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ABSTRACT. The purpose of this article is to address an open problem posed by
Freeman-Oikhberg-Pineau-T. (Math. Ann. 2024) regarding the existence of large sub-
spaces of C'(K) that perform stable phase retrieval (SPR). We begin by proving that
for both the real and complex fields, the space C(K) admits an infinite-dimensional
SPR subspace if and only if the second Cantor-Bendixson derivative K" is nonempty.
We then show how to construct “large” SPR subspaces of C'(K), where the size of
the subspace depends quantitatively on the number of non-trivial Cantor-Bendixson
derivatives that the compact Hausdorff space K possesses.

1. INTRODUCTION

In many areas of physics and engineering, one is tasked with recovering a signal
f € H from a phaseless measurement |T'f| € X where T': H — X is a linear operator
mapping a signal space H to a function space X. Such problems appear prominently
in crystallography, as detectors can only record the modulus of the Fourier transform
of the desired signal. This leads to the mathematical task of recovering the true signal
f from the distorted image |F f|, under the constraint that f lies in a known subspace
H of Ly(R?) consisting of functions relevant to the experiment. Note that for any
unimodular scalar A, the signals f,A\f € H give rise to the same phaseless Fourier
measurements. Thus, the objective of Fourier phase retrieval is to stably recover
f € H from |Ff| e Ly(R%) up to global phase ambiguity.

Although Fourier phase retrieval is the prototypical example of a phase retrieval
problem, many other interesting variants arise from different physical models. Given
T : H - X as above, we say that T does phase retrieval if for all f,g € H we have
|T f| =|Tg| if and only if f = Ag for some unimodular scalar A. Fourier phase retrieval
is thus the special case where T' = F|y : H € Ly(R?) - Ly(R9). Below, we list several
other important situations where phase information cannot be directly measured and
needs to be mathematically recovered. For a more comprehensive discussion, we refer
the reader to the surveys [23, 24].
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(1) (Ptychography). In modern imaging applications, it is common to insert a
window ¢ in front of the crystal, so that the detector records |F(fg)|. Trans-
lating the window ¢ and then repeating the experiment, one gains access to the
phaseless short-time Fourier transform (STEFT) |V, f|. Thus, in this case, the
measurement operator T : Ly(R?) - Ly(R??) is the STFT with window g.

(2) (Pauli problem). In quantum mechanics, the famous Pauli problem asks
whether one can recover a wavefunction ¢ € Ly(R?) with ||¢/| = 1 from [¢|? and
| F1p|2. Here, we note that || and |F1)|? represent the probability densities of
position and momentum, respectively. In the above language, the Pauli problem
asks whether the operator T': H € Ly(R?) - Ly(R?) x Ly(R?), T = (¢, Fo),
does phase retrieval. In general, it is known that when H = Ly(R%), this is
not the case. Nevertheless, there are “large” subspaces of Ly(R?) where Pauli
phase retrieval can be performed in a stable manner [16, 21].

(3) (Schrodinger flows). Pauli’s problem asks whether it is possible to recover
a wave function from its position and momentum densities at a single time (or
equivalently, from the position density of both its initial state and its rescaled
asymptotic profile). A more reasonable but equally relevant question is whether
the data {|t)(t)| : t € I} determines ¢ uniquely, where [ is a set of time mea-
surements and v is a solution to the Schrodinger equation. This leads to
an interesting family of phase retrieval problems, modeled by the operators
Tr: Ly(RY) — C(1; L2(RY)), Trvbo = Y1

In physical applications, it is imperative that phase retrieval not only be possible but
also be stable. To quantify this, we say that a linear operator T : H - X does stable
phase retrieval if there exists a constant C' > 1 such that for all f,g € H we have

(1) inf 1 = gl < CIITS) - Tl

The primary objective of this article is to develop techniques to address the stability
of the phase retrieval problem. However, before we do this, it will be convenient to
reformulate the problem in a way that decouples the operator T from the nonlinear
inequality.

1.1. A reformulation of the phase retrieval problem. Although the above ex-
amples model very different physical phenomena, they can all be unified into a single
mathematical problem. Indeed, let us say that a subspace E of a function space X
does phase retrieval if for all f,g € E we have |f| = |g| if and only if f = Ag for some
unimodular scalar A. Since any operator 7': H - X which does phase retrieval must
be injective, it is easy to see that T' does phase retrieval if and only if the subspace
E :=T(H) ¢ X does phase retrieval. In other words, the operator T' determines the
subspace of X that we wish to do phase retrieval but otherwise does not play a role in
the nonlinear recovery problem.
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When considering the stability of any nonlinear inverse problem, it is natural to
assume that the forward problem is well-posed, which in our case means that the
mapping f +~ |Tf| is Lipschitz. In view of (1.1), it follows that any operator that
performs stable phase retrieval must satisfy the relation

inf | f - Ag| ~ inf |Tf - XTg]||.

Inf |f = Agll ~ inf [Tf - ATg]
Hence, again, we may relabel f <> T f to suppress the operator 7" in the inequality
(1.1). More formally, we say that a subspace E of a function space X does stable phase
retrieval if there exists a constant C' > 1 such that for all f,g € E' we have

(1.2) inf [[f = Ag| < C[f] = 1gll-

[Al=1

With the above discussion in mind, it is easy to see that an operator T': H — X does
stable phase retrieval if and only if the subspace E := T'(H) does stable phase retrieval
as a subspace of X. As we shall soon see, this reformulation of the phase retrieval
problem will clarify many aspects of the theory. In particular, it will soon become
evident that all subspaces satisfying (1.2) share interesting structural features that do
not depend on the specific physical models that they arise from.

In the vast majority of phase retrieval papers, the function space X is assumed
to be La(p). However, to study the phase retrieval problem for Schrodinger flows
and other time-dependent PDEs, one must consider more general function spaces. A
unified perspective on phase retrieval in function spaces was pioneered in the articles
[14, 16, 21], which showed that a remarkable structural theory for phase retrieval
problems could be developed in L,-spaces or even general Banach lattices (i.e., spaces
equipped with a compatible set of linear, norm, and modulus operations that make the
forward problem for phase retrieval well-posed). In particular, this study revealed clear
connections with many diverse areas of mathematics, including the A(p)-set theory of
sparse Fourier series and the local and isometric theories of Banach spaces.

In this article, we will focus on the stability of the phase retrieval problem when X is
a space C'(K) of continuous function on a compact Hausdorff space K. In particular,
we will answer an open problem from [21] and develop important mathematical tools
that will allow us to establish stability results outside of the realm of Hilbert spaces.
Notably, our results will have direct consequences for phase retrieval in vector-valued
function spaces such as C(I; Ly(R%)), which appear in the Schrodinger phase retrieval
problem (3).

1.2. Summary of the results and an outline of the proof. We now proceed to
define the concepts studied in this paper and to motivate our main results. We begin
by formally defining stable phase retrieval.
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Definition 1.1. Let X be a Banach lattice and fir C > 1. A subspace E of X does
C-stable phase retrieval (C-SPR, for short) if for all f,g € E we have the inequality

(1.3) Inf If =gl < ClIfI=19ll-

We remark that the choice of scalar field F € {R,C} is extremely important for the
phase retrieval problem. If the scalar field is R, then there are only two phases {£1},
so that the left-hand side of (1.3) reduces to min{||f - g|,||f + g|}. However, if the
scalar field is C, the infimum in (1.3) must be taken over the entire unit circle.

Remark 1.2. The theory of Banach lattices provides a natural functional setting for
studying many important inverse problems, including phase retrieval, declipping and
ReLU recovery [1, 20, 21]. For this reason, we have stated Definition 1.1 (as well as
a handful of results below) in this language. However, since all of the new results
in this article are specific to C'(K'), we encourage any reader not familiar with the
theory of Banach lattices to assume throughout the paper that X is C'(K), L,(p) or
C(K;Ly(p)) for some compact Hausdorff space K and measure p.

1.2.1. Summary of the results. Our first main result is a complete characterization
of compact Hausdorff spaces K for which C(K) admits an infinite-dimensional SPR,
subspace. This result was already proven in [21] for the case of real scalars; our main
contribution is to extend the result to the much more difficult complex case.

Theorem 1.3. Let K be a compact Hausdorff space. The following statements are
equivalent over both the real and complex fields:

(i) K', the set of non-isolated points of K, is infinite.
(ii) ¢y embeds isometrically into C(K) as an SPR subspace.
(i1i) C(K) contains an infinite-dimensional SPR subspace.

Theorem 1.3 will be proved in Section 2 (where it appears as Theorem 2.5). This
theorem will follow from several results which likely have independent interest. For
example, we will prove that if K is perfect (meaning that K’ = K') then every separable
Banach space embeds isometrically into C'(K) as an SPR subspace. Similarly to
Theorem 1.3, we remark that this statement was proved in the real case in [21], but
the complex case needs a more systematic argument.

From the results mentioned above, we see that the ability to construct “large” SPR
subspaces of C'(K) is intimately connected with the number of non-trivial Cantor-
Bendixson derivatives that K possesses. In particular, having K" # & is necessary
and sufficient to find some infinite-dimensional SPR subspace of C(K) and having
K admit a non-trivial perfect subset is necessary and sufficient for every separable
Banach space to embed into C(K') as an SPR subspace. This led the authors of [21]
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to pose the following question, which essentially asks whether one can link the number
of non-trivial Cantor-Bendixson derivatives of K with the “size” of the SPR subspaces
of C(K) in a quantitative manner. Here, we recall that for an ordinal number o, K (<)
denotes the a-th Cantor-Bendixson derived set, which is defined using transfinite
recursion as K(© = K, K1) = (K@) and K =N, K(® whenever § is a limit
ordinal. With this notation, the conjecture from [21] may be stated as follows:

Question 1.4 (Question 6.4 in [21]). The above theorem shows that K’ is infinite iff
C(K) contains an SPR copy of ¢o. If K is “large” enough (in terms of the smallest
ordinal « for which K(®) is finite), what SPR subspaces (other than cy) does C(K)
have? Note that ¢y is isomorphic to ¢ = C[0,w] (w is the first infinite ordinal). If K(®)
is infinite, does C'(K') contain an SPR copy of C[0,w®]?

Section 3 is dedicated to the study of this question. We would like to point out
that an isometric version of this question was already examined in [22], although
only the situation a < w was considered. A priori, this is not useful for answering
Question 1.4 as C[1,w®] and ¢y are isomorphic whenever 1 < a < w. However, the
strategy developed in [22] will be the starting point for how we will approach this
new question. Specifically, we will show that if K(®) # & for some « < w;, then there
exists an isometric embedding T : C[1,w®] = C(K) which preserves SPR subspaces
(Proposition 3.3), extending [22, Proposition 3.4], which was proven for finite ordinals,
to countable ordinals. This result will allow us to work in a much more manageable
Banach space when investigating Question 1.4.

The main result of Section 3 is Theorem 3.5, which we restate as Theorem 1.5
below. We remark that this theorem admits an appropriate complex version (see
Theorem 3.7) but we will focus our exposition on the case of real scalars, which is
already quite difficult.

Theorem 1.5. Let K be a compact Hausdorff space, o € wy a countable ordinal, and
assume that the field of scalars is R. If K(«©2) 4s nonempty, then there exists a 3-SPR
isometric embedding of C[1,w?®] into C'(K).

In Theorem 1.5, «®2 denotes the ordinal obtained by doubling all of the coefficients
in the Cantor normal form expansion of « (see Section 1.2.2 for a precise definition).
In general, this additional assumption is necessary. Indeed, it was shown in [22] that
if |[K"| = 1, then C(K) cannot contain an SPR copy of C[1,w?], but if |K"| > 2,
it always does. On the other hand, if Question 1.4 is interpreted in the isomorphic
sense (i.e., if we only require the existence of some SPR isomorphic embedding into
C(K) rather than the 3-SPR isometric embedding guaranteed by Theorem 1.5), then
it follows immediately from Theorem 1.5 and the isomorphic classification of separable
C'(K)-spaces by Bessaga and Pelczynski [10] that Question 1.4 indeed has a positive
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answer when « is a countable ordinal (see Corollaries 3.6 and 3.8; note that the as-
sumption of a countable ordinal is the best one can hope for by basic density character
arguments). Indeed, recall that every separable infinite-dimensional C'( K')-space is iso-
morphic to C[0,1] or C[1,w*"] for some countable ordinal «, and all of these spaces
are isomorphically distinct (see, for instance, [32, Section 2]).

1.2.2. Obstructions to phase retrieval and an outline of the proof. Our construction
utilizes two recent characterizations of stable phase retrieval that clearly isolate the
main instability mechanisms. The most obvious obstruction to phase retrieval is the
existence of pairs of disjoint vectors in E, that is, non-zero functions f, g € F such that
IfIAlgl =0, or equivalently, fg =0. To see that such vectors give rise to an instability
in phase recovery, simply note that the functions A, := f +g,h_:= f — g lie in F, are
not multiples of each other, and yet satisfy |h,| = |h_|. Remarkably, when the scalar
field is R, this is the only source of instability in the phase retrieval problem. In fact,
we have the following complete characterization of SPR in the setting of C'(K)-spaces
(see also [21, Theorem 3.4] and [11, Proposition 3.4] for more general results).

Theorem 1.6. Let E be a subspace of a real C(K)-space. The following statements
are equivalent:

(1) E fails SPR.
(2) For every € >0, there are f,g € Sg such that ||f| Alg|| <e.
(3) For every € >0, there are f,g € Sg such that | fg| <e.

Moreover, E does C-SPR if and only if all f,g € Sg satisfy ||f| ~|g]] > &

Remark 1.7. One interesting feature of Theorem 1.6 is that it reformulates the phase
retrieval problem as a problem in three distinct fields. Indeed, statement (1) views
phase retrieval as a nonlinear inverse problem, statement (2) views phase retrieval as
a Banach lattice problem and statement (3) views phase retrieval as a Banach algebra
problem. Since the lattice, isometric and algebra structures of C'( K') all uniquely deter-
mine K, this result (together with Theorems 1.3 and 1.5) can be viewed not only as a
contribution to the study of phase retrieval in function spaces, but also to the classical
program initiated in [19] of characterizing “interesting” Banach space/lattice/algebra
properties of C'(K') in terms of “interesting” topological properties of K (see [33, p. 132]
for a summary of such properties).

Remark 1.8. Although the equivalence of statements (1) and (2) and the moreover
statement in Theorem 1.6 are valid in any Banach lattice, they are particularly useful
in C(K). Indeed, unlike in L,-spaces where one has to quantify the relative mass on
the domain where f and g overlap, in C(K) the condition [|f|A|g|| > & simply states
that one may find a single point ¢ € K where |f(¢)],|9(¢)] > 5. This will allow us to
use “combinatorial” arguments in our constructions of SPR subspaces of C(K'), as we
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now only have to construct E so that for each f,g € Sg there is a point ¢ € K where
f(t) and g(t) both have magnitude above a given threshold.

Recall that the existence of almost disjoint pairs implies the failure of complex SPR
[15, Proposition 2.5], but the converse is not true [21, Example 3.7]. To characterize
complex phase retrieval, the non-existence of disjoint pairs has to be replaced with
the non-existence of linearly independent f,g € E such that QRe(fg) = 0 (see [15,
Proposition 2.2]). This condition implies that for every point ¢ in the domain we have
f(t) = +ig(t), or equivalently, that f(¢) and ¢g(¢) are perpendicular in C = R? (endowed
with the Euclidean product of R?). This algebraic characterization of complex phase
retrieval was stabilized in [15], resulting in the following useful reformulation of complex
SPR (which we again state in C'(K)-spaces although it is valid more generally).

Theorem 1.9. Let E be a subspace of a complex C(K)-space. The following state-
ments are equivalent:

(1) E fails SPR.
(2) There exists § > 0 satisfying that for every e >0, there are f,g € Sg such that
minyyer | £ - Agl > 8 and | Re (f7) | <.

Theorem 1.9 will play a central role in the proofs of both Theorem 1.3 and Theo-
rem 1.5. The utility of Theorem 1.9 is that it transforms SPR in complex C'( K')-spaces
(which is initially formulated as a nonlinear inverse problem) into a Banach x-algebra
problem. Moreover, it does so in a way that is amenable to techniques from infinite
combinatorics. We remark that although we are only interested in the commutative
case, non-commutative variants of this criterion have relevance in cryo-electron mi-
croscopy [0, 9], where one wishes to recover a matrix X up to inherent symmetries
from its operator modulus | X|.

We now sketch the ideas in the proofs of our two main results: Theorem 1.3 and
Theorem 1.5. The proof of Theorem 1.3 in the complex case follows the same scheme
of proof as in the real case but is much more intricate. Similarly to the real case, to
establish that K" # @ implies the existence of an infinite-dimensional SPR subspace,
we will first show that it suffices to construct an SPR embedding 7" : ¢y - Cp[1,w?).
However, the main challenge to obtain a complex version of this result is verifying
that T'(cp) performs SPR. In particular, it will no longer be sufficient to prove that
every pair of norm-one functions has a uniform non-trivial overlap (Theorem 1.6).
Instead, we will invoke the (less tractable) characterization of complex SPR from
Theorem 1.9. All of the technical computations needed to apply Theorem 1.9 will be
synthesized in Lemma 2.6, which gives a sufficient condition for complex SPR which
is quite combinatorial in nature.
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The proof of Theorem 1.5 follows a similar approach. First, we reduce the problem
to the study of SPR embeddings between spaces of the form C[1,w®] by extending
the ideas from [22] to the setting of countable ordinals (Proposition 3.3). Then, we
define by transfinite induction a family of overlapping maps U, 5 : C[1,w*]xC[1,w?] -
C[1,w®3] for every pair of countable ordinals a and 5. These maps will, in turn, allow
us to construct isometric embeddings from C[1,w®] into C[1,w*®?] that satisfy the
sufficient conditions for real and complex SPR given by Theorem 1.6 and Lemma 2.6,
respectively.

Throughout Section 3 we will make extensive use of ordinal numbers, so let us briefly
recall some basic facts about these sets — we refer the reader to standard textbooks
such as [25] for a detailed discussion of the topic. Loosely speaking, ordinal numbers
are a class of sets that can be linearly ordered by inclusion in such a way that every
set of the class is the collection of all the sets that precede it; this family has a smallest
element — the empty set — which will be denoted by 0. More specifically, ordinal
numbers satisfy that o < § if and only if « is an element of 3, and every ordinal can be
expressed as a = {f : < a}. Given an ordinal «, we can define its successor ordinal
as a+1:=au{a}. If a#0 is not a successor ordinal, then it is called a limit ordinal,
and it can be written as o = Ug<, 3. Ordinal numbers admit arithmetical operations,
such as addition, multiplication, and exponentiation. To be more concrete, starting
at 0, which is the empty set, we can first generate every natural number using the
successor operation. Once they have been created, we may introduce the first infinite
ordinal, w = N, which is a limit ordinal. After w comes w+ 1, w+2,...,w+n,...,w-
2,w-2+1,...,wn,...,ww+l, .. witw, .. w22, 0, W, .. w, and the list keeps
going (see [17, Chapter 10] for a light introduction to the topic). The first uncountable
ordinal is denoted by w;. In this paper, we will only work with countable ordinals,
so we will not be using ordinals beyond w;. Every ordinal o > 0 can be represented
uniquely as

(1.4) a=wl k. WPk,

where n>1, a >y >...> 3, 20 and ky,...,k, are non-zero natural numbers. This
representation is known as Cantor’s normal form. We can associate to every ordinal o
a totally disconnected compact Hausdorff topological space called the ordinal interval
[0,a], which can be described as the set [0,a] = {# : 0 < 8 < a} endowed with
the topology generated by the base of open sets {(f1,02] : 0 < 51 < B3 < a}, where
(B1,P2] ={B €[0,a]: B < B < By} Note that the interval (S;, f2] is a clopen set in this
topology for every (1 < fB5. It should also be observed that [1,w?] is homeomorphic
to [0,w?®] whenever a > 1. Thus, C[0,w®] and C[1,w®] are lattice isometric. It will
be convenient for us to write C[1,w*] (and we will do so throughout the text) as it
allows us to obtain a slightly simpler notation when using Cantor’s normal forms.
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2. EXISTENCE OF SPR SUBSPACES IN COMPLEX C'(K)-SPACES

In this section, we extend two remarkable results from [21] concerning the existence
of real SPR subspaces of C'(K') to the complex setting:

o C'(K) contains an infinite-dimensional SPR subspace if and only if K" is infinite
if and only if C(K) contains a subspace isometric to ¢ that performs SPR
(Theorem 2.5).

o C'(K) contains an isomorphic SPR copy of every separable Banach space if and
only if K contains a perfect set (Theorem 2.10).

The real counterpart of the above results can be inferred from the proof of [21,
Theorem 6.1]. Therefore, our approach in this section will be to dissect that proof into
different parts that we will adapt appropriately to the complex case. Unless stated
otherwise, throughout this section, all the spaces considered will be complex Banach
spaces or lattices.

2.1. C[0,1] is a universal SPR container of all separable Banach spaces. Let
us recall that the well-known Banach-Mazur theorem establishes that C'[0, 1] contains
every separable Banach space isometrically. Our aim is to show that these isometric
embeddings can be made to do SPR. This was already proven in [21, Proposition 6.2]
for real scalars. We begin by proving a separation lemma.

Lemma 2.1. Let E be a Banach space (real or complex) and 0 < § < 2. Then for
every x € Sg and y € By satisfying miny_, |z - Ay| > 6 there exists x* € Sp« such that

(@) -] (v)]| 2 5.

Proof. We distinguish two cases. If |y[ < 1-2, then we choose z* € Sg- to be a norming
functional for z, so that 2*(z) = 1 and|z*(y)| <[2*||y| < 1-$. Otherwise, if |y[ > 1-2,
then the distance of y to Fx (the span of  with F € {R, C}) must be bounded from
below. Indeed, given p € F, we have one of the following three possibilities:

o If|u|>1+%, then we have

)
ly = el > Jpa] =yl = 3.

o If|u| <1 -2, then we have

Wl

ly = pa] > y| = ] =

o If 1-% <|u/<1+3, then we have[l -u/[ < % and
)
(ﬁ—p)x >0-— =-—.
] 3 3

1
Iy - pal zHy— ”

|l
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Thus, d(y,Fz) > g. Using the Hahn—Banach Theorem, we can find a functional z* €
Spg+ such that z*(x) = 0 and x*(y) = d(y, Fz), so the proof is concluded. O

Our next result generalizes [21, Lemma 4.4] to the complex setting.

Lemma 2.2. For any infinite cardinal k there is a 12-SPR isometric embedding of
lo(K) into itself.

Proof. Let us denote by E = lo(x) and E, = {1(k). Let (z,)er be a dense set in Sg,
with |I'| = k, and define the operator J : £ - (o (I") by Jx = (2(2,) ) er. By the density
of (zy)+er it can be checked that J is an isometric embedding. Let us show that J(E)
does SPR in £, (I"), that is, there is some C' > 0 such that for every z,y € F,

min |2 = AJy| < C[|Jx| =[Ty| ]

Without loss of generality, we may assume that x € S, y € Bg, and miny; |z - Ay| >
Lz. Indeed, suppose that the inequality above is established (with some constant C')
for all x and y that satisfy the aforementioned conditions. Then, given any f,g € E
we can construct vectors f’, ¢’ satisfying the properties listed in the statement of [21,
Theorem 3.10]. In particular, denoting = = ”}c—:u and y = ﬁ, we get that

min £ = Mgl < Vamin | Jf' = Mg = V2L £l min Tz = ATy
<V2| f|C Tl =Tyl | = V2C || T =1Tg' | < V2C" 1T fI =1 Tgl |,
so J(E) does SPR with constant C' = \/2C".

Now, if x € Sg, y € B and miny_ ||z - Ay > %, we can apply Lemma 2.1 to obtain
x* € E* such that | x*(m)| -
of (2y)yer in E,, we may find, for every € > 0, some z.,_ such that |z*(x) - x(z%)| <e
z*(y) - y(z,.)| <e. Thus, | x(2,.) —‘y(Z%) —2e. It follows that

x*(y)” > 3—\1/5 Using Goldstine’s theorem and the density

and ‘23—\1/5
|>L—25

Jx|=|Jy|| >||x(z >
1l =17l | 2| (2.) ™

_|y(z'75)
for every € > 0, so that

6v/2[|Ja] ~| 7yl | > 2> min | Tz - ATy

We can therefore take C = 61/2 and C = 12. O

Remark 2.3. The same argument can be used to show that any Banach space F
embeds isometrically into C'(Bg+) as a 12-SPR subspace by means of the canonical
embedding that sends every z € F to the evaluation function z* — z*(x).
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We now proceed to show that C[0,1] is a universal container for every (complex)
separable Banach space.

Proposition 2.4. Every separable Banach space embeds isometrically into C(A) as
well as C[0,1] as a 12-SPR subspace (here A is the Cantor set).

Proof. Given a separable Banach space E, let K := (Bg+,w*) and let j: F - C(K)
be the isometric embedding introduced in Remark 2.3. Recall that |[jz| —|jy|| > %
for every x € S, y € B such that miny_; |z - Ay| > % Since E is separable, K is a
metrizable compact space. Hence, [26, Theorem 4.18] produces a continuous surjection
h: A — K that defines a composition operator H : C(K) — C(A). In particular, H
is a lattice isometric embedding. Now, since A ¢ [0,1], [4, Theorem 4.4.4] provides
an extension operator T': C'(A) - C[0,1] such that Tf|, = f, T1 =1, |T| = 1 and
Tf >0 for every f >0 (it is straightforward to check that this result is also valid in the
complex setting). In particular, T is an isometric embedding. Moreover, given x € Sg,
y € B such that miny_ [z - Ay| > %, Lemma 2.1 together with the surjectivity of h
implies that there is some ¢ € A such that

% < sl =Lyl | =[5z (r()] -l )| = | Hiz ()] - Hjy(e)||
=T Hja(t)] -|T Hjy()|| < [T Hj| | T Hjy |-

Repeating the argument used in Lemma 2.2 we conclude that T'Hj(E) does 12-SPR
in C[0,1], and similarly C'(A) contains a 12-SPR, isometric copy of E. U

2.2. Theorem 1.3 in the complex setting. We now turn our attention to seeking
conditions on a compact Hausdorff space K that ensure the existence of (infinite-
dimensional) SPR subspaces in C(K). Our objective is to extend to the complex
setting the following result proved in [21] for real scalars: K’ is infinite if and only if
C(K) contains an SPR subspace. More precisely, we will show the following theorem
announced in the introduction (Theorem 1.3).

Theorem 2.5. Let K be a compact Hausdorff space. The following statements are
equivalent over both the real and complex fields:

(i) K', the set of non-isolated points of K, is infinite.
(ii) co embeds isometrically into C(K) as an SPR subspace.
(i1i) C(K) contains an infinite-dimensional SPR subspace.

We will present the proof of the above result at the end of this subsection, as a
direct consequence of several partial results developed throughout the section. One of
the most critical of these will be the next technical lemma, which clearly illustrates
the additional difficulty inherent in studying complez SPR.
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Inspired by the proof scheme in [21, Theorem 6.1], where one embeds ¢y into a
C'(K)-space (with K’ infinite) by creating overlapping points for any pair of natural
numbers, we use the characterization of complex SPR from Theorem 1.9 to prove that
whenever an embedding between complex C'( K')-spaces satisfies a certain overlapping
property, then it will perform complex SPR.

Lemma 2.6. Let K, L be compact Hausdorff spaces, and assume that the field of scalars
is C. Suppose that T : C(L) - C(K) is a contraction so that for every pair (s,t) € LxL
there are ry;, Ty € K such that T f(rs;) = 2(f(s)+ f(t)) and T f(Fss) = 2(f(s)+if(¢)).
Then T is an SPR embedding.

Proof. The fact that T is an isometry follows from the fact that 7' is contractive and
Tf(rss) = f(s) for every s € L. We claim that T(C(L)) does complex SPR. By
Theorem 1.9, this is equivalent to showing that there exists some ¢ > 0 such that if
1,9 € Scqry satisty miny | £ = Ag] > £, then |9 (TfTg) | 2 6. Fix f and g as above
and put f(s) = A,e?s and g(s) = Bse'@s for every s € L. Let 0 < ¢ < 1 be a small
parameter whose value will be established later. It will be useful for the rest of the
proof to record the explicit values of Re (T fT_g) at the points 7, and 7, for s,t € L:

— 1
Re (Tng) (rst) = ZL[ASBS cos(ls — o) + Ay By cos(0; — o)
+A;Bscos(0; — o) + Ag By cos(8s — ay) ],

— 1
Re (Tng) (Ts) = Z[ASBS cos(ls — o) + Ay By cos(6; — oy)
—ABgsin(0, — o) + AsBysin(0, — o) ].

Since both f and g have norm one, there exist some s,t € L such that A, =1=B;. We
distinguish two main cases:

Case A: A, > 55 or B, > 5 (where without loss of generality, we assume the latter).

o If [cos(bs — 05)| = ¢, then

| Re (TfT_g) | > [Re (TfT_g) (re.s)| = AyBy| cos(0; - 0)| > 1%0'

o If [cos(fs — 0,)| < ¢, then we use the fact that minj_; || f - Ag| > £ to find some
u € L such that

1 )
(2.1) = <|f(w) =™ g(u)| < Ay + B

Note that this « must be different from s, since | f(s)—e! (=) g(s)| = |A;— B| =
I1- By <.
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o If B, < ¢, then necessarily A, > %—c. Since either |cos(6, - o) or |sin(6, -

0s)| is greater or equal than %, evaluating at 7, or T, respectively, and
applying the triangle inequality, we get that

4” %e(TfT_g) H 2 1()9—\/§AU—302 #—(3+

o If A, <c, we proceed analogously.

) )c>0
10v/2 '

o If A,, B, > ¢, we distinguish two cases:
o If |cos(f, —o,)| > ¢, then

|9 (TTg) | > |%e (TSTg) (ruu)| = AuBu|cos( = 0.)] > ¢

e Otherwise, we are in a situation where A,, B, > ¢ and both |cos(0s—
0s)l,|cos(, — o,)| < c. This case requires a more careful analysis
than the previous ones, so we treat it separately.

Let A = (05— 0s) + (0, —0y) = (0s —0y) + (0, — 05). Using standard trigonometric
relations, it is clear that |cos Al > 1 -2¢? and |sin A| < 2¢. Moreover, we can write
cos(fs — 0,) = cos Acos(8, — o) +sin Asin(f, — o)
and
sin(0s — 0,,) =sin A cos(0, — o) — cos Asin(6, — ).
When cos A >0, we have 0 <1 -cos A < 2¢2, so that
cos(0, —oy,) —cos(6, —o0,)| <4e,
2.2) | ‘ ( ) . ( )|
|sin(fs — o,) +sin(f, — 0,)| < 4e.
When cos A <0, it follows that 0 < 1+ cos A < 2¢?, so instead we get
|cos(b, — 0,,) + cos(6, —0,)| < 4c,
(2.3) . .
|sin(f, — 0,,) —sin(6, — 0,)| < 4c.

According to this dichotomy, we have the following conclusions:

o If cos A > 0, then evaluating at ry ,,, using the equations (2.1), (2.2) and invoking
the assumption B, > % we obtain that
4| Re (TfYTg) (7s)| 2 |Bucos(0s — o,,) + Ay Bs cos(0, — 05)| — 2¢
> (A, + By)|cos(bs —o,)| - Au(1 = By)|cos(8, — o)
- A,|cos(8, —os) —cos(0s — )| - 2¢

1 1
2= 03_ u)l T T4 YO
_5|cos( ou)| 0 6c



14 ENRIQUE GARCIA-SANCHEZ, DAVID DE HEVIA, AND MITCHELL A. TAYLOR

while at 7, we get

49e (TfTg) (Fou)| 2 | Busin(0, - 0.) = AuBysin(0y, - 0,)| - 2
> (A, + By)|sin(0s — 0,,)| = Au(1 = Bs)|sin(, — o)
— A, |sin(8, - o,) +sin(0s — 0,,)| - 2¢

1 1
> g| sin(fs — o,)| - 0 Ge.

4| Re (TfTg) | zé(%—%)wwo.

o If cos A <0, then again by standard trigonometric relations it follows that

(2.4) cos((0s —04) = (0, — 0,)) = cos(A - 2(0, — 7)) > 1 -6

Therefore,

We now split one last time into two cases:
O If |[A,— B,| > \é—?, we can evaluate at g, and 75, and apply (2.3) to obtain
4 Re (TfT_g) (rsu)| > |Bycos(0s — 0,) + Ay Bs cos(by, — 05)| - 2¢
> |A, - Byl|cos(0s — )| — Au(1 = By)|cos(6, — oy)|
- Ayl cos(8, — o) +cos(0s —o,)| - 2¢

> ?|cos(03 —0y)| - 10 6e,

and
4| Re (TfT_g) (Tsu)| 2 |Busin(bs — 0,,) — Ay Bssin(8, — o) - 2¢
> Ay~ Bullsin(@, - 0.)| - Au(1 - B)]sin(6, - )]
- A,|sin(0, — 0,) —sin(bs — 0,)| - 2¢

V24 1
> ——|sin(fs - 0,)| - — - 6c,
25 10

respectively. Again, this implies that

o1 (V12 1
4| Re(TfTg) ] 2 S(T - 5) —6c> 0.
O On the contrary, if |4, - B,| < 4—2_54, by (2.1) and (2.4) we have

i < |Au _ ‘Buei((es—ffS)—(eu—ffu))|2
25

= A2+ B2 -2A,B,cos((0; - 0) - (0, —0,))
= |A, = Bu* + 24, B,[1 - cos((0; - 7,) = (6~ 0u))]
24 1

<— +126% < —,
252 25
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which becomes a contradiction as long as we choose ¢ < m Therefore,
this situation is not possible, and we have exhausted all of the possibilities

within Case A.

Note that by choosing 0 < ¢ < %(@ - 1) and 0 < ¢ < min{c?, }1(%(@ - 1)-6c)}, all

the conditions that have appeared in Case A are satisfied.
Case B: A, < % and B, < % (in particular, s # ¢).
o If B, < ¢, we examine A;:
o If A; <c, then
4|9 (TfTg) (rs)| 2 [cos(0s - )] - 3¢
and
4|%e (TfTg) (7r)| 2 | sin(6, - 0,)] - 3c,
SO

4| Re(TfTg) | 2 %—3(»0.

O If A; > ¢, we split again:
o If |cos(b; — 01)| > ¢, then

|9e(TTg) | 2|9 (T Tg) ()| 2

o If |cos(0; — 01)| < ¢, then evaluating again at either ry, or 75, we
obtain that

4| Re(TfTg) | 2 —= - 3¢>0.

Sl

2
o If By >c, we look at |cos(0s — o)l
O If |cos(0s — 0s)| > ¢, it follows that
|%e(TfTg) [ > |Re (T fTg) (70| 2
O If |cos(0s — 04)| < ¢, we split again:
o If A; <c, evaluating at the points r,; and 75, yields

1
4| Re(TfTg) | 2 5320

o If A; > ¢, then we examine |cos(6; — oy)|:
n If [cos(8; — 01)| > ¢, then

|9 (T/Tq) | 2 e (7/Tg) (ris)] 2

n If [cos(6;-0)| < ¢, we arrive at a situation similar to Case A, but
not exactly the same, since we might not have an analogue of
the condition (2.1). Therefore, to deal with the case A;, Bs > ¢
and |cos(0s — )], | cos(0; — 01)| < ¢, we proceed as follows:
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Let I' = (05— 05) + (0; — 0;) and observe that |cosT'| > 1-2¢2. We can again obtain the
estimates (2.2) and (2.3), with the obvious modifications. We now split the analysis
as in Case A:

o If cosI' > 0, then if we evaluate at r,, we obtain that

4| Re (TfT_g) (rs1)] > |cos(bs — o) + A Bs cos(0; — o5)| - 2¢
> (1+ A;By)|cos(b, — 04)| - Ay Bs| cos(6; — o) — cos(0, — ay)| — 2¢

> |cos(bs — ay)| - 6,
while at 75, we get

4| 9e (T1Tg) (To)| > |sin(0s - 1) = A, Bysin(6; - 0,)] - 2¢
> (1+ AB,)|sin(0s — 0y)| - Ay Bg|sin(b; — 05) +sin(fs — 0y)| - 2¢

> |sin(fs — oy)| — 6¢.
Therefore,

1
4| Re(TfTg) | > 5 0e>0

o If cosI' < 0, then we use that A;, By < 1% to see that 1 - A, B, > % and then
apply the analogue of (2.3) to obtain

4| Re (TfT_g) (rse)| = | cos(bs — ov) + Ay Bs cos(0; — o5)| — 2¢
> (1- A;B,)|cos(0, - 01)| = Ay By| cos(6; — o) + cos(, — o1)| - 2¢

1
> 1—0| cos(fs — oy)| - 6c,
and

49e (TfTg) (7o)l 2 [sin(0, - 02) = AcBysin(0, - 0,)| - 2c
> (1 - AyBy)|sin(b, - 0;)| - Ay Bs|sin(0; — o) —sin(0s — 0y)| - 2¢

1
> E' sin(fs — o¢)| - 6c,

and therefore

—6¢> 0.

e (TTg) > 1=

Observe that Case B has provided new restrictions for ¢ and J, but it can be checked
that the choice of parameters made in Case A satisfies these new conditions. Hence,
we have shown that there is a 0 > 0 such that || Re (TfT_g) | > 0 whenever f, g€ Ser

satisfy minjy-1 | f - Ag| > £, so the proof is concluded. O
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Remark 2.7. It should be noted that the proof of Lemma 2.6 works with a weaker
assumption: namely, that for every point s € L there exists ry € K such that Tf(ry) =
f(s) and for every pair of distinct points s,t € L there are rs;,7s; € K such that

Tf(rss) =5(f(s)+ f(t)) and Tf(7,) is either 5(f(s) +if(t)) or 5(f(t) +if(s)).

Next, we show that Cy[1,w?) (which can be identified with the closed sublattice
of C[1,w?] consisting of functions that vanish at w?) contains an isometric copy of
co doing SPR. The construction for the complex case is an adaptation of the real
one, extracted from [22], so that it satisfies the overlapping condition of Lemma 2.6.
Throughout the proof, 1,,, will represent the characteristic function of the clopen
set (w-(my —1),w-my] for any natural number m; > 1. Analogously, given natural
numbers my,me > 1, 1,,, ., Will stand for the characteristic function of the singleton
{w-(mq1-1)+ma}.

Proposition 2.8. Assume that the field of scalars is C. There exists an SPR embed-
ding of ¢y into Co[1,w?).

Proof. For each n € N, we define the expression
1 12
™ =1y, + §lln+1 +s > (Lin2n-1 + ilman)
m=2

(see Figure 1), which is continuous on [1,w?] and vanishes at w?.

The fact that the sequence (z(™), spans an isometric copy of ¢y can be checked in
an analogous way to what was done in [22, Proposition 3.6] and [21, Theorem 6.1].
Indeed, fix any finite sequence of complex scalars (o)}, with maxyee, |on] = 1 and
let us check that z = ¥p_; agz(®) has norm 1 in Cy[1,w?). Since z(m) = «,, for any
1<m<mn, then |z| > 1. For the reverse inequality, observe that

oxiszeroon [n+1l,w]u(w-(n+1),w?].

oxisjapon (w-kw-k+2k]u(w-k+2n,w-(k+1)], for every 1 <k <n.

o x is 2oy +5a; on the isolated point {w-k+2j-1} and ay+ iy on the isolated
point {w-k+2j}, forall 1 <k<j<n.

Moreover, it is clear that if we take r, = n for every natural number n € N, and
Tmn =w-m+2n-1and 7, , = w-m+2n for every pair m < n, then the relaxed condition
from Remark 2.7 holds, so Lemma 2.6 guarantees that E = span{z(™ : n € N} does
complex SPR (the fact that ¢q is not a C'(K')-space, but only an AM-space, is not
relevant in the proof). O

Recall that a perfect set P of a topological space T is a non-empty closed set which
has no isolated points, and a topological space T' is said to be scattered if it does not
contain any perfect sets. In [22, Proposition 3.5], it is shown that if K’ is infinite,
there there exists a nice isometric embedding 7" from Cy[1,w?) (in fact, C[1,w?]) into
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Figure 1. Representation of (™. The points in [1,w?] are ordered from
the left to the right and from the top to the bottom.

C(K). In general, we cannot ensure that this embedding is a lattice homomorphism
[22, Remark 3.6]. However, in the case when K is scattered, we can achieve this, as
we show next.

Lemma 2.9. Let K be a scattered compact Hausdorff space. If K' is infinite, then
Co[1,w?) embeds lattice isometrically into C(K). In particular, C(K) contains an
isometric SPR copy of cq.

Proof. Reproducing the argument from [21] it is clear that K’~ K" is infinite and every
point in K’ ~ K" is an accumulation point of K \ K’. Since K is a regular space, we
can find a sequence of distinct points (¢;)52, € K’ \ K", pairwise disjoint open sets
(Ur)s2, of K, and open sets (V},)52,, such that ¢ € Vj, ¢ Vj, € Uy, for every k e N. Since
every t; is an accumulation point of K \ K’ there exists a sequence of distinct points
(sj1)521 € (KN K') n'Vj, for every k. Let gy € C(K) be such that 0 < gp <1, gilg— =1
and gi|xv, =0, and observe that x(,,,; is continuous for any j and k, as s;;, is an
isolated point of K. Given f e Cy[1,w?), we define

Tf:= ;i (f(w k)gi + i(f(w (k=1)+35) = f(w- k))X{Sj,k})-
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We claim that T'f is a continuous function on K with | Tf| = | f|. Indeed, the sequence
of partial sums ij\il(f(w (k-1)+j) - f(w- k))x{sj}k} is Cauchy, so it converges.
Moreover, each of the summands

oo

E = f(w-k)gy + Z( flw-(k=1)+7) = f(w-k))X(s, 1}

is supported on Uy, and has norm | f|(.s-1)wk)[- Similarly, (Xal; Fx)$_, is a Cauchy
sequence, so it converges in C'(K) to what we have called T f. Clearly, the operator
T : Cy[1,w?) - C(K) that we have defined is a linear isometry. It is also a lattice
homomorphism, since for every f € Cy[1,w?) we have that

(T1fD(sjw) = f(w-E)| +|f(w- (k=1) + )| = |f(w-K)[ = [f(w- (k=1) + )| = T f|(s))
for every 7,k e N, (T|f])(t) = |f(w-k)|gx(t) = |T f|(t) for every t € Uy~ {s;x:j € N} and
keN and T|f| =0=|Tf] on K~\Ujs, Ux. Hence, T|f| = |T f|, and T is a lattice isometric
embedding, as we wanted to show. Now that the claim is established, Proposition 2.8
yields that C'(K') contains an isometric SPR copy of ¢. OJ

In the extreme case, we obtain the following:

Theorem 2.10. Let K be a compact Hausdorff space. Then K contains a perfect set
if and only if C(K) contains an isometric SPR copy of every separable Banach space.

Proof. Suppose that K contains a perfect set. Then, by [27, Theorem 2, Section
4, p. 29], C[0,1] embeds lattice isometrically into C'(K) by means of a composition
operator associated to a continuous surjection ¢ : K — [0, 1]. Since, by Proposition 2.4,
C[0,1] contains an isometric SPR, copy of every separable Banach space, C'(K) does
as well (observe that lattice embeddings preserve SPR subspaces).

Conversely, assume that C'(K) contains an isometric SPR, copy of every separable
Banach space. In particular, C'(K) contains an isomorphic copy of ¢; and hence, by
[27, Corollary to Theorem 4, Section 13, p. 113], K is not scattered, that is, K contains
a perfect set. [l

Proof of Theorem 2.5. (i) = (i1): Suppose that K" is infinite. We distinguish between
two cases:

o If K contains a perfect set, then, by Theorem 2.10, C'(K') contains an isometric
SPR copy of every separable Banach space and, in particular, of c¢g.

o If K is scattered, then, by Lemma 2.9, Cy[1,w?) embeds into C'(K) in a lattice
isometric way, and hence ¢, isometrically embeds into C'(K) doing SPR.

Implication (ii) = (7i7) is trivial, so it remains to show (iii) = (7). By mimicking
the gliding hump argument detailed in [22, Proposition 2.2], it is not difficult to check
that if K’ is finite and F is an infinite-dimensional subspace of C'(K'), then for every
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e >0 we can find f,g € Sg such that ||f| Alg|| < e. By [15, Proposition 2.5], in this
situation, F fails SPR. 0

Remark 2.11. Let X be a Banach lattice. An interesting consequence of Theorem 1.3
is that the vector-valued function space C'(K; X') may admit infinite-dimensional SPR
subspaces even when the individual components C'(K) and X do not. Indeed, one may
take K = [0,w], that is, the one point compactification of the natural numbers, and
X =C[0,w]. It is easy to see that if K and L are compact spaces, then C'(K,C(L)) is
lattice isometric to C(K x L) = C(K)®p;C(L). In particular, C([0,w]; C[0,w]) can be
identified with C([0,w]?). Clearly, [0,w] has only one accumulation point (w itself),
so C[0,w] does not have SPR subspaces. However, [0,w]? has an infinite number of
accumulation points, so C'([0,w]?) = C([0,w]; C[0,w]) contains SPR, subspaces.

3. QUANTITATIVE SPR EMBEDDINGS OF C'(K )-SPACES

After Theorem 2.5 was established in [21] (for real scalars), the authors asked
whether a quantitative version of the result was possible:

Question 3.1 (Question 6.4 in [21]). The proof of [21, Theorem 6.1] shows that K’
is infinite if and only if C'(K') contains an SPR copy of ¢q. If K is “large” enough (in
terms of the smallest ordinal a for which K(®) is finite), what SPR subspaces (other
than ¢q) does C'(K) have? Note that ¢ is isomorphic to ¢ = C[0,w] (w is the first
infinite ordinal). If K(®) is infinite, does C'(K) contain an SPR copy of C[0,w*]?

In this section, we aim to address this question by providing an affirmative answer
in both the real and complex settings. We will show that, for any countable ordinal
1 < a<w, if K2 is non-empty (|K(*®2)| > 2 in the complex case), then C'(K)
contains a subspace isometric to C[1,w®] doing SPR (Theorems 3.5 and 3.7). This
continues the work initiated in [22], where the authors only consider the case of finite
ordinals and manage to prove that for 2 < a < w, K(® # @ implies the existence of
an SPR embedding of C[1,w®] into C'(K'). However, the latter result did not provide
new information regarding Question 3.1 as the spaces C[1,w?®] and ¢y are isomorphic
for any finite ordinal o > 1.

Nonetheless, the techniques employed in [22] provide the foundation for the work we
will develop in this section. In particular, mirroring the approach of the cited work, we
will first establish a result (Proposition 3.3) that enables us to study Question 3.1 only
in spaces of the form C[1,w®], which are easier to handle than general C'(K)-spaces.
Most of the results in this section hold in both the real and the complex setting, so we
will assume that the field of scalars is R or C, unless stated otherwise.

3.1. A significant reduction of the problem. It was established in [22, Proposition
3.5] that, for any a € w, if K(® % @, then there exists a nice isometric embedding
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T:C[1,w*] - C(K), in the sense that it preserves SPR embeddings. The key property
that ensures that the constructed embedding preserves SPR subspaces is the following:

(%) for every t € [1,w?] there is s, € K such that T'f(s;) = f(t) for every f e C[1,w®].

It is clear that the above condition guarantees the preservation of overlaps between
any pair of functions. Thus, it can be easily verified that if ' does C-SPR in C[1,w?],
then T'(E) does C-SPR in C'(K) [22, Proposition 3.1].

Proposition 3.2. Let K, L be compact Hausdorff spaces and T : C(L) - C(K) an
operator with the following property:

(¥) for every te L there is s, € K such that T'f(s;) = f(t) for every f e C(L).
Then, if E is an SPR subspace of C(L), T(E) is an SPR subspace of C(K).

In view of Lemma 2.9, one might also ask whether the embedding T can be made
to preserve lattice operations, since it is clear that lattice embeddings preserve SPR
subspaces. This is not possible in general, as [22, Remark 3.6] shows.

We now extend the previously mentioned [22, Proposition 3.5] to the case of count-
able ordinals.

Proposition 3.3. Let a < wy be a countable ordinal and K a compact Hausdorff space.
Then, if K(®) @, there exists a positive linear isometry T : C[1,w*] - C(K) that
preserves the unit, that is, T1 =1, and has the property (x), i.e., for every t € [1,w®]
there is sy € K such that T f(sy) = f(t) for every f e C[1,w?*].

Proof. For the moment, we only consider real scalars, and at the end of the proof we
will indicate how to handle the complex case. We will start by showing by transfinite
induction the following claim:

Claim. Let o < wy and let K be a compact Hausdorff space. If V is an open subset
of K such that there is sy € V. n K@ then there exists a positive linear isometry
S Co[1,w®) = Co(V) with the property (%), i.e., for every t € [1,w®] there exists
sy €V such that Sf(s;) = f(t) for every f e Co[1,w®). Moreover, Sf(so) =0 for every
[ eCo[1,w?).

Proof of the claim. We will only prove the limit case, as the zero case and the successor
case are already done in [22, Proposition 3.4]. Let @ < w; be a limit ordinal and assume
that the inductive hypothesis holds for every § < a. Since « is a countable limit ordinal,
it has cofinality w, that is, there exists a sequence of strictly increasing ordinals (o, )new
such that a = sup,, a,,. In particular, writing w® =0 we can decompose

[1,0) = U, w],
n=1
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where each (w®-1,w ] is a clopen set homeomorphic to [1,w*]. Similarly, we have
K@ =g K® =N, K@) Now, let V be an open set of K that intersects K (),
and fix sp € V n K(®, We can choose for every n a point s, € V n K(@n) different from
50,81, ---,Sp-1. Using the normality of K, we can find pairwise disjoint open sets V,,
such that s, € V,, €V and sy ¢ V,,. By the regularity of K, we can further assume
that V,, € V and select open neighborhoods U,, such that s, € U, ¢ U, cV,. By the
inductive hypothesis, there exists a positive isometry S, : Co(w1,w?) - Cy(U,)
with the property (x); let S, be its extension by zero to Co(V). By Urysohn’s lemma,
we can find g, € C(K) such that 0 < g, <1, gulz— =1 and 9n|K\vn = 0. Observe that
gnly € Co(V') and hence, for simplicity, we will also denote this restriction by g,,. For
every f e Cy[l,w®) we can define

1= 3 (£ )+ S s oy = F o))

Proceeding as in [22, Proposition 3.5], it can be checked that S is a well-defined
positive isometry with the property (). Hence, the inductive hypothesis holds for
every countable ordinal a. (Claim) [J

Now, suppose that K is a compact Hausdorff space such that K(®) # @ for some
countable ordinal a > 1 (if & =0, the proof of the proposition is trivial). We have seen
that, given sq € K(®), there is a positive linear isometry S : Cy[1,w®) - C(K) with
the property (*) and such that T'f(s¢) = 0 for every f e Cy[1,w®). Thus, the operator
T:C[1,w*] - C(K) defined by

Tf = f(wo‘)]lK + S(f|[17wa) - f(wa)x[lwa)), f € C’[l,wo‘],
is a positive linear isometric embedding of C[1,w®] into C'(K) which preserves the
unit and satisfies the property ().

Finally, we show how to extend this proof from the real case to complex scalars.
Let a < w; be a countable ordinal and suppose that K(®) # @. We have shown that
there is a positive isometric embedding 7" : C[1,w®] - C(K) such that 71 = 1 and
T has the property (x). We claim that T¢ : C([1,w®];C) — C(K;C) defined by
Te(f +ig) =Tf +iTg, for f,g € C[1,w*] is a positive isometric C-linear embedding
with the desired properties. Recall that since T is positive, we have |T¢| = |7 =1
(see, for instance, [2, Corollary 3.23]). It is clear that Tt satisfies the property (%) and
from this we deduce that

sup|Te(f +ig)|(s) = sup VIT ()P +[Tg(s)P > sup VITf(s0)P? +[Tg(s:)P

te[1,w™]

= sup ]\/If(t)|2 +lo(P = sup. |f +igl(t) = | f +ig],

te[1,we
and this shows that 7¢ is norm-preserving. It is also immediate to check that T¢
preserves the unit. O
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3.2. A solution to the Question of Freeman et al. for countable ordinals.
Cantor’s normal form allows us to express uniquely every ordinal 0 < a < w; as a
finite combination of ordinals of the form w? with non-zero natural coefficients. Since
wP -0 =0 for every [, the representation (1.4) can be understood as a bijection from
wy into cop(w1,Zy ) = {x tw1 > 2y {y rx(y) #0} < RO}, that is, the set of sequences
of non-negative integers indexed in w; with finite support. Observe that, in general,
the coordinate-wise sum in the set cyo(w1,Z,) does not coincide with the usual sum
of ordinal numbers. Given «,f € w;, we denote by a &  the ordinal obtained by
adding the normal forms of o and § in cgg(ws,Z,). This operation @ : w; x wy; - wy is
associative, symmetric (in contrast to the usual sum of ordinals) and compatible with
the order (if o < 3, then a @y < @« for every v € wy). Moreover, it satisfies that
adl=a+1.

We will use this operation to show that for every countable ordinal a, C[1,w®] em-
beds isometrically into C[1,w®®?] doing SPR in the real setting, and C[1,w®] embeds
isometrically into C[1,w*®?-2] doing SPR in the complex setting, where ¢ ®2 = a @ «,
with a constant independent of a. Our first step is the following construction:

Lemma 3.4. For every pair of ordinals o, € wy there is a map U, : C[1,w*] x
C[1,wP] - C[1,w*®?] satisfying the following properties:

(i) for every fi, fo € C[1,w*] and g1, g2 € C[1,w"],
Ua,s(f1 + f2, 91+ 92) = Uas(f1.91) + Uap(f2, 92);
(it) for every feC[1l,w*], ge C[1,w?] and X e R,
Uas(Mf,A9) = Aas(f,9);
(iii) for every f e C[1,w®] and g € C[1,w"],
[Ua (S 9)lee <5 (1o + L)

(i) for every s € [1,w®] and t € [1,wP] there exists rs; € [1,w*®P] such that

(U, 0)) (1) = 5(7(5) + 9(1)).

(v) for every r € [1,w*®P] there exists s, € [1,w*] and t, € [1,wP] such that
1
[Ua,s(f,9)1(r) = i(f(sr) +9(t,)).

Proof. First of all, we observe that for any pair 0 < a < f < wy, the construction of the
map Us, is automatic once the existence of the map U, g is established. Indeed, for
feC[1l,wP] and g € C[1,w®] we define

Uﬁ,a(fag) = Ua,,@(gaf)'



24 ENRIQUE GARCIA-SANCHEZ, DAVID DE HEVIA, AND MITCHELL A. TAYLOR

The existence of the map U, s for every o < 3 is proved by means of two nested
transfinite induction arguments, one for o € w; and another one for § > a:

Inductive Hypothesis (IH): Given « € wy, if U, is defined for every v < o and
0 >, then U, g exists for every > a.

1. Base case (a=0): Given >0, it is straightforward to check that

Uwsg : C{1}) xC[1,w?] — C[1,w7]
(f,9) — 3(f(1)+9)

is well-defined and satisfies the properties of the statement.
2. Inductive step (a — a+1): Assume that (IH) has been established for a. Let us
show that it also holds for o + 1 by a transfinite induction argument on 5 > « + 1:

Inductive Hypothesis (IH-I): Fix a € w;, and assume that U, ; has been con-
structed for every v < o and 6 > . Let 8> a+ 1. If Uy 4 is defined for every
a+1<y< B, then Uy, g exists.

2.1) Base case (8 = a+1): We construct Upsq 41 @ C[1,w*] x C[1,w?] —
C[1,w(@*1)®2] in the following way (the order-preserving homeomorphisms that
transform the clopen subsets of [1,w"] into intervals of the form [1,w?®] for a
suitable § by means of a translation are not written explicitly):

Ua+1,a+1(f7 g)|(w"‘®2+1~(2n—2),w0‘®2+1-(2n—1)] = Ua+1,a(f|(wa~(n—1),wo‘+1]7g|(wa-(n71),wa~n])7 ne Na
Ua+1,a+1(f; g)|(wo‘@2+1~(2n—1),wa®2+1-2n] = Uoz,a+1(f|(wa~(n—1),w“~n] ) g|(w°‘~n,w°‘+1])7 ne N;

1
Ua+1,a+l(fag)|{w(a+1)@2} = é(f(wa+1) + g(waJrl))'

Clearly, the function defined above satisfies conditions (i), (ii), (iii) and (v).
Let us check that it is continuous on [1,w(®*1)®2]. By the assumption, it
is continuous on each clopen set (w®®?*!.(m —1),w*®?*!1 . m] with m € N.
Moreover, it is continuous on w(®*12: for every e > 0 there exists ng € N such
that |f(w2*!) - f(s)| <& and |g(w™*!) — g(t)| < € for every s,t € (W - ng,w*1],
so using (v) we know that for every r € (w*®*1.2ng, w(@+1)®2] there are s,,t, €
(w?-ng, w1 ] such that [U, 5(f,9)](r) = %(f(sr) +g(tr)), so we conclude that

|[Ua+1,a+1(f7 g)](w(a+1)®2) - [Ua+1,a+1(fa g)](?“)| <é&.

In other words, Uas1.4+1(f,9) is continuous on w(®*1)®2 hecause of property
(v) and the fact that for every n € N, Uyi1a41(f,g) restricted to (we®2+!.
2n, w(@)o2] depends only on f|(an wes1] and gl(en we+17. Finally, property (iv)
follows from the fact that U,1 441 and U, o441 also satisfy (iv), and [1, w(e+1)©2]2
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can be decomposed as

[1,w(erD)oe2]2 (U(wo‘ (n-1),w*] x (wo‘-(n—l),wo‘-n])

U (U(wa . (TL _ 1)’wa . ’I’L] « (wa . n’wa+1]) U {(w(a+1)®2’w(a+l)®2)}.
n=1

The continuity of the function U, g(f,g) and properties (i) to (v) are checked
in a similar way to the rest of the steps, so we will omit the details.
2.2) Inductive step (8 — +1): Assuming that U,.1 4 has been established, let

us construct U,4q 541 as follows:

Ua+175+1(f7 g)|(w“q’ﬁ“~(2n—2),w0‘®5*1-(2n—1)] = Ua+175(f|(wo‘-(n—l),wo‘+1]7g|(wﬁ~(n—1),wﬁ-n])) ne Na
Uas1,6+1(f, 9)|(woo1.2n-1y woossion] = Uage1 (flwotno1)wen]s Oliwsmwsn] ), 1 € N;

1
Ua+1,ﬁ+1(f7g)|{w(a+1)®(ﬂ+1)} = §(f(wa+l) + g(wﬁ+1))

2.3) Limit case (f limit ordinal): If § > a +1 is a limit ordinal and U,
exists for every o+ 1 <y < 3, then we can define U, g in the following way.
First, observe that [ is countable, so it has cofinality w and there is a strictly
increasing sequence of ordinals (f3,,), indexed by n € w such that § = sup,, 5,.
Next, note that v =sup,(a+ 1) @ 3, exists and v < a @ . Indeed, the ordinals
are a well-ordered set, so the subset of upper bounds of {(a+1)® 3, : n € w}
must have a minimum, i.e., a least upper bound for the sequence. Moreover,
B < Bny1 implies that (a+1)® 6, = a®(5,+1) < a®f,,1 < a®f for every n € w,
so v < a @ . Using this sequence we can make the following decomposition
(hereby, w and w(®+*1)®% must be understood as the ordinal 0):

[1 w(a+1)€9ﬁ (U(W(aﬂ)@ﬁn 1 w(a+1)®ﬁn]) [uﬂ,wa@ﬁ]
u (U(w“@ﬁ n,w*® - (n+ 1)]) u {wlerhesy,
n=1

Since ((a + 1) @ B,,), is strictly increasing, it follows that every clopen set
(wlerD)@Bn-1 y(e+D)®fn] is homeomorphic to [1,w(@+)®6n]. We define

Uas1,5(f, 9l (wt@rnes,s w(a+1)®[3n] Uas1 ﬁn(f|(wa~(n—1),w““]79|(wﬁn*1,w5n])v nel;
Uar1,8(f5 9)|[wr woes) = (f(wa+1)+g( ))7
Uas1,8(f> 9lwoornwoos (ns1)) = Uas(flwn(n-1)wens Glwin we))> 1 € N;

(f

Uas1,6(f, 9)lguternesy = §(f(w°‘”) +g(w”)).
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We have now defined U, s for every S > a + 1, so the proof of the inductive step
(IH-T) is concluded.

3. Limit case (« limit ordinal): Assume that « is a limit ordinal, and (IH) has
been established for every v < . In particular, since a has cofinality w, there is a
strictly increasing sequence of ordinals (o, )ne, such that a = sup,, a,,. We construct
U, s by transfinite induction on 5 > o

Inductive Hypothesis (IH-L): Fix a € w; a limit ordinal, and assume that U, s
has been constructed for every v < o and § > . Let 8 > a. If U, is defined for
every a <y < f3, then U, g exists.

3.1) Base case (8 = a): We can construct U, , in the following way (as before,
w and w*® denote the 0 ordinal):
Ua,oz(fa g)|(wan—1@av2,w“n@a] = Ua,an(f|(w°‘n—l,w°‘]ag|(w°‘n—1,w°‘n])a ne N;
Uoz,oe(fa g)'(wan@“,w“n@“-Q] = Uozn,oc(f|(wan—1,w°‘n]ag|(w0‘n,w°‘])a ne Na

UnalFs9)iuror) = 5 (%) + 9(0%)).

3.2) Inductive step (8 — S+1): Assume that U, s is known. We need to construct
U, p+1. First observe that the sequence o, @ (8+1) is bounded below by a @ (.
Let v = sup,, @, ®(f+1) < a®. Then, we can make the following decomposition
(we are using the convention w® = w0 ®(F+1) = ():

n=1

[1’ wa@(ﬁﬂ)] — (G (wan_l@(,@ﬂ)’wane(ﬁﬂ)]) U [w'y7 wa@ﬁ]
u (U(wo‘@ﬁ n,w*® . (n+ 1)]) U {we®B+Y,
n=1

Now, we define U, g.1 piecewise as:
Ua,BJrl(f?g)|(wan—1$(5+1)7wan®(ﬁ+1)] = Uan,5+1(f|(wan—1,wan],9|(wﬁ.n,wﬁ+1]),n eN;
Uasr (-0l amony = 5(F() + 97
Uaps1(f> 9)|(woopnwo0s.(ns1)] = Uag(fliwon-1wol glws (no1)win))> 1 € N;

Ua,ﬁ+1(fag)|{wa®(5+l)} = %(f(wa) + 9(W6+1))~

3.3) Limit case (f limit ordinal): Assume that § > « is a limit ordinal and
let (8,)n be a strictly increasing sequence indexed by w whose supremum is
B. Provided U, exists for every o < v < 3, we want to define U, . Let
Yn = max{a, ® 5,a ® [,}, which defines a strictly increasing sequence whose
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supremum, denoted by ~, is bounded by a® 5. We make the following decom-
position of [1,w*®?] (here, w =0):

[1’&)0@6] — (U(w7n1 ,27w%] U (w%7wvn . 2]) U [w”,w‘wﬂ].

n=1

Additionally, we can break each of the clopen sets above as follows:
(@0 2,07] = (02,0070 2 4 T (W2 4 9 ] e N,
(W, w™-2] = (W, W +w*®P U (W +w*®8 W . 2] neN;

where the last set in each line is either empty or a clopen set. Now, we define
Ua,,p piecewise as follows:

Ua:ﬁ(.fa g)|(w7n71-2,w7n71-2+w0‘@5n] = Ua,ﬁn(.ﬂ(wo‘n—l,wa]ag|(w5n71,w6n])an € N;
1
Uaﬁ(fv g |(w7n71~2+w‘1®5”,w7n] = §(f(wa) + g(wﬁn))7 ne Nu

)
UOéwB(f’ g)l(w””,w“/nﬁ-wan@ﬁ] = Uanﬂ(f|(wa”*1,wo‘"]7g|(wﬁn,wﬁ])a ne N7
1
)

Ua,ﬁ(f,g |(w7n+wan®5,w7n~2] = §(f(wan) + g(wﬁ))u ne N;
1
Ua:ﬁ(faQ)'[w’Y,wa@B] = i(f(wa) +g(w6))
With this last construction we have defined U, s for every 5 > «, so (IH-L) holds,
and hence so does (IH) for every countable ordinal a. O

Now that we have built an overlapping map for every ordinal «, we can use it to
obtain the following isometric and isomorphic results in the real setting.

Theorem 3.5. Let K be a compact Hausdorff space, o € wi a countable ordinal and
assume that the field of scalars is R. If K(@®2) js non-empty, then there exists an
isometric 3-SPR embedding of C[1,w®] into C'(K).

Proof. By Proposition 3.3, C'(K) contains an isometric copy of C[1,w®®?] that pre-
serves SPR subspaces, so without loss of generality we can assume that K = [1,w*®?].
By Lemma 3.4, there is a map U, 4 : C[1,w?®] x C[1,w?] = C[1,w*®?] satisfying prop-
erties (i) to (v). Let
T : Cllw¥] — CO[1,w*?]
fo— Tf=Usu(f f)

Properties (i) and (ii) imply that T"is a linear map. Moreover, (iii) implies that 7" is con-
tractive, and (iv) yields that for every s € [1,w®] there exists 7, s € [1,w?®?] such that
Tf(rss)=f(s), soT is an isometric embedding. It remains to show that T'(C[1,w*])

does 3-SPR in C[1,w*®?]. Let f and g be normalized functions in C[1,w®], and find
s,t € [1,w*] such that |f(s)|=|g(t)|=1.
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o If s =t, then [T'f(rss)| A Tg(rss)l = [f(s)[ Alg(s)] = 1.
o If s # ¢, we distinguish three cases:

0 If |Tf(rs)| < 5, then

SO ) -176) + F0)] = 12T 1 (o)) > 5

5o [Tf(re)| ATg(ree)l = [F ()| A lg(t)] 2 5.
0 If |Tg(rss)| < 3, then

l9(s)l 2 [g(8)] = lg(s) + g(£)| = 1 = 2[Tg(rs )| > é

so [Tf(rss)[ATg(rss)l=1f(s)|Alg(s)| > %
0 Otherwise, |Tf(rs:)| ATg(rse)| > 3.

Hence, there is always a point 7 € [1,w*®2] such that |||T f|A|Tg||le > |Tf(r)|A|Tg(r)| >
3, and we conclude that T'(C[1,w"]) does not contain normalized 3-almost disjoint
pairs, so, by [11, Proposition 3.4], it does 3-SPR. O

Corollary 3.6. Let 0 < a < wy be a countable ordinal, K a compact Hausdorff space
with K(®) + @, and assume the field of scalars is R. Let 3 € wy such that w® < o < WP,
Then, C(K) contains an isometric SPR copy of C[1,w] for every v < w?. Moreover,
if w2 < a, then C(K) contains an isomorphic SPR copy of C[1,w®].

Proof. Using Cantor’s normal form (1.4) it can be easily checked that for every v < w?,
we have 7y®2 < w? < o, so using Theorem 3.5 we obtain a 3-SPR isometric embedding of
C[1,w"] into C[1,w7®?], which in turn is a sublattice of C[1,w®]. By Proposition 3.3,
C(K) contains a 3-SPR isometric copy of C[1,w?] as well.

Next, assume that w®-2 < a. It was established in [10, Theorem 1] that for ordinals
w< A< p<wy, C[1,A] is isomorphic (as a Banach space) to C[1, ] if and only if
< X, In particular, it can be checked that w® < (w*”)¥, so C[1,w®] and C[1,w*"] are
linearly isomorphic. By Theorem 3.5, we know that C[1,w+”?2], which is a sublattice of
C[1,w?], contains an SPR copy of C[1,w~"], and hence, of C[1,w?]. Proposition 3.3
yields the result. 0

In the complex case, the situation is not as straightforward, but it still allows for a
quantitative answer to Question 3.1.

Theorem 3.7. Let K be a compact Hausdorff space, o € wy a countable ordinal and
assume that the field of scalars is C. If |[K(®®2)| > 2 then there exists an isometric

SPR embedding of C[1,w®] into C(K), and the SPR constant is uniform in c.

Proof. First, observe that from Proposition 3.3 we can easily deduce the following:
given a countable ordinal 8 < w; and a compact Hausdorff space L, if [L(¥)| > 2, there
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is a positive linear isometric embedding T : C[1,w? - 2] — C(L) satisfying T1 = 1
and the property (%) (cf. [22, Corollary 4.6]). Thus, we can assume without loss of
generality that K =[1,w®®2.2].

Next, we use Lemma 3.4 to build the operator

T : C[lw*] — C[l,w*?.2]=C[1,w*®?] @ C[1,w*®2]
[ Tf=Uaalf ), Usalf.if))

It is clear that 7' is a contractive map that satisfies the conditions of Lemma 2.6, so it is
an SPR embedding. Moreover, the SPR constant is given by the proofs of Lemma 2.6
and Theorem 1.9, so it does not depend on . 0

Repeating the argument of Corollary 3.6 we obtain the following:

Corollary 3.8. Let 0 < a < wy be a countable ordinal, K a compact Hausdorff space
with K(® # @, and assume that the field of scalars is C. Let 3 € wy be such that
Wl < a < whtl. Then C(K) contains an isometric SPR copy of C[1,wY] for every
v <wh. Moreover, if | K("D| > 2, that is, if a>w?-2 or a =wh-2 and |K(®)|>2, then
C(K) contains an isomorphic SPR copy of C[1,w®].
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