Banach spaces. Since we require X
to be a lattice, for each x € E and greedy ordering m we may define

G (@) =\ Gra(@) =\ D er (@)enqm| -
n=1 n=1 | k=1
In particular, we may consider the map = +— G (z) := \/!", |G,(z)|, and because it is absolutely
homogeneous we may define [|Gy || := sup,cg, |Gy, (2)|. We say that G .(z) is a lattice strictly greedy

sum of x of order m if |e} ; (z)| # e} ; ()| for each distinct ¢,j € {1,...,m} for which e}, (z) # 0.

To begin, we extend the fact that the choice of greedy ordering is not particularly important to the
lattice setting. In the proof, we need to take some care since G, (z) may depend on 7, even when
Grm(z) is strictly greedy.

Lemma 3.1. Let (e,,) be a semi-normalized basic sequence in a Banach lattice X and let C' > 0 be a
constant. The following are equivalent.
(i) For allxz € E, allm € N and all greedy orderings w, |G . (v)|| < C||=z||.
(it) For all x € E and allm € N, |G ()| < C|z||.
(ii) For all x € E and all m € N there exists a greedy ordering m such that |G (2)| < C||z||.
(iv) We have (G5, p@0) (@)l < Cllz|| whenever x € E has finite support and Gsupp() () is lattice
strictly greedy.
(v) We have |Gl (@) < Cllz|| for all z € E of finite support.

Furthermore, the least such C so that the above estimates hold is C = sup,, |G ||-

Proof. (1)=(ii)=(iii)=(iv) is clear.
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(iv)=(v): Let # € E have finite support, say, . Write z = G.(z) = > _, e’ (z)eynm). Fix

n=1 ~p(n)
e > 0 and ﬁnd 01,0, with [e} ) (z) + &1 > -+ > [e),(x) + 6] > maxig(p)....om1 l€] (z)] and
oneom |l < & for all n = 1,... 7. We consider the element y := x4 > | 0nep(n). It is easy to see

that y = Qr( ) is a lattice strlctly greedy sum, so (iv) implies that

Z(ep( ) (T) + 0n)ep(n)

T

V

H < Clyll < Cla] +e

i=1 |n=1
Hence,
\/ Ze;(n)(x)ep(n) H < \/ Z( €pn) (T) + 0n)ep(n) H
i=1|n=1 i=1 |n=1
+ ‘ 101e,0)| + -+ + |6repm] ’
< COllz|| + 2,

which yields that |G ()| < Cllz]|.

(v)=(i): By a similar argument as (iv)=>(v), the condition (v) implies that |G . = (z)[ < C||z]
for all € F of finite support and all greedy orderings 7 of x. We now fix m € N and let 7 be a greedy
ordering of z. Note that for any n € N satisfying n > max(7 (1), ..., m(m)) we have
(3.1) G m (@) = G (Pa) | < G (Paz)l| < Ol Pa].

On the other hand, since (e,) is a basic sequence, we have x = lim,,_,o, P,(x). Therefore, passing to
the limit in (3.1)), we conclude that |G (7)[| < C||z| for all m € N, as desired.
O

In order to prove Theorem [I.2] we need the following lemma.

Lemma 3.2. Suppose that (v) in Lemmafaz'ls. Then for every C > 1 and every finite set A C N,
there exists x € E with |supp(z)| < oo and supp(z) N A =0 such that |G, ., (@) > C[[z|.

Proof. Fix C'and A as above and define M := 3" _ . |lex|/||en||. By assumption, there exists a finitely
supported y € E such that
(3.2) ||gvlsupp (W > (C(1+ M)+ M)yl

Set r = |supp(y)| and define x = (I — P4)(y), where for 2 € E, Pa(z) := > .4en(2)e,. Since
x € E has finite support disjoint from A, we must simply show that |G, (z)| > C||z||, where m is the
cardinality of the support of z. For this, notice that GY(y) < GY,(z) + > ,c4 l€r(y)ex], so that

1@ = 16 W = 11> lek@exl| > (C(1+ M) + M) |yl = Myl
keA
Inserting the inequality ||z| < (1 4+ M)lly|| into the above, we conclude that |G (x)|| > C||z|, as
desired. O

We may now establish the greedy analogue of Theorem [I.1]

Theorem 3.3. For a semi-normalized basic sequence B = (e,,) in a Banach lattice X, the following
are equivalent.
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(i) For all x € E, Gp(1) = x;

(ii) For all x € E, Gp(x) 2 a;
(111) For all x € E, |G ()| < u for some u € X and all m;
(iv) For allz € E, (\/_, |Gn(x)|)m is norm bounded;

(v) There exists C > 1 such that for all x € E and m € N,

\/ 16.(x)] H < Clle].
n=1

Proof. 1t is clear that (i)=-(ii)=(iii)=(iv).

(iii)=-(v): Suppose not. Then using Lemma [3.2| we get a sequence (zj) of elements of £ such that

for each k:

(a) my, := |supp(xy)| is finite and supp(xy) N supp(z;) =0 fori=1,... k — 1;

(b) llwsll <27%;

(©) [Gom, ()| = F;

(d) max{|e:(x)| : n € N} < min{|e} (zr_1)| : n € supp(zr_1)}-
Indeed, we can certainly do this for £ = 1, so suppose that we have constructed xq,...,xp_1. Let
p = min{le* (zr_1)| : n € supp(zx_1)} and put Cp, = max{k2* 2Kkyu='} where K = sup, ||e}||. Using
Lemma (3.2] there exists z;, of finite support disjoint from U;—}' supp(x;) such that [|GY, (zx)|| > Cllz|.-
Scaling z;, we can take [|z)|| = kC,7" < 27F, so that ||G), (1)|| > k. Then for every n € N we have

len(@r)] < llenllllzell < g

Now, the series Y, |z converges to some x € E. Note by construction that ST ay = G, (z) is a
strictly greedy sum of x (here [; := Zi;ll my, j > 2, and [y := 0). Write z; in its natural greedy ordering
as €)1y (5)€p;(1) € 1) (T5)€p,(m;) and motice that Gy, (x) + e, ) (25)ep,0) -+ € 0 (T5)ep; )
is a natural greedy sum of x for each 1 <r < mj;. Hence, by assumption, there is a u with |G (z) +
ey ) (@i)ep, )+ € () (x5)€p, | < u. Note that u is uniform (independent of j and r) since we are
building a natural greedy approximation of z, i.e., every term we are bounding is a greedy sum of the
same approximation. In particular, |G, (z)| < u for all j, hence |€Z].(1)(9Cj)€pj(1) ot o (z5)ep; ()] <
2u. Taking sup we get G, (v;) < 2u, so that j < [|G,, (z;)[| < 2[ul|. This is a contradiction.

(v)=-(i): By [5, Theorem 10.2.3, Lemma 10.2.5] we get that for each y € E, G,,,(v) LN y. Fixz € E.

Since G, () Il 2 there exists my < mg < ... with G, (r) = . Passing to a further subsequence

and using that (G,(z)) is Cauchy, we may assume that for all i > my, ||Gi(z) — G, (@)]| < 55. In

particular, ||z — G, ()| < 5.

—

Consider the element y, =  — G, (). Then for each i > my, Gi(z) — G, (x) is just G, (Yi)-
Hence, our assumption yields that

=My

U, = \/ |Qz($)—gmk(x)’

i=mp+1

has norm at most C||yx|| < &. Define e := 377 | kuy. Then for every k € N, uj, < £, so that uy, — 0.
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Since |Gy, (¥) — | + up — 0 there exists a vector f; > 0 with the property that for any € > 0 there
exists k*, for any k > k*, |G, (z) — x| +w, < ef1. Fix €, and find the required k*. Let ¢ € N with
1 > my~. We can find k > k* with m;, < ¢ < mygyq so that

1Gi(x) = 2] < |G, (2) =z +1Gi(2) = Gy, (2)] = |Gy () — 2| + up <.
This shows that G;(z) — z, and hence that B satisfies (i).

We have thus established that (i)<(ii)<(iii)<(v)=-(iv). For (iv)=(i) assume that for each = € E,
(G (z)) is norm bounded. Since (G, (x)) is an increasing sequence, it has a supremum in X**, hence
(Gm(x)) is order bounded in X**. Thus, (ii) holds in X**, so (i) holds in X**. However, uniform
convergence of sequences passes freely from X** to X by [65, Proposition 2.12]. Consequently, (i)
holds in X. 0

We will call a semi-normalized basic sequence (e,) in a Banach lattice X uniformly quasi-greedy
if it satisfies any, and hence all, of the conditions in Theorem [3.3] Note that the last condition in
Theorem [3.3| says that C,, := sup,), [|G,,|| < co. We will call C;// the uniform quasi-greedy constant of

(en)-

Example 3.4. Wavelets: By controlling the maximal function of the greedy approximations by the
Hardy-Littlewood maximal function, Tao ([61], see also [40]) proved that all compactly supported
wavelet bases (such as the Haar and Daubechies wavelets) are uniformly quasi-greedy in L, for all
1 < p < oo. In particular, considering a rearrangement of the Haar basis that is not bibasic ([65]
Example 6.2]), we see that uniformly quasi-greedy bases need not be bibases.

Example 3.5. The trigonometric and Walsh bases: In [38], Korner showed the existence of a real-
valued function f € Ly(T) whose greedy algorithm with respect to the trigonometric system diverges
almost everywhere. In particular, this provides an example of a basis that is both greedy and a bibasis
but is not uniformly quasi-greedy. Similarly, in [39] it is shown that the greedy algorithm for the Walsh
basis need not converge almost everywhere.

Remark 3.6. As mentioned in Section [I due to the freedom in choosing the ambient Banach lattice
X, the theory we will develop in this article for uniformly quasi-greedy bases will recover and extend
the usual theory for quasi-greedy bases. To see this, let (e,) be a semi-normalized Schauder basis of
a Banach space E. As E is separable, we may consider E as a subspace of C|0,1]. In C[0,1], it is
easy to see that uniform convergence agrees with norm convergence and |||z| V |y||| = ||z|| V ||y|| for all
x,y € C[0,1]. Thus, choosing X = C]0, 1] in Theorem , we recover the classical characterization of
quasi-greedy bases in Theorem . Similarly, when X = ([0, 1], our results in Section will recover
the classical structural properties of quasi-greedy bases. This leads to two different perspectives on
Theorem [3.3t

First, suppose that the Banach lattice X is fixed. Then one would be interested in determining which
quasi-greedy bases (or quasi-greedy basic sequences) are uniformly quasi-greedy in X, as these bases
would exhibit the enhanced approximation properties in Theorem [3.3] On the other hand, suppose
that the Banach space E — or even a basis (e,) of E — is fixed, and consider an embedding of E into
a Banach lattice X. If one chooses X to be C0, 1], then several of the theorems we will prove in this
paper will recover those from the theory of quasi-greedy bases. However, if one chooses X differently,
then the sequence (e,) may, or may not, be uniformly quasi-greedy with respect to X. Note that
the property of being uniformly quasi-greedy is “stable” with respect to the choice of X, in the sense
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that if (e,) is a basic sequence in X, and X is a closed sublattice of Y, then (e,) will be uniformly
quasi-greedy with respect to X iff it is uniformly quasi-greedy with respect to Y. In the next section,
we will show that if one puts conditions on X (say, order continuity, or being a classical Banach lattice)
or on how F sits in X (say, complementably, or even £ = X) then one can prove theorems for bibasic
and uniformly quasi-greedy bases that have no analogues for Schauder or quasi-greedy bases.

Remark 3.7. Theorem is equally valid for Schauder decompositions. Since greedy decompositions
do not seem to appear in the literature, we quickly sketch what we mean:

Let B = (E,) be a sequence of closed non-zero subspaces of a Banach lattice X which forms a
Schauder decomposition of F := [E,]. Fix z = >.°7 e, € E, with ¢, € E, for all n. A greedy

n=1
ordering of x is an injective map 7 : N — N such that {n : e, # 0} C 7(N) and (||ex@y]|) is non-
increasing. The m-th greedy sum of x associated to 7 is given by Gr,n(x) = > " | €x(n), and the

sequence (G, (x))r_, is called a greedy approzimation of x. G ,,(x) is said to be a strictly greedy

sum of x of order m if G, () = G, (x) for all greedy orderings o. The m-th natural greedy sum of
zis G () := D" | ey where p : N — N is such that {n : e, # 0} C p(N) and if j < k then either
el > lleaw |l or llepgyll = lleaw || and p(4) < p(k). A quasi-greedy decomposition is a decomposition

for which G,,(x) Tl 4 for all 2 € E. Defining G, in the obvious way, the proof of the following
theorem is almost identical to the semi-normalized basic sequence case.

Theorem 3.8. Let B = (E,) be a sequence of subspaces of a Banach lattice X which forms a Schauder
decomposition of [E,]. The following are equivalent.

(i) For all x € E, Gp(2) = x;

(ii) For all x € E, Gn(z) = x;
(i11) For all x € E, |Gy (z)| < u for some v € X and all m;
(iv) For allz € E, (\/1"_, |Gn(x)|)m is norm bounded;

(v) There exists C > 1 such that for all x € E and m € N,

\/ 6. (x)] H < Clle].
n=1

In particular, arguing as in Remark the “usual” characterization of quasi-greedy bases in The-
orem is valid for quasi-greedy decompositions — we will focus on the basis case for convenience
of the reader; however, we will return to the subject of finite dimensional decompositions (FDDs) at
various points in the paper.

We also mention that, although stated for the natural ordering, being uniformly quasi-greedy is in-
dependent of the greedy ordering. Indeed, noting that absolutely convergent series converge uniformly,
the proof from [5, Lemma 10.2.5] can be used to show the following.

Proposition 3.9. Let (e,) be a basic sequence in a Banach lattice X. The following are equivalent.

(i) Gp(x) = x for every x € E and every greedy approzimation (G, (x));
(11) (en) is uniformly quasi-greedy;
(iii) For every x € E there is a greedy approzimation (G, (z)) such that G, (z) = x;
(iv) For every x € E with infinite support its strictly greedy approximation converges uniformly to
x.
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Results analogous to Lemma (3.1 and Proposition [3.9) are also valid for conditions (ii), (iii) and (iv)
of Theorem [3.3] For example, one can show that being uniformly quasi-greedy is equivalent to the fact
that for every x € E and greedy ordering 7, there is a u™ € X satisfying that for all m, |G, ., (x)| < u™.
However, the next example shows that one cannot pick v independently of x:

Example 3.10. We will construct a uniformly quasi-greedy sequence (e) in the Banach lattice X =
l5(Ls) such that there exists x € E for which there is no u € X such that for every m € N and
every greedy ordering m we have |G, ()] < w. In the n-th copy of Ly we consider the first n?
Rademacher vectors. Order these into a normalized basic sequence (ey) in lexicographical order; by
standard martingale inequalities the Rademacher’s are bibasic in every ordering, from which it follows
that (ej) is uniformly quasi-greedy. Now consider the vector z = Y .~ arey € lo(Ls) defined by
having all of the a; in the n-th copy of L, being # Note that this series converges as (ex) is an
orthonormal sequence, and it is already in its natural greedy ordering. Next, recall the inequality
SUPs, —0.1 | 2omey OnZn| = 3 >0 @, and suppose that v € X dominates |Gy ()| for each 7 and m.
Then in the n-th block, v must dominate the partial sums of each permutation of the Rademacher’s,
hence it must dominate half of the sum of their absolute values. This means that the n-th block
contributes at least 1 to the norm of u. Since each of the blocks are disjoint, this forces ||ul| to be
arbitrarily large, a contradiction.

Remark 3.11. The motivation for Example [3.10] stems from the various characterizations of absolute
sequences given in [65]. Suppose that (zx) is an unconditional basic sequence in a Banach lattice X.
Then (zy) is said to be permutable if it is bibasic in every ordering; that is, if for each permutation o
and = € [xy] there exists u” such that |P7z| < u? for all n, where P? is the n-th partial sum associated
to the permutation o. It turns out that one can choose u” independently of ¢ if and only if (xy) is
absolute — see [65, Proposition 7.5]. As shown in Example the property that the order bound
u™ in statement (iii) of Theorem can be chosen independently of the greedy ordering 7 can be
viewed as an intermediate between being uniformly quasi-greedy and absolute (see [65, Theorem 7.2]
for further characterizations of absolute sequences).

Remark 3.12. Apart from Theorem[I.3] the other main characterization in the theory of greedy bases
is the equivalence between being greedy and being unconditional and democratic. This characterization
can also be generalized to the Banach lattice setting as follows: Let (M, X, ) be a measure space and
let X be a Banach function space over (M, u). For each z € X we let G, € ¥ denote any finite
measure set such that

ess SUPyeqe [2(s)] < ess infieq, |2(t)] < oo

For each A € ¥, we let P4 be the restriction operator to A. We say that X is greedy if there exists
some constant C' > 0 such that for all z € X and all sets of the form G, we have

x— Pg,z|| <C inf x—y|-

| Gl < WA (G )iyePaX Iz =l
We say that X is democratic if there exists D > 0 such that ||14]] < D||1p|| for all A, B € ¥ with
1(A) < u(B) < co. Routine arguments then show that X is greedy if and only if it is democratic,

which extends the characterization of (weight)-greedy bases from the discrete setting where y is atomic
to the continuous setting of Banach function spaces.
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3.2. The bibasis theorem fails for frames. One of the surprising features of Theorem is that
although order convergence and order boundedness generally do not pass between sublattices, state-
ment (iv) is stable under passing between sublattices, in the sense that if (zx) C X C Y then (iv)
holds in X iff it holds in Y. In statement (ii) of Theorem one actually has a simultaneously norm
and order convergent sequence, so one may wonder if these sequences pass freely between closed sub-
lattices. The next result says that the answer is no; we will later expand on this example to show that
the bibasis theorem fails for frames.

Example 3.13. Let ¢ be an Orlicz function and for each sequence z = (zy,) of real numbers, define
I(z) =5 2 ¢(lak]). Then £, := {z : IX > 0, I(A\z) < 1} is a Banach lattice under the Luxemburg
norm, and h, == {x : VA > 0, I(A\z) < oo} is a closed order dense ideal of /,. It is well-known that
l, = h, ift p satisfies the Ay-condition near zero, so choose any ¢ that fails the Aj-condition near
zero. Fix some positive vector z = (zx) in £, \ hy, and define y* = z,e* € hy,, where €* is the k-th
standard unit vector. Next, define 2* by z¥ = z,, if n > k, and 0 otherwise. Then 0 < y* < 2z¥ | 0 in
{,, so that y* = 0 in £,. Note that since x € £, (y*) is norm null, but (y*) is not even order bounded
in h,, since any upper bound for (y*) must coordinate-wise dominate = ¢ h,.

We are now ready to show that Theorem fails for frames. Recall that, given a Banach space F,
a sequence (xy, fr) € E x E* is a Schauder frame for E if for all x € E we have v = Y o | fi(z)zy.
Note that each of the statements in Theorem has an obvious “frame” analogue. Specifically, for a
frame (xy, fr) with (zx) contained in a Banach lattice, we can consider the following properties:

(i) For all z € [xx], Yop_, fa(@)zp = w;

(i) For all = € [z4], Y p_, fu(z)ar = ;

(iil) For all x € [xx], 3 r_; fu(z)xk),, is order bounded,;

(iv) For all z € [zx], (Ve [2 o5y fe(z)zk]),, is norm bounded;
(v) There exists M > 1 such that for all € [z;] and m € N,

V 1D ful@)ay

n=1

< M|[z].

It is easy to see that (i)=-(ii)=-(iii)=(iv)<(v). However, it turns out that the reverse implications do
not hold, in general. To see that (iv)#-(iii), we will modify Example However, before doing so,
we give an easier example which shows that (iii)# (ii).

Example 3.14. Let X = L,[0,1], 1 < p < oo. Since X is reflexive, order convergence agrees with
uniform convergence (see [§]) and increasing norm bounded sequences have supremum. Hence, for any
frame of X, properties (i) and (ii) coincide, as do (iii), (iv) and (v). We will show that (iii)#(ii).
For this, we let (¢,) be the “typewriter” sequence, t, = X(n=gh neskiy, where £ > 0 is such that
28 <n < 281 Let (hy, h!) denote the Haar basis with its cooﬁdinath functionals and choose f € X*
with f(1) = 1. We define our sequence (xy, fi) by weaving the typewriter sequence through the Haar
basis as follows:
(Ik) = (hl, tl, —tl, hg, tg, —tg, hg, t3, —tg, Ce ),
(fk) = (h;fvfuh;’faf’hd;?faf?'")'

It is easy to see that (zy, fx) is a frame. Moreover, since (hy) is a bibasis, it is easy to deduce that for
every z € X, P,z := Y, fr(x)z), defines an order bounded sequence. However, P,(1) £~ 1.
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Remark 3.15. A slight modification of the above construction (by instead weaving through a weakly
null normalized sequence) allows one to give examples of reproducing pairs that are not Schauder
frames. This solves an open problem from [27].

As we have already remarked, the implication (iv)=-(iii) above also fails for frames; however, there
is a significant strengthening of this fact. Indeed, recall that a frame (xy, fi) for a closed subspace E
of a Banach lattice X is absolute if for each = € F,

Z\fk )2k

Baire Category arguments then give the existence of some A > 1 with

sup

T) g

‘ < All2]

for each x € E. Clearly, absolute frames satisfy property (v). However, as we will now show, they
need not satisfy property (iii).

Example 3.16. Consider an Orlicz sequence space £, failing the As-condition near zero. The unit
vectors (ey,) are disjoint and hence absolute. We will view (ex) € hy, C £,. As in Example [3.13] we
choose 0 < z = (2*) in ¢, \ h, and define y;, = 2*e;. Let f be a non-zero functional. We consider the
sequence

(e1, Y1, —Y1, €2, Y2, —Y2, €3, . .)
equipped with the functionals

(€T7f7f7€;7f7fve§7"')‘

For u € hy, the partial sums of this sequence will look like > 7'_, ex(u)ey or > 7 er(u)ex + f(u)x"e,,
and so this sequence will be a frame. Also, if we sum moduli we can bound the norm by

||Z|61:( Jexlll +2[ f(u |||Z$ ex|| < oo.
k=1

Hence, we have constructed an absolute frame.

Now, let u be such that f(u) # 0. If the partial sums for v were order bounded in h,, we would
deduce that the sequence (z"e,) is order bounded in A, which we showed in Example is not true.

The main reason why the above example works is that the space X = h, is not o-monotonically
complete. Recall that a Banach lattice X is o-monotonically complete if all positive increasing norm
bounded sequences in X have supremum. In this case, one can deduce order convergence of the partial
sums for absolute frames.

Proposition 3.17. If X is o-monotonically complete and (xy, fr) is an absolute frame for E C X
then for each x € E, Y 12 fu(z)zy 2 2. In particular, each absolute frame has order convergent
expansions, when the order convergence in X™** is used.

Proof. Fix x € E. Since (zy, fi) is absolute, the sequence (3 ,_, |fx(x)xx|) is increasing and norm
bounded, so has a supremum w. It is then easy to see that [x =", fe(z)zg| <u—=> 7, |fe(@)xk| L 0.
To finish the proof, recall the standard fact that if Y is a Banach lattice then Y™ is monotonically
complete. O]
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Proposition shows that absolute frames admit a reconstruction formula with respect to an
appropriate order convergence. However, being an absolute frame is a very strong property. Indeed,
by modifying the proof of [34, Theorem 3|, one obtains the following result.

Proposition 3.18. Let (zy, fi) be an absolute frame in L,[0,1], 1 < p < oo. Then [x)] embeds
isomorphically into £,.

On the other hand, although property (i) is the strongest of the five properties listed above, we will
now show that frames satisfying this condition are in complete abundance. To set the stage, let E be
a closed subspace of a Banach lattice X and recall that a sequence (zy, fi) in £ x E* is a u-frame if
for each x € E we have > ,_, fi(®)z;, = 2. The following result shows that if £ admits a u-frame
(which happens, in particular, if £ has a bibasis) then one can construct a u-frame for £ with the
(x) lying in any subset of E with dense span.

Proposition 3.19. Let E be a closed subspace of a Banach lattice X and let M C E have dense span.
If E admits a u-frame then there is a u-frame (xy, fi.) for E with each x); € M.

Proof. This result was proven in [2I, Theorem 4.4] under the assumption that £ = X and (xg, f) is
a bibasis. Therefore, it suffices to extend the result by only assuming that (zy, fx) is a u-frame for a
subspace of X. The key to doing this is to prove a perturbation result; namely, that if (xg, fx) is a
u-frame for a closed subspace E of a Banach lattice X and 0 < ¢ < 1 then any sequence (y;) in E for
which

£
e = vell < gy

can be paired with a sequence g, € E* so that (yg, gx) is a u-frame for E. Such a perturbation result
allows one to construct, for any dense set M of F, a u-frame for E consisting of elements of M. After
this, the proof of [21, Theorem 4.4] can be used to replace the assumption that M is dense with
the assumption that M has dense span. To see that the above perturbation result holds, let z € E
and define S(z) = > 77, fu(@)(zx — yx). It is shown in [52, Lemma 2.3] that S is well-defined and
IIS|| < 1. In fact, it is easy to see that the sum is uniformly Cauchy and hence uniformly converges.
One then defines ' =1 — S, so that T'(z) = u — > .-, fu(x)yr. Replacing & with T~'z, we see that
r=u—Y g0, fu(T 2)yg, so that (yx, (T1)*fx) is a u-frame for E. O

Remark 3.20. Interesting examples of Gabor frames exhibiting enhanced convergence properties can
be found in [25]; see also [70] for nonharmonic Fourier series.

3.3. Properties of uniformly quasi-greedy bases. As explained in Remark [3.0 any result about
quasi-greedy bases can be viewed as a result about uniformly quasi-greedy bases with ambient Banach
lattice C'[0, 1]. In this subsection, we record some extensions of the fundamental results on quasi-greedy
bases to other ambient Banach lattices X.

We begin by generalizing the well-known fact that quasi-greedy bases are unconditional for constant
coefficients.

Proposition 3.21. Suppose that (e,) is a uniformly quasi-greedy basic sequence. Then the following
hold.

(i) For any distinct indices ny, ..., n,, we have

k
E €n,;

i=1

m

V

k=1

m

E €n,

i=1

\Y
|<c
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(i1) (en) is permutable for constant coefficients, i.e., for any distinct indices ny, ..., n,, and any
choices of signs €; we have
m k m m k m
ecn 1|V 15 e ‘ <> <[ V> e H <20 el
k=1 i=1 i=1 k=1 | i=1 i=1

Proof. (i) follows since (Zle en,) is a greedy approximation of x = ", e,,. For the right inequality
in (ii), notice that

< Z €itn; | + Z €i€n;|

{ng‘ : Ei:1} {ng‘ H 61':—1}

k
E €iCn,
1=1

where if we happen to sum over the empty set, we declare the sum to be 0. It follows that

k
E €iCn,; ‘

i=1
In this form, we can ignore the ¢; and interpret the above terms as greedy sums of x, which gives us
our desired estimate.

To obtain the first inequality in (ii), let A ={i:¢; = 1} and B = {1,...,m} \ A. Then a generic
term Zle en, can be decomposed as follows:

< Z €n;| + Z (_l)em :

AN{L,....k} BA{1,...k}

m

V

k=1

m

V| ¥ e

k=1 |{i<k : g;=1}

m

V| ¥ e

k=1 |{i<k : g;=—1}

_|_

|<

k

E €n;

i=1

Taking sup over the above inequality and using that both the first and second terms on the right-hand
side form part of a greedy approximation of > " €;e,,, we obtain our desired estimate with constant

(2C)1.

O
Corollary 3.22. Suppose that (e,) is a uniformly quasi-greedy basic sequence. Then for any distinct
indices Ny, ..., Ny, and any real numbers ay, .. ., a.,, we have
m k m
\/ Zaiem H < 2max|a;|Cy, Zeni .
k=1 |i=1 i=1
Proof. Without loss of generality, we may assume that max|a;| = 1. By [28, Theorem 3.13|, there
exists ¢, > 0 and signs €, [ = 1,...,m+ 1,4 =1,...,m such that 37" ¢; = 1 and 3."" elc; = a4
fori=1,...,m. It follows that
m k m+1 m k m~+1 m
\/ Zaieni ' < ZCZ \/ Zefem H SQC’qngcl Zeni
k=1 | i=1 =1 g=1]i=1 1=1 i=1

_ v
= 20,

m
E €n;
i=1
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Corollary 3.23. Suppose that (e,,) is a uniformly quasi-greedy basic sequence. Then for every x € E,
every greedy ordering m of x and every m € N,

k
E €n,

ezn@)] | V [ en | < 4CuCilel
k=1 i=1
where {ny,...,nn} = {7(1),...,7(m)}. In particular, for any distinct indices ny, ..., Ny, any real
numbers ay, ..., any, and any permutation o of {1,...,m}
min a en <4C4,C,, a;ep.
bl Ve | > ae

Proof. The proof is the same as [5, Theorem 10.2.12] except that we replace the first inequality by
Vi, ‘Zle en;| | <2051 22 €ieniy ||, which is allowed by Proposition [3.21

O

We next introduce some notation to measure non-permutability. Let (e,) be a basic sequence in a
Banach lattice X and let A = {n4,...,n,,} be an ordered subset of N. Define a continuous, sublinear,

absolutely homogeneous map Py on E by Py (z) :=\/I", ‘Zzzl en (T)en, ‘, where we take into account

that A is ordered via the order in which we sup up. Define ||PY|| = sup,cg, || PX(2)| and note that
the following are equivalent:

e (e,) is bibasic;

e For each x € E the sequence (P, ,(%))n is norm bounded;

e The sequence (|7} +[)m is norm bounded.

Hence, noting the trivial bound ||PY(x)| < k|Al||z| where k = sup,, ||e,|||leX]|, the maps Py can be
used as a measure of how far (e,) is from being bibasic via the asymptotic growth of their norms.
Taking into account more sets A, one can measure non-permutability. For uniformly quasi-greedy
bases, we get the following bound.

Corollary 3.24. Suppose that (e,,) is a uniformly quasi-greedy basic sequence. Then for every x € E
and every ordered set A = {ny,...,nn} C supp(x) we have

o v max{le:(z)| :n e A}
CagClo min{|e:(x)| :n € A} =1l

Proof. Take A = {nq,...,n,} C supp(z) and let
B={neN:a<le(z) <p}

1P3(z)] <8

with o = mingy |ef (z)] and § = maxy |ef(x)|. We can extend the order on A to the set B by writing
B ={n1,....nm, N1, ...,y }. Hence,

k

> e (@e,

i=1

l

V

k=1

k

> en(@en,

=1

m

V

k=1

(3.3)
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Applying Corollary - we obtain the estimate

V|3 e e

k=1 | i=1

jeul | = 208 maxles 0 S e

i€B

B v maxy |el(z)| .
= Qngm ngn|62($)|||z€i6m||-

Using [9, Lemma 2.3 ], we see that

< 20|l Z T)en,

We next notice that for ¢ > 0 small enough we have

!
doa@en = Y e @en— Y e (@)en
i=1

{nizles, (z)|>a—e} {na:ley,, (=)|>8}

(3.4) min [e;, ()] > eien,

i€B

Hence, || ZZ en(T)en, || < 2C,||z|]. Combining this with (3.4) we obtain the estimate

!
(3.5) min ey, ()] ) eien | < 407l
i=1
Combining everything, we conclude that
" max, |ef (2)|
: < 8Cy 2 ——ATm N
V |3 e | | < eyt g,

k=1 | +=1

as desired

O

Remark 3.25. To measure conditionality of (e,) it is standard to use the growth of the sequence k,, :=
SUP|aj<m [ Pall. As mentioned, the sequence k,, := sup| <., | P{|| is a measure of non-permutability,
where the sup is over all ordered subsets of N of cardinality at most m. Clearly, k,, < k. By
applying Corollary to P4(z) and using the identity P} (Pa(z)) = Py (x) we see that, for certain
x € E, we can bound || Py (x)|| in terms of ||Pa(x)||. However, in general, || Py (x)|| and ||Pa(x)|| behave
qualitatively different. Indeed, the Haar in L,[0,1], p > 1, is a uniformly quasi-greedy bibasis, it is
unconditional so k,, = O(1), but it is not permutable so k,, # O(1).

Proposition 3.26. Let (e,) be a uniformly quasi-greedy basic sequence. Then k), = O(logy(m)).

Proof. Consider an integer m > 2 and find p such that 27 < m < 2P*1. Let x € Sg and note that we
have |ej(z)| < K for all n € N, where K := sup,, [le},||. Construct a partition (B;)’_, of N as in the
proof of [5, Theorem 10.2.14].

Let A ={nq,...,n,} be an ordered subset of N. Then for each 1 <1 < m we have

l

2 ciu@)em

<| Y a@en|tot| Y e (@en|.

ke{1,...,l}NBo ke{l,...}NB,
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Hence,

Piw)<\/| > e @en|++\ | Y e (@en.

I=1|ke{1,....1}NBy =1 |ke{1,...,l}NB,

For j =1,...,p, Corollary gives

VI 2 en@en

I=1 |ke{1,...1l}NB;

a9 — 49’

‘ <16C2 CY
while the trivial estimate gives

\/ Z €, (T)en,

=1 |ke{1,...,1}NBo

’ <mK27Pc < 2cK,

with ¢ = sup,, ||e,||. Combining the above estimates yields the bound || P (x)|| < 16pC7 CY +2cK, as

required. 0

Remark 3.27. One cannot hope for a better bound in Proposition in general, as one can
consider embeddings into C[0, 1] (the estimate k,,, = O(log,(m)) for quasi-greedy bases is sharp for
general Banach spaces). One may hope for better estimates if one only considers bases, or if one works
in nicer spaces, e.g., L,(x). In this direction, martingale theory gives that the bibasis constant of the
standard ordering of the Haar in L, [0, 1] is ¢, where %—i—% = 1. Knowing this exact bound, it is natural
to inquire what the value — or at least the asymptotics — of k., qug and the bibasis constant are for
other bases. In particular, which bases of L,[0, 1] minimize these quantities? Although we do not have
a complete answer to this question, in Proposition we will show that k), # O(1) for any basis of
L,[0,1].

4. THE ROLE OF THE AMBIENT SPACE

In [65] and Section it is shown that many of the major results about Schauder and quasi-greedy
bases generalize to bibases and uniformly quasi-greedy bases. In this section, we delve deeper into
the interplay between coordinate systems and lattice structures and prove results that have no direct
analogues in the classical theories.

4.1. Embedding bases into Banach lattices. Given any basis (e;); of a Banach space E, we may
always embed E into a Banach lattice X so that (e;); becomes bibasic, and hence has good order
properties. In this subsection, we aim to do the following:

e Take a basis (e;); of a Banach space E possessing certain good properties.
e Embed FE into a Banach lattice X so that the “uniform” analogues of these properties fail.

More specifically, we deal with:

(i) The Lindenstrauss basis in ¢;, or rather its version described in [19]; this is an example of a
conditional quasi-greedy basis.
(ii) The canonical basis in ¢, 1 < p < co.
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4.1.1. A copy of the Lindenstrauss basis that is neither bibasic nor uniformly quasi-greedy. A funda-
mental example of a conditional quasi-greedy basis in ¢; is given in [19]. We begin by outlining their
construction.

For n € N and j € {1,2}, define ¢;(n) = 2n + j. Denote by (e;) the canonical basis of ¢;, and
let z,, = e, — (e¢1(n) + e¢2(n))/2. Denote by F), the span of zy,...,z, in £*"*? By [19], each F, is

C-isomorphic to /7, where C is a uniform constant. Denote by xﬁ"), s ,x%n) the copies of z1,...,x,

inside of F,. By [19], the vectors (xl("))KKn en
(n) tice

Now equip span[(xi } with the lattice structure of (Zn 6?"*2)1, which contains (En Fn)1 in
the natural way:.

form a quasi-greedy basis inside of (Zn Fn)1 ~ L.

)1§z‘§n

Proposition 4.1. In the above notation, the sequence (x(n)

i )lsz‘gn,neN 18 neither uniformly quasi-greedy

nor bibasic.

Proof. For any C' > 1, find m € N with m +1 > C/2. For n > 3-2" we construct x €
span[(mﬁn))l < <n] which witnesses the fact that the uniformly quasi-greedy and bibasis constants of
s ()
i )1§z‘§n
For 5 = (jl, C ,]k) € {1, 2}k define gzﬁ;(t) = gbjk ( c. ¢j2(¢j1 (t)_) .. ), then qﬁj(t) :_th + 2k_1j1 +
oo+ 2jp_1 + jr. For convenience, let ¢y(t) = t. Note that, if j = (j1,...,jk) and i = (i1,...,7),
then ¢5(1) = ¢;(1) holds iff £ = k and j; = i1,...,jx = i. Indeed, for k = ¢ this follows from the
uniqueness of the binary decomposition. On the other hand, if ¢/ > k then

¢(1) <28 4228+ 1) < 2P 4 (2828 L 1) < (D).

The case of ¢ < k is handled in a similar way.

the sequence (9(: in /2"*2 are at least C. Since n is fixed, we shall use z; instead of :UE").

For m € N, let
m—1
—k
Um =27 > my,
k=0 Js-nJk€{1,2}
where, by convention, the term for k = 0 corresponds to x4,1) = x1. A direct computation shows that
(4.1) Yn=€—27" Z € (jm-ii) (1)

Jiim€{1,2}
By the definition of ¢,
(4.2) Z Cd(imnin)(1) = Z e;, where I, = {2t —1 ... 2™l 4 9m _ 92}
Jtsensjm€{1,2} i€lm
hence ||y.| = 2.
Next, we show that, for any N € N, || V22§ |ym||| = N + 1. To this end, observe that, in (4.2),

L] = 27, and I, N I, = 0 if m # k. Therefore, VN d|yn| = 1 + 3N _ 27m > ic1,, € yielding the
desired estimate.
Note that, if the Lindenstrauss basis is bibasic (uniformly quasi-greedy), then there exists B € (0, 00)

so that (z;)! is bibasic (resp. uniformly quasi-greedy) with constant B, no matter how large n is.
Fix N, and pick n > ¢o (1) (2 is repeated N times). If m < N, then y,, is both a greedy sum and a
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partial sum of yx, hence || VYZ{ [ym||| < Bllyn||. This gives B > (N +1)/2 (here B can stand for either
the bibasic or the unlformly qua81 greedy constant of (z;)_,), leading to the desired contradiction. O

4.1.2. A copy of the canonical {,-basis that is not bibasic nor uniformly quasi-greedy. Here, we shall
denote by (e;) the canonical ¢,-basis. We establish the following proposition, which partially resolves
a question in [50, Remark 7.6].

Proposition 4.2. For1 < p < oo the space {,, contains a basis (u;), equivalent to (e;), which is neither
bibasic nor uniformly quasi-greedy.

Proof. Our reasoning is similar to [50], Section 7.1] and relies on the investigation of the main triangular
truncation carried out in [41].

For each n, consider the n xn matrix T = [T"] WlthT =1/(i—j)ifi #j andT =0ifi =j.

ij
As noted in [41], (1.7)] (where a “mirror image” of this matrlx is Considered), |1T™| < K ( ) with K(p)
a uniform constant and 7™ viewed as an operator on (2. Let S™ = oT™ where o = 1/(2K (p)).

When the value of n is not in doubt, we shall write S and 7 instead of S and T™.
Identify ¢, with (>, (02 &, E”))p. Denote by (f;)", and (g;)?_, the canonical bases of the first

and the second copies of £}, respectively. Inside of £ &, £} consider the basis consisting of elements

vi,w; (1 < i < n) with v; = f; ® S™g; and w; = —S ")fz @ g;. We claim that the basis (v, w;)

is equivalent to (e;)?",, with the constant of equivalence independent of n. Indeed, we can write

Yo (s + Bivy) = A" oy fi + Bigi), where
I S 0o S
A= (—s 1) :I+(—S o)'

0o S . . : . :
(_ ) H < % Hence, ||A| < % A Neumann series expansion gives us the identity

S 0
00 k
-1 _ _1\k 0 S
AT =T+ (-1) (_S 0) ,

Clearly,

hence ||[A7Y| < 2.

Concatenate the bases (v;, w;) into (u;). As shown above, (u;) is equivalent to the £, basis. Now we
show that (v;, w;) is neither bibasic in ;@ £ nor uniformly quasi-greedy there. To this end, consider

z =" v. Clearly, ||z < 3n!/?/2. We shall show that

n k
[V|Xw
k=1 =1

To estimate the left-hand side, we focus on the second copy of ;. For 2 < j < n, the j-th term of
J_, v; (that is, the coeflicient in front of g;) equals a(%l + ...+ 1). Consequently,

k\i/‘i <j—1 .-I—l)gj.

The term in front of g; is > logn for j > n/ 2, hence the norm of the left-hand side = n'/?logn. This
finishes the proof. O

>~ n'/Plogn.
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In the specific case of p = 2, one can do somewhat better.

Proposition 4.3. The space {5 contains a basis (u;), isometrically equivalent to (e;), which is neither
bibasic nor uniformly quasi-greedy.

This is a consequence of the following lemma.

Lemma 4.4. There is a constant ¢ such that for every n there is an orthonormal basis hy, ..., h, of
05 so that

H \/ }h1+...+hk|H > clogn v/n.
k=1

Sketch of a proof of Proposition[4.3. We closely follow the proof of Proposition[d.2] The only difference
is that now (in the same notation as before) we take v; = 12f;/13®5h;/13 and w; = —5h;/13&12¢,/13,
with hq, ..., h, coming from Lemma [4.4] O

Proof of Lemmal[{.4 Note that there exists a bijection between orthonormal bases hy, ..., h, and nxn
unitary matrices U, implemented by U + (Uey,...,Ue,). By the Russo-Dye Theorem (for the real
version, see [48]), the unit ball of B(¢%) is the closed convex hull of unitaries, hence it suffices to show
that the operator

®: B(y) — 05(02) : T~ (Tey, Tey +Te, ..., Tey + ...+ Tey)
has norm > logn/n. Here, we define
H<T71’ e ’77">Hég(ego) - H Vi ’nkng’
or in other words, for n, = >",_, Nreey,

1/2
H(m? e ’nn)Hzg(ego) = H ; ( Vi |7W|>6€Heg = (Z ( Vi |nk4|)2) :

4

We shall actually establish the corresponding estimate for the norm of ®*, which takes ¢5(¢7) to B(¢5)*
(the space of trace class n x n matrices). Here, we consider the “trace duality” on B((3): for n x n
matrices A and B, (A, B) = tr(AB*). One can observe that ®* maps £ = (&,...,&,) to the operator

In particular, taking &, = e; (1 < k < n), we obtain

HEH@(@?) - H ; |€k|Heg =/n.

On the other hand, ®*(¢) is represented by the lower triangular matrix 7 = [TM]Z oy With 7 = 1 if

k > {, 1,y = 0 otherwise. It remains to show that HTHB(Z")* > nlogn.
2

To obtain this estimate, consider the n x n Toeplitz matrix A = [AM], with A =1/(k—0) itk £/
and Ay = 0if k = £. By [6] (or [41]), ||Al[B(y) < 7. By parallel duality,

n m 1
HAHB([Q)HTHB(ZQ)* > (A1) = ZAMTM = Z Z; ~ nlogn,
k.l

m=1 j=1

which yields the desired estimate for HTH By O
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4.1.3. 4y is the only basis that is absolute in every Banach lattice. Here we give an alternative proof
of one of the results of [50].

Proposition 4.5. Suppose that (e;) is a semi-normalized basis in a Banach space E, not equivalent to
the ¢y basis. Then there exists a Banach lattice X containing a basic sequence (x;) equivalent to (e;)
so that (x;) is not an absolute basic sequence.

Remark 4.6. We do not know whether this proposition can be strengthened in one of the following
ways:

e Can we replace “absolute” by a weaker condition such as “permutable bibasic?”
e Can (z;) be a basis and not just a basic sequence? (here we are implicitly assuming that (z;)
is unconditional so that F = [x;] admits lattice structures).

Proof. Any absolute basis is unconditional, so if (e;) is conditional an embedding of E into a suitable
C(K) will generate the desired (x;). We henceforth assume that (e;) is an unconditional basis of F.
Due to the uniqueness of unconditional bases in ¢; [44, Theorem 2.b.10], E is not isomorphic to /.
By renorming, we can assume that (e;) is 1-unconditional. We shall view E as a Banach lattice with
the order determined by (e;).

Fix p € [1,00). By [67, Theorem 2.3], for any N € N and C' > 0 there exists a finite rank
contraction T : spanfe; : i > N] — ¢, of regular norm greater than C. That is, |||T]|| > C. Note that
¢, is positively contractively complemented in its second dual, and hence the regular norm is equal
to the order bounded norm. Approximating, we can find a norm one xz = ), ase; (finite sum, with

a; > 0) so that
H \/EiZil | ZeiaiTeA > (.

Note that

Ve,—t1] Z i Te;| = Z |CYz'T€i|,
i i

so we have, in fact,

> (.

H Z {oziTei|

This allows us to find 1 = Ny < Ny < Ny < ..., contractions T : spanle; : N;_; < i < N;| = {,, and
«; > 0 so that
N;j—1

| wel =1 | Szl

1=INj_1

> .

In the space X = E @ co(lp), let 2, = e, 805 ... 20D Tje; 0P ... (the term Tje; is located in
the j-th copy of ¢,). The sequence (z;) is equivalent to (e;) as each T} is a contraction, but (z;) is not
absolute in X. O

4.2. Blocking bases. In this subsection, we show that the absolute and bibasis properties behave
very well under blocking, whereas the greedy property does not.
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4.2.1. Blocking to gain the absolute property. In Section [4.1]we have given several methods to construct
basic sequences with poor lattice properties. We now present some techniques to produce good basic
sequences (or more specifically FDDs, from which one can extract good basic sequences). The main
insight is that most bases are built in disjoint blocks, so if we lump the blocks together, we can get
better lattice behavior.

Proposition 4.7. Let X be a Banach lattice and (C,) an absolute FDD of [C,] € X. Then every
unconditional and shrinking FDD (B,,) with [B,] C [C,] can be blocked to be absolute.

Proof. Let (B,) be an unconditional and shrinking FDD with [B,] C [C,]. Let ¢; = 5 and apply [44]
Proposition 1.g.4] to get a blocking (Bf) of (B,,) and a blocking (C!) of (C},) such that for every x € B
there is a y € C/_, @ C] with ||l — y|| < &z

Take normalized z; € B} \ {0}; it suffices to show that (z;) is absolute. For this, we let x € [x;], write
r =32 ax;, and find y; € C_, & C! with |la;z; — yi]] < &5]a;|. By unconditionality, ' = >, ., a;ix;

and 2% =Y, _ ., a;x; exist. Moreover, we have

I il < 1) lases —galll + 1 ) walll < ) eilal + 11 ) il < oo

1 odd 1 odd 1 odd i odd 1 odd
The reason the above is finite is because the sequence (z;) is normalized, a; — 0, and since we are only
summing over odd terms the y; do not overlap. This means that || Y. . |villl < All>,; ,.qvill and
1225 oaa Yill < 00 since 35, oyq(aiz; —y;) exists. Similarly, || 35 o\, laizi|| < o0, s0 || 3232, aizi]|| < oo
and hence (z;) is absolute. O

Remark 4.8. By [32], every FDD of ¢, p > 1, can be blocked to be unconditional. As the canonical
basis of ¢, is absolute, Proposition @ shows that every FDD of £,, p > 1, can be blocked to be an
absolute FDD. By contrast, the “dual summing basis” in ¢; cannot even be blocked as a bi-FDD.

Next, we present two examples to illustrate the sharpness of the assumptions in Proposition 4.7

Example 4.9. Based on the reasoning from [31, Example 2.13], we show that X =/, &, (1 < ¢ <
p < o0) has a shrinking FDD which cannot be blocked to be either unconditional or a bi-FDD. Denote
by (6;) and (e;) the canonical bases of ¢, and ¢, respectively. Let £y = [0 & 6] and for n > 2 let
E, = [en—1 @ 0p—1,0 ® 6. For a blocking F,, = [E; : k(n) < i < k(n+ 1)), take fi = 0 ® ey € F,
and, for 2 <n <m, f, = exm) B (Okn) + k1)) € Fn. It is easy to see that || Y 0 (—=1)" f,]| ~ m/p,
while || 27, full ~ mYe, and also, | VI, |55 (— 1) £yl ~ m1/2

Example 4.10. A Haar system is a family of functions f;,, (n > 0,1 < i < 2") so that there exist
sets A;,, C (0,1) of measure 27" so that A;,, = Agi 1011 U Aginsr, Ain N A, =0if i #j, fin=1
on Agi—1nt1, and fi, = —1 on Ay 1. [33] gives an example of a weakly null normalized sequence
(g9x) C L1(0,1) so that, for every subsequence g, and every sequence of positive numbers ¢; ,,, there
exists a Haar sequence h;,, and a block sequence g, of g; so that ||g{,, —hin| < €in. By [26, Theorem
4.6], “branches” of any Haar system fail to be bibasic. Hence, no subsequence of (gi) is bibasic. In
particular, although every norm convergent sequence has a uniformly convergent subsequence, it is not
true that every basic sequence admits a bibasic subsequence. Actually, much stronger results can be
shown if one allows the ambient Banach lattice to be non-classical — in [50, Theorem 7.5] it is shown
that there are subspaces with no bibasic sequences at all.



MAXIMAL INEQUALITIES, FRAMES AND GREEDY ALGORITHMS 25

4.2.2. Blocking to lose the greedy property. In contrast to the situation in Section [1.2.1 we now show
that greediness is very unstable under blockings. For this purpose, it is instructive to look at an
example. Recall that we are starting with a greedy basis (e;), which we want to block into an FDD
which fails the democracy condition. To begin, let us take (e;) to be the standard basis of the Lorentz
space £, 4. One can find a sequence of mutually disjoint elements which is equivalent to ¢,. Thus, one
can block the canonical basis for ¢, , into an FDD (E;) so that

e For 7 odd, the space E; is 1-dimensional, and spanned by a canonical basis element.
e Ior ¢ even, Ej; contains a unit vector u;/; such that uy,us, ... span a copy of £,.

The resulting FDD is not democratic. Indeed, the fundamental function evaluated from FE;’s with
1 1
odd gives ~ nr; on the other hand, if we look at u; € Ej;, we obtain the fundamental function ~ na
In a similar fashion, one can use the fact that the space L, with p € (1,00) \ {2} contains a Hilbert
space to show that the Haar basis, although greedy, can be blocked into a non-greedy FDD. In general,
we have the following.
Proposition 4.11. For a subsymmetric basis (e;) of a Banach space X, the following are equivalent.
(i) (e;) is equivalent to the canonical £, (1 < p < 00) or ¢y basis;
(i1) Every (not necessarily consecutive) blocking of a permutation of (e;) produces a greedy FDD.
Proof. The implication (i)=-(ii) is immediate, so we focus on (ii)=(i).
We assume that every blocking of a permutation of (e;) is a greedy FDD. By renorming, we can and
do assume that (e;) is normalized, and 1-unconditional. Thus, any FDD we produce from (e;) will be
l-unconditional as well. We let ¢(n) = H e

whenever (zj)7_, is a disjoint collection of norm one vectors, then

and claim that there exists a constant C' so that,

(4.3) C-Lo(n) < H i ka < Co(n).

Suppose for the sake of contradiction that (4.3)) fails. Then for any M € N and C' > 1 there exists
n € N and z,...,x, disjointly supported on [M, o) for which fails. Then, concatenating, we
can find a sequence (N) so that Ny = 1 and Ny > 2Nj_; for any k, together with norm one vectors
(zix) (K € N, 1 < i< mny), so that (z;);*, is disjointly supported on [2Nj_1, Ny — 1] and

n
i=1

We then consider an FDD so that

(i) Some blocks contain the vectors x;; described above;
(ii) If Ny < j < 2Ny, for some k, then spanfe;] is a one-dimensional member of this FDD.

& [k~ o(nw), ko(ng)].

Recall that, as (e;) is itself greedy, there exists a constant ¢ so that

ctp(n) < H Zei < cp(n)

€A

whenever A C N has cardinality n. Therefore, the FDD constructed above fails the democracy
condition, so cannot be greedy. This is the desired contradiction.
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Reasoning as in the proof of [44] Theorem 2.a.9], we show that there exists v € [0,1] so that
C™2n7 < ¢(n) < C*n? for every n, where C is as before. If v = 0, then clearly (e;) is equivalent to
the ¢y basis. We show that, if v > 0, then (e;) is equivalent to the ¢, basis, for p = %

Consider a finitely supported norm one vector a = . ¢ a;e;. We have to show that ). |o;[P ~ 1.
Due to unconditionality, we can and do assume that a; > 0 for all « € S. Clearly, sup, o; < 1. For
jeNlet S; ={ieS: 279/P < q; < 2079)/P} | Let J be the largest index j for which S; is non-empty.
Let y =3, 27/P1g,. Then 277 < ||y|| < 1. It therefore suffices to show that > 27718 ~ 1.

Fix M > max S, divisible by 27. For 0 < k < M — 1, let y;, = Zj 2‘j/p15j+kM, and

M-1
y = Z 2_j/plg;, where S = UMM (S; + (k — 1)M).

k=0
Note that ||yx|| ~ 1 by subsymmetry, and hence ||y/|| ~ ¢(M) ~ M/P.

For every j < J, 277M|S;| = L; is an integer. S} can be written as a union of L; disjoint sets
Fj1, ..., Fjp,, of cardinality 27. Write

Lj
y/ _ Z Z Q_j/plee'
/=1

J

Each of the vectors 277/P1p, has norm ~ 1, hence M ~ [/ ||P ~ 7. L; ~ 3. 277 M|S}|, which yields
the desired result; namely, >, 277|S;| ~ 1. O

Remark 4.12. We do not know to what extent the subsymmetry assumption in Proposition is

redundant. It is not required to establish that ¢(n) ~ ne. If (e;) is not subsymmetric, our proof
(with minor modifications) shows that any spreading basis (€}) arising from a subsequence of (e;) is
equivalent to the ¢, basis. In fact, in the terminology of [16], X must be strongly asymptotic £,. In
general, being strongly asymptotic ¢y does not imply being greedy, as the example of the Tsirelson
space shows (see [18, Remark 5.8]).

Example 4.13. It is shown in [17] that certain spaces of the form (®;2,£}),, — for appropriate p, q —
do not have greedy bases. However, one can block the canonical basis in the evident way to get greedy
FDD for these spaces. There are also more exotic spaces which have greedy FDD but no greedy bases;
for example, [60] produces a space with an fo-FDD but no basis. On the other hand, there are several
spaces for which it is unclear whether a greedy FDD can be produced; for example, ¢, & ¢,, {,(¢,) (for
appropriate p, q) and the Schatten classes. For ¢, & ¢, it was shown in [53] [68] that there is a unique
unconditional basis up to permutation — which is, of course, not greedy when p # ¢. See [55] for a
proof that there are no greedy bases for matrix spaces with mixed ¢, and ¢, norms. For the same
reason as with (®y2,4y)y,, it is clear that £,(¢,) has a greedy Schauder decomposition.

Remark 4.14. Results similar to Proposition [4.11] (providing criteria for “tensor-stable” bases to be
equivalent to the canonical basis of either ¢y or ¢,) can be found in [13].
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4.3. Absolute sequences characterize AM-spaces. In AM-spaces (that is, closed sublattices of
C(K)-spaces), every basic sequence is bibasic and every unconditional sequence is absolute. In [65] it
was asked whether the converse holds: If every basic (resp. unconditional) sequence in X is bibasic
(resp. absolute), must X be lattice isomorphic to an AM-space? Here we make some progress on these
conjectures.

Recall that a Banach lattice X has an upper p-estimate if there exists a constant C' so that the

inequality || >, @] < C(X; llail|?) Y7 holds for any disjoint z1,...,x,. Clearly, an upper p-estimate
implies upper p’-estimates for p’ < p. Denote by s(X) the supremum of all p’s for which X has an
upper p-estimate. By reversing inequalities, one obtains the definition of a lower p-estimate; denote
by o(X) the infimum of all p’s for which X has a lower p-estimate. We refer the reader to [23], 24] for
a comprehensive study of upper p-estimates. Note that, if X is finite dimensional, then s(X) = oo
and o(X) = 1. Otherwise, 1 < s(X) < 0(X) < oo. Furthermore, if o(X) < oo, then X is order
continuous.

Proposition 4.15. Suppose X is an infinite dimensional Banach lattice, and {s(X),o(X)}N(1,00) #
(). Then X contains an unconditional sequence which is not bibasic.

Note that the hypothesis of the proposition fails if one of the three holds: (i) s(X) = o(X) = o0,
(ii) s(X) = o(X) =1, or (ili) s(X) =1, 0(X) = oco. Note that s(z) = 0(X) = oo does not imply that
X is an AM-space. Similarly, s(z) = (X ) = 1 does not imply that X is an AL-space.

For the proof, we need the following proposition, which strengthens Krivine’s Theorem for lattices.

Proposition 4.16. For a Banach lattice X, ¢ > 1, and n € N, there exist disjoint normalized x; € X
(1 <4< n) sothat (x1,...,2,) is c-equivalent to the canonical basis of €3y (of £} xy), and an infinite
dimensional Banach lattice Y C X, disjoint from 1, ..., Ty, so that s(Y) = s(X) (resp. o(Y) = 0(X) ).

Here, we say that the bases (e;)?_, and (f;)I, are c-equivalent if, for any sequence of scalars (a;),
-1
AN el < | S shl < ol Sl
We postpone the proof of this proposition and instead show how it implies Proposition [4.15]

Proof of Proposition[{.15. We use Proposition |4.16|to find disjoint unit vectors (em)neN L<i<oy, SO that,
is 2-equivalent to the ¢2" basis, where r € {s(X),o(X)} N (1,00). By the

for every n, (em) L<i<om

construction from Proposition , spanfe;, : 1 < i < 2n] has a basis (um)f:l which is c-equivalent to
the £, basis on the Banach space level, but has bibasis constant ~ logn. Concatenating the w;,’s, one
obtains an unconditional sequence in X which is not bibasic. O

In the proof of Proposition 4.16| we rely on some ideas from [1] and [2]. We also need two lemmas,
the first of which is fairly straightforward.

Lemma 4.17. Any Banach lattice X contains a separable Banach lattice X' so that s(X') = s(X)
and o(X') = o(X).

Henceforth, we assume that X is separable. We find a weak unit v € X, and let X, be the
corresponding principal ideal, with the norm ||z|o = inf{A > 0 : || < Au}. This ideal can be
identified with C'(K), for some compact Hausdorff space K, with u corresponding to 1. Adjusting
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u, we can assume that || - || < || - |- As X, is || - [[-dense in X, we have s(X) = s(X,,| -||) and
o(X) = o(Xu, | - 1.

Suppose now that €2 is an open subset of K. We shall denote by X the set of all z € X,, which
vanish outside of (2.

Lemma 4.18. There exists t € K so that, for every neighborhood Q 3 t, s(X%) = s(X) (o(X%) =
a(X)).

The spaces listed in this lemma are equipped with the norm || - ||.

Proof. We deal with s(-), as o(+) is handled similarly. Suppose, for the sake of contradiction, that
any t € K has a neighborhood € so that s(X®*) > s(X). By the compactness of K, we can find
t1,...,t, € K so that K = U Q. We shall achieve a contradiction by showing that s(X) = s :=
min,; s(X ).

We shall show that, for any r < s, there exists a constant C' so that the inequality

(44) 1> wl < el

holds for any disjoint 4, ..., y, € C(K),.

Indeed, for any i € {1,...,n} there exists C; so that, for any disjoint 21, ..., 2 € C(K),, vanishing
outside of (), we have

k
IR0 E ks
=1 j

Find z4,...,2, € C(K)4 so that ) . x; = 1, and z; vanishes outside of €,. Let y;; = x; A y;. Then

HZ%H<ZHZ%II<ZC Znywn )"
<maxcn1 1r ZZH ”|| V< max (- Iyl
J

the last inequality being due to the fact that

“1/r N 1/r
ly; 1l = max [yl = n Y (ZH%H )

This establishes (4.4)) with C' = n - max; C;.
The case of o(-) is handled similarly, except that one has to use the inequality H Z;nzl yjH >

Vs || 2272 wis | instead of || 327wyl < 32 [ X078 v O
Proof of Proposition[{.16 Fix e > 0 and ¢ € (1,¢) so that
, 11
¢>c +ne and — < - —ne.
c ¢
By Krivine’s Theorem [57], X contains disjoint normalized vectors yi, ..., yn11, ¢-equivalent to the

(,-basis, where r is either s(X) or ¢(X), depending on the case. Perturbing these vectors slightly, we
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can assume that they belong to X, (in the notation of Lemma|4.18)); the latter space is identified with
C(K), again as in Lemma m

Let to € K be the special point whose existence is guaranteed by Lemma [4.18] At most one of
our disjoint vectors vy, ..., Y,+1 does not vanish at ¢y; up to relabeling, we can assume that y;,...,y,
do vanish there. Find vectors y; € C(K)y (1 < i < n) so that, for every 4, y; vanishes on some
neighborhood of g, ¥} < y;, and ||y; — ¥i]|ec < e. Then |ly; — il < lyi — ¥i]loo < €.

We claim that the vectors x; = y/||y}|| are disjoint, and c-equivalent to the ¢, basis. Indeed, for any

(ai>?:17
1D sl = 1 D afll = | 3 cumill = 3 lelllys = vil
1 r 1 r
> g(z |O{i|7”)1/ _gZ|ai| > (E —ne)(zmir)l/ )

On the other hand, for any i,

|z —will = il = — 1) =1 = Iyl <e,
Al

[ Z%%H < ZazyzH +€Z|O&i| < (C'+n€)(Z|Oé¢|T)1/T.

Moreover, there exists an open neighborhood 3 t, disjoint from the z;’s; then X* has the required
upper or lower estimate. (]

In a manner similar to Proposition (but using Proposition instead of Proposition [£.2), we
establish the following.

1

hence

Proposition 4.19. Suppose an infinite dimensional Banach lattice X satisfies s(X) = 1. Then X
has a (conditional) basic sequence which is not bibasic.

Taken together, Proposition and Proposition immediately imply the following.

Corollary 4.20. Suppose an infinite dimensional Banach lattice X has s(X) < co. Then X contains
a basic sequence which is not bibasic.

By Corollary , if every basic sequence in X is bibasic then s(X) = oco. However, as mentioned
above, s(X) = oo does not imply that X is lattice isomorphic to an AM-space. We now show that
if we instead assume that every unconditional sequence in X is absolute, we can reach this stronger
conclusion.

Theorem 4.21. If every unconditional basic sequence in a Banach lattice X is absolute, then X is
lattice isomorphic to an AM-space.

For future use, we recall [47, Theorem 2.1.12]: X is lattice isomorphic to an AM-space iff there exists
C > 1 so that the inequality || V; z;|| < C V; ||z;|| holds for any z1,...,x, € X, (actually it suffices
to verify the preceding inequality for disjoint n-tuples only). Consequently, X is lattice isomorphic to
an AM-space iff the same is true for any separable sublattice of X.

In the proof, we re-use the notation and facts introduced earlier in this section. We begin by
establishing a version of Proposition [4.16]



30 PABLO M. BERNA, DANIEL FREEMAN, TIMUR OIKHBERG, AND MITCHELL A. TAYLOR

Lemma 4.22. Suppose a separable Banach lattice X is not lattice isomorphic to an AM-space and u
is a weak unit in X. There exists t € K so that, for every neighborhood of Q2 > t, the || - ||-completion
of X is not lattice isomorphic to an AM-space.

Sketch of a proof. Suppose, for the sake of contradiction, that every t € K possesses an open neigh-
borhood €); 3 t so that the completion of X is lattice isomorphic to an AM-space. Use compactness
to find ¢y,...,%¢, € K so that U] ,Q);, = K. For every ¢ there exists a constant C; so that, whenever
21y 2m € X we have || V; |z]|| < Ci vy |2]]-

To achieve a contradiction, we show that there exists a constant C' so that, for any yi,...,9., €
C(K)4 (we identify C(K) with X,), ||V, y;|| < CV,|ly;|l. As in the proof of Proposition [4.16] let (z;)
be a partition of unity subordinate to (£,), and let y;; = x; A y;. Then y; < . y;;, hence

| V]| < Z | V5 is]] < Zci Vi llyisll < C Vi lly;ll

where C' =" | C;. O

Lemma 4.23. Suppose a separable Banach lattice X is not lattice isomorphic to an AM-space, while
s(X) = 0o. Then there exist disjoint vectors ey, frn € X+ (n € N, 1 <k < M,,) so that, for every n,

(i) (exn)ilr, is 2-equivalent to the (¥ basis.
(i) | 2k funll > m, while || 32, i finll < (304 af)V? for any (aw).

For the proof of this lemma, we shall use a characterization of AM-spaces from [12, Lemma 4]. The
completion of a normed lattice X is not lattice isomorphic to an AM-space iff for any K we can find
disjoint @1, ..., 2, € X so that | >, x| > K, while >, [a*(z4)|? < 1 for any 2* € X* with ||z*|] < 1.
Equivalently, the operator T : X* — (% : x* — (2*(xy))x is contractive. By duality, this is equivalent
to T* : 0y — X C X*™ : e; — x; being contractive. In other words, we require that || >, azzy| <1
whenever Y, af < 1.

Proof. Since the vectors in question can be produced recursively, it suffices to prove the following:
Suppose X is separable and is not lattice isomorphic to an AM-space. Then, for any n, there exists
M € N and mutually disjoint positive norm one vectors ey, ..., en, f1,..., far, so that:

o ()M is 2-equivalent to the (A basis.

M .
o || >4y fill > n, while || 30, arfill < (3, aj)'/? for any (ay).
e There exists a closed sublattice X’ C X, disjoint from eq,..., e, fi,..., far and not lattice
isomorphic to an AM-space.

By Lemma there exists t € K so that, for any open € 3 ¢, the completion of X is not lattice
isomorphic to an AM-space. Find norm one positive disjoint fi, ..., fars1 € X so that || Sect’ ful| >
n+ 1, while || 32, arfel < (32, a?)/? for any (ay,). By removing one of the vectors (say fa41) and
perturbing the rest, we may assume that fi, ..., fy; are supported outside of some open €2 > ¢, where ¢
is a special point whose existence is guaranteed by Lemma [4.22] Let X be the closure of X. Repeat
the same reasoning to construct suitable eq, ..., ey € Xo, disjoint from suitable X”. O

Proof of Theorem[{.21]. As noted before, we can assume that X is separable. If p = s(X) < oo,
use Krivine’s Theorem to find disjoint lattice copies of 612,” in X. Each of these contains “indepen-

dent discrete Rademachers” ry, (1 < k < n). We know that || Y, arra| ~ (X ozi)l/2 while
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| >k lawrknlll = D low|, hence the sequence obtained by concatenating the 74,’s is unconditional but
not absolute. Actually, this sequence is also bibasic, due to [65].

Now suppose that s(X) = oo but X is not an AM-space. Use Lemmal4.23]to find the sequences (eyy,)
and (fr,) in X4 (n € N, 1 <k < 2") so that the vectors involved are disjoint, (eg,) is 2-equivalent to
the (2. basis, ||ex,|| = 1, and the vectors (fy,) are such that || Y, frnll /* 0o, while || >, agfrnll <1
whenever Y-, af < 1. Let H, = (hyn)7,—; be the Hadamard matrix of size 2" x 2" (see [65, Section

8]). The entries of this matrix are equal to +1, and the rows iL;m = (hyjn); are mutually orthogonal.
Taking inspiration from [3] we let, for 1 < k < 2™,
27’1/
Uy, = €k + 27" Z Rigjn fin-
j=1

Then (ug,) is a (double-indexed) unconditional basic sequence. Indeed, by disjointness, it suffices to
establish the unconditionality of (u,) for a fixed n. In fact, we shall show that (uy,) is 3-equivalent
to the (2. basis. For any (ay) in coy we have

Vilog| < HzakelmH < Hzakuan
k k
< N 2 anewnll + 27 D e 3 B
k k J

Dok akean < 2 Vy, |ag|. Therefore, it suffices to show that

|| ZakzhkjnfjnH < 2™ whenever Vy |ag| < 1.

k J

Moreover, {

By the properties of the vectors fjy,,
H Z Qg Z hkjnfjn||2 = || Z (Z Oékhkjn)fjnH2 < Z ‘ Z&khkjn|2-
k J J k J k
However,

2 S 5
Z‘Z@khkjn’ = Hzakhan = Z|Oék\2Hhan2 = 2",
J k k k

which is the desired inequality.

Finally, we note that the sequence (uyy,) is not absolute. Indeed, for each n, || >, Fuk,| < 3, yet

1225 faknl | =1 22k Sl 7 00 O

4.4. Complemented absolute sequences. In this subsection, we prove some additional results that
require conditions on the ambient space X, or how [z}] sits inside of X.

Recall that a sequence (xj) is disjoint if and only if > 7 | |agzr| = Vi_; laxzk| for all scalars
ai, ..., a,. Our next result shows that complemented absolute sequences behave very much like disjoint
sequences.
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Proposition 4.24. Let (x)) be an absolute sequence in a Banach lattice X and suppose that [z is

complemented in X. Then
n n
Z |axxy] \/ lagxr||-
k=1 k=1

Proof. By the remark after [45, Theorem 1.d.6] we have

1
n n 2
§ : § : 2
Q|| ~ H ( |akxk| )
k=1 k=1

= ¢ + % applying [45, Proposition 1.d.2 (i) and (ii)] we get that

n n %
Zakxk < CH (Z|akxk|2)
k=1 k=1

where C' is the constant of equivalence.

Take 6 = %, then

N

0

n

D laxai]

k=1

n 1-60

\/ laxy]

k=1

<C

Y

Due to the absoluteness of (xy), there exists a constant M* so that, for any (ax), || Y _r_; larzel]| <
M| Zzzl axry|. Thus,

< CM*

)

n 1/2
D laxai]
k=1

which leads to

(CM*)?

Consequently,

(CM*)?

n
E AT
k=1

and on the other hand,

n

\/ laxzs]

k=1

n

P

k=1

This completes the proof. O

Proposition allows us to give a new Banach lattice proof of the well-known characterization of
complemented unconditional sequences in C[0, 1].

Corollary 4.25. The only complemented semi-normalized unconditional basic sequences in AM-spaces
are those equivalent to the unit vector basis of cy.

Proof. Suppose that (zy) is such a sequence. In AM-spaces, unconditional is the same as absolute, so
(xy) is absolute. Now, using the AM-property and Proposition we see that
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n n n
max|ag| S ] > awll S laxeil | ~ 11\ laxall
k=1 k=1 k=1

n
— \/ larzy| ~ m]?x]ak\.
k=1

O

Remark 4.26. The proof of Corollary shows us that the complementability assumption is critical
in Proposition Since C[0,1] is universal, it contains copies of every normalized unconditional
basis, and the conclusion of Proposition must fail for all of them except cp.

Remark 4.27. Of course, Corollary is well-known; it is actually known ([I5, p. 74]) that the
only complemented semi-normalized unconditional basic sequences in L..-spaces are those equivalent
to the unit vector basis of ¢g.

4.5. Bibasic sequences in non-atomic Banach lattices. We now consider the case when the
ambient lattice is L,. It was shown in [65] that L; does not reasonably embed into the span of a
bibasic sequence, so it would be interesting to know if L; admits a uniformly quasi-greedy basis.
Although we do not know the answer to this question, we will prove an L,-version of it. Specifically,
the next proposition proves that L, cannot admit a permutable bibasis, which is in contrast to the
fact that uniformly quasi-greedy bases are “almost” permutable (in the same sense that quasi-greedy
bases are “almost” unconditional) and that L, does admit uniformly quasi-greedy bases when p > 1.

In the next proposition, we use the concept of unbounded convergence. Given a convergence — on a
vector lattice X, a net (z,) is said to unbounded T-converge to x € X if |x, — x| Au = 0 for all u € X,
see [64]. When T is the convergence of a locally solid topology, the convergence — on X defines the
weakest locally solid topology on X agreeing with 7 on the order intervals. On the other hand,
unbounded order convergence acts as the natural generalization of almost everywhere convergence to
vector lattices. For a comprehensive study of such convergences, see [14] [36] 62]. Although we do not
pursue it here, we note that the unbounded convergences could provide a systematic solution to [4
Problem 12.3] as they encompass convergence in measure, convergence almost everywhere, as well as
various convergences that are weaker than the norm.

Proposition 4.28. Suppose that 1 < p < oo and (E,) is a sequence of subspaces of a Banach lattice
X which forms a permutable bi-FDD of [E,]. Then there is no isomorphic embedding T : L, — [E,]
with the property that T~ : T(L,) € X — L, maps uniformly null sequences in T(L,) to uo-null
sequences in L.

Proof. By [37, Corollary 9 and Remark 10, p. 102] no Haar type system in L, (1 < p < o0) is a
permutable wo-bibasic sequence in L,. Now proceed as in [26, Theorem 5.1], using the stability results
proven in [65]. O

We next present a result of a similar spirit for absolute FDD’s. Recall that the sequentially u-to-u-
continuous isomorphisms (see [65]) are the natural morphisms which preserve bibasic and uniformly
quasi-greedy basic sequences. In [50, Proposition 7.10] it is shown that a linear map is sequentially
u-to-u-continuous if and only if it is multibounded, in the sense that there exists M > 1 such that
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for any m and x4, ..., x, we have || /L, [Tzg||| < M| V,-, |zx]||. Such maps are sometimes called
(00, 00)-regular, and have been studied by many authors. We show that such maps take absolute
sequences to absolute sequences. More precisely, we have the following proposition.

Proposition 4.29. Suppose X,Y are Banach lattices, E is a subspace of X, and T : E — Y is
multibounded, with a bounded inverse. If a sequence (x) C E is absolute, then the same is true for

Proof. The absoluteness of (z;) means the existence of a constant Cy with the property that, for every
(@), | D0 laizi||| < Coll >, asil|. T being multibounded gives us the existence of a constant Cj so
that the inequality || Vit, |Tex||| < Ci|| Vi~, lex||| holds. If, in addition, for any k there exists an ¢
so that ey = —ey (the sequence (ey) is “symmetric” — it contains the opposite of any of its elements),
then we have || i TekH < ClH Vi, ek”. For ay,...,a, € R, Y, |a;x;| = val::l:l > €ia;x;, and the
family (ZZ 51'0%931')81: ., 1s symmetric in the above sense, hence

Z |a; Tx;| \/ T( Z eiaixi) ‘

] Si::l:l 7

\/ (Z aaixi)

ai::i:l 7

<

E

2 laswd

7

However, by the boundedness of 77!, there exists Co > 0 so that, for any (a;), | >, @z <
Col| Y-, aiTx;||. Then

which shows the absoluteness of (T'z;). 0

<

2 laswi

i

< CiCy

E a;T;

1

< CyCLCy

Z CLZ'TZEZ'

7

Y

Proposition 4.30. If a o-order complete Banach lattice embeds with multibounded inverse into the
span of an absolute FDD then it is purely atomic.

Proof. Let X be a o-order complete Banach lattice, F' a Banach lattice, (x)) an absolute basic sequence
in E (which can be weakened to FDD, but we use basic for ease of reference), and T': X — [x;] C E
an isomorphic embedding with multibounded inverse. We begin with a few reductions.

Clearly, X must be separable; let us assume that it does not have atoms. Since every separable
o-order complete nonatomic Banach lattice X can be represented as a Kéthe function space on [0, 1]
with L., € X C Lq, we can assume that X is Kothe.

The point of assuming that 7' is an embedding with multibounded inverse is that the inverse
map sends absolute sequences to absolute sequences by Proposition Suppressing 1T', we view
X C [z;] € E. The combination of X being separable and o-order complete yields that X is order
continuous. By [43], Corollary 3.1.25], the Rademacher’s form a weakly null sequence in X. Hence, by
passing to a subsequence and using the Bessaga-Pelczynski’s selection principle, we may find a block
sequence (yi) of (xy) such that ||yx — x| — 0. Here, (1) is a subsequence of the Rademacher’s.
Passing to further subsequences, we may assume that ||y — r%|| — O sufficiently fast so that (r)
is a small perturbation of (yx), and hence is absolute, by the stability results proved in [65] (more
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specifically, unsuppressing 7" we get that (7'ry) is absolute, hence (ry) is as well by the multibounded
inverse assumption). Therefore,

n n n
I120x Y lal = 1) lawrelllx < AN arrellx,
k=1 k=1 k=1

so that a subsequence of the Rademacher’s is equivalent to the unit vector basis of ¢;. This means
that the unit vector basis of ¢; is weakly null, a contradiction.

Until this point, we assumed that X was atomless, and we now reduce to the case that X is not
purely atomic. Since X is o-order complete and separable, it is order continuous, and hence has the
projection property. Let B be the band generated by the atoms, so that B @ BY = X. B? is atomless
and o-order complete, so X cannot be nicely embedded into the span of an absolute FDD without B¢
being as well. This concludes the proof. 0

Remark 4.31. In [42] (see also [46]) a nonatomic AM-space X is constructed that is linearly iso-
morphic to ¢y, hence has an unconditional basis, which is absolute since X is AM. Hence, o-order
completeness cannot be dropped in Proposition [£.30]

Remark 4.32. The reader may check that a bi-FDD version of Proposition [£.7] is valid, which when
combined with Proposition leads to an interesting phenomena: Start with any unconditional FDD
of L,, p > 1. Then one can block it so that it is a bi-FDD. After that, using Proposition , one
can rearrange the blocked FDD so that it fails to be a bi-FDD. However, one can then find a further
blocking of this blocked and rearranged FDD to regain the bi-property, and so on ad infinitum.
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