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ABSTRACT. Phase retrieval using a frame for a finite-dimensional Hilbert space is known to always be
Lipschitz stable. However, phase retrieval using a frame or a continuous frame for an infinite-dimensional
Hilbert space is always unstable. In order to bridge the gap between the finite and infinite dimensional
phenomena, Cahill-Casazza-Daubechies ( Trans. Amer. Math. Soc. 2016) gave a construction of a family
of nonlinear subsets of an infinite-dimensional Hilbert space where phase retrieval could be performed
with a Holder stability estimate. They then posed the question of whether these subsets satisfied
Lipschitz stable phase retrieval. We solve this problem both by giving examples which fail Lipschitz
stability and by giving examples which satisfy Lipschitz stability.

1. PHASE RETRIEVAL AND HOLDER STABILITY

A frame for a separable Hilbert space H is a sequence of vectors ® = (¢, )ner in H for which there

exists uniform constants A, B > 0 satisfying
(1.1) AILFIP <D I F e < BIFIP for all f € H.
nel

The analysis operator of the frame @ is the map Ty : H — {o([) given by

To(f) = ({f ¢n) ner-

By the frame inequality (1.1)), Ty is an isomorphic embedding of H into ¢5(7). The problem of phase
retrieval with a frame consists of recovering an unknown function f € H from the set of intensity

measurements

T (f)] = (ICf,on) Dner € La(1).

Since |To(af)| = |To(f)| for all unimodular scalars «, |Te(f)| cannot distinguish f from af. For
this reason, we define the equivalence relation ~ on H by declaring that f ~ g if f = ag for some
unimodular scalar «. We say that the frame ® does phase retrieval if |To(f)| uniquely determines
f € H/ ~. In other words, the frame ® does phase retrieval if the nonlinear mapping

Ap :H/ ~= (D), As(f) = [To(f)]
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is injective. Phase retrieval problems arise in many applications, including coherent diffraction imaging

[36], transmission electron microscopy [32] and speech recognition [21].

To ensure that the solution to a nonlinear inverse problem is reliable, it is imperative to understand
the stability properties of the recovery map. For phase retrieval, it is known that the recovery map Ay !
is continuous, whenever it exists [4]. However, in practice, one needs quantitative stability estimates.
We say that a frame ® of a Hilbert space H does stable phase retrieval if there exists a constant C' > 1
such that for all f,g € H,

(1.2) inf ||f —aglly < CllAs(f) — As(9)llean)-

laf=1

Note that infjq—1 || f — agl|x is the distance between [f]. and [g]. in the quotient metric of H/ ~.
With this in mind, the inequality states that the recovery map A;l exists and is C-Lipschitz
continuous. If the Hilbert space H is finite-dimensional, then any frame for H which does phase
retrieval must do it stably [9, 12]. However, in every known explicit construction of a frame consisting
of a number of vectors proportional to the dimension of the Hilbert space, the associated stability
constant for phase retrieval increases to infinity as the dimension increases. Moreover, although a
generic frame of 2n — 1 vectors for real ¢4 does phase retrieval [7], Balan and Wang [§] proved that
all such solutions to the phase retrieval problem exhibit severe instabilities as the dimension n tends
to infinity. On the other hand, many distributions for random frames yield dimension-independent
stability bounds with high probability if one allows for a number of vectors bounded by a constant
multiple above the optimal algebraic solutions [14. [15] 22] B3] [34].

When the Hilbert space H is infinite-dimensional, the situation is entirely different. Indeed, although
many important discrete and continuous frames for infinite-dimensional spaces perform phase retrieval,
no frame for an infinite-dimensional H can perform stable phase retrieval [I2]. The reason for this is
that in any infinite-dimensional linear subspace V' of /5 one can use a “gliding hump” argument to
find, for every e > 0, normalized vectors = (a,) and y = (b,) in V so that

(1.3) T (ag,...,an,0,0,...), y=(0,...,0,bn11,bn52,...).

One then observes that the vectors x +y, x —y € V are far from multiples of each other, yet satisfy
|z + y| = |x — y|. In particular, taking V := Te(H) C £y, setting x = To(f), v = To(g) and using
the fact that T is an isomorphic embedding, one deduces a lack of stability in the phase recovery
process for the frame ®. A similar argument is given in [4] to prove that no continuous frame for an
infinite-dimensional Hilbert space does stable phase retrieval.

The above results suggest a dichotomy between finite and infinite dimensional phase retrieval prob-
lems. As phase retrieval in infinite dimensions is an important problem, there have been multiple
different methods of bridging the gap to obtain some notion of stability in infinite dimensions. One

method is to use a different ambiguity than just considering two vectors as equivalent if they are equal
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up to a global phase. In [3| [16, 17, 18| 26], circumstances are given where it is possible to partition the
domain of a function where it is uniformly large into disconnected sets so that the function f may be
stably recovered from |f| up to the ambiguity of having a different phase on each disconnected piece.
This is good enough for some applications, as, for example, a piece of audio that includes two parts f
and g which are separated by an interval of silence sounds the same as if you changed the relative sign
between f and g. In [12, Theorem 2.7], Cahill, Casazza, and Daubechies presented a different method
of bridging the gap between finite and infinite dimensions by establishing Holder stability of the phase
recovery map for certain nonlinear subsets of /5 consisting of functions which are “well-approximated”
by a sequence of finite-dimensional linear subspaces doing phase retrieval. More precisely, they proved
the following theorem.

Theorem 1.1 (Theorem 2.7 of [12]). Let H be an infinite-dimensional separable Hilbert space and let
Vi C Vo C V... be a nested sequence of finite-dimensional subspaces of H. Let ® = (p,)nen be a frame
for H with frame bounds 0 < A < B < oo and suppose that there is an increasing function G(m) with
lim,, o G(m) = 00 such that for every m,

(1.4 it I~ agll < Gl Aelf) — As()|  for all J.g € Vi
Fory>1 and R > 0 define
(1.5) By(R) ={feH:|f = Pufll < Gm+1)"R| || for every m € N},

where P, denotes the orthogonal projection onto V,,. Then there exists a constant C' > 0 depending
only on B, R, v and G(1) such that for all f,g € B,(R),

y—1

(1.6) inf | —aglln < C (Ifll + lglln)™ 1Ma(f) — As(g)ll,, -

jof=1

Note that the condition (1.6]) states that the phase recovery map associated to B,(R) is Holder
continuous on the unit ball, whereas (|1.2) requires that this map be Lipschitz continuous. In [12]
Remark 2.8], Cahill, Casazza and Daubechies posed the following question.

Problem 1.2. Do the sets B,(R) in Theorem do Lipschitz stable phase retrieval, i.e., does there
exist a constant C' > 1 such that for all f,g € B,(R),
inf [[f —aglx < CllAa(f) — Aa(g)lle,?

lal=1

The purpose of this paper is to answer this question. In Section [2] we produce a counterexample
by providing a frame ® which does phase retrieval for an infinite dimensional Hilbert space H and a
sequence of finite dimensional subspaces V; C V, C ... such that for all v > 1, all choices of (G(m))%_,,
and all R > 0 we have that ® fails to do Lipschitz stable phase retrieval on B, (R). On the other hand, in
Sections [3|and [l we provide constructions in both real and complex infinite-dimensional Hilbert spaces

where phase retrieval is Lipschitz stable on the set B,(R). Thus, the question of Lipschitz stability on
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a subset is much more delicate than for subspaces and it greatly depends on the relationship between

the frame ® and the sequence of subspaces (V,,)% ;.

In typical applications of phase retrieval, the model is to recover a vector f in an infinite-dimensional
Hilbert space from the magnitudes of its frame coefficients. However, we are only realistically able to
consider finitely many measurements and instead of reconstructing the full vector f, we are satisfied
with reconstructing an approximation Pp,f where Py, is the orthogonal projection onto a finite di-
mensional subspace of H. Phase retrieval is necessarily stable on this subspace Hy, but if we wish for
Py, f to be a very good approximation to f then we must choose Hj to be a very large subspace which
will result in the stability constant for phase retrieval on Hy being exceedingly large. This stability
problem can be fixed if we know that f € B,(R) and that ® does Lipschitz stable phase retrieval on
B,(R). In this case, we may choose the subspace Hj as large as we want while maintaining a uniform
bound for the stability of phase retrieval.

Before discussing our examples and counterexample to Problem [1.2] we feel that it is instructive to
first compare the above formulation of phase retrieval for frames with a more recent approach from
[13, 19, 24, B8] which permits stable recovery for infinite-dimensional subspaces. For this, we note
that, up to relabeling the constant C', the inequality (1.2]) is equivalent to the inequality
(1.7) inf (| To(f) — aTa(9)llewy < ClITe()] = [Te(9)llen)-

lal=1
Since the operator Ty appears on both sides of the inequality ([1.7)), we may relabel f <> T (f) and
g <> Te(g) to see that a frame ® does stable phase retrieval if and only if there exists a constant C' > 1
such that
(1.8) inf [|f — agllem < ClIf] = [glllem  forall f,g € To(H) S La(1).

laf=1

The importance of the reformulated inequality is that it makes no reference to the operator
Ts; instead, the operator Tp has been encoded into the linear subspace Tg(H) C ¢5(1) for which the
inequality in (|1.8]) is required to hold. The following definition presents a vast generalization of stable
phase retrieval for frames which also encompasses the situation in (|1.8)).

Definition 1.3. Let (£2, %, 1) be a measure space and let 0 < o < 1. A subset V' C Lo(p) is said to
do o-Holder stable phase retrieval if there exists a constant C' > 1 such that for all f,g € V,

(1.9) Inf IIf = aglle, < ClIA = gllIZ, (1712, + lgllz.)" 7 -

When (1.9) holds with o = 1, we say that V C Lo(u) does (Lipschitz) stable phase retrieval.
As demonstrated by (1.8]), phase retrieval problems for a frame ® are equivalent to phase retrieval

problems for the linear subspace To(#H) C ¢2(1). However, inequalities of the form ((1.9)) also arise when

considering other operators T : H — Lo(41) which embed a Hilbert space #H into a function space Lo ().
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Indeed, there are many physical situations where one must recover some vector f up to global phase
from measurements of the form |T'f|, where T is not the analysis operator of a discrete frame. The most
classical examples are the Fourier and Pauli phase retrieval problems, which appear in crystallography
[25, 29] and quantum mechanics [31], 37], respectively. Other important examples are the STFT and
wavelet phase retrieval problems [2, 27, 28] [35], and a physically interesting example arising from a
nonlinear operator T' is the radar ambiguity problem [11l [30]. As shown in [13| 19 24] 38], these
problems are all special cases of Definition [1.3| and for many of these problems it is possible to achieve
stability in infinite dimensions. We also remark that Definition makes sense with Ly(u) replaced by
L,(p) or even a general Banach lattice. Unified perspectives on nonlinear inverse problems involving
lattice operations (e.g. phase retrieval, declipping and ReLU recovery) or more general piecewise-linear
maps (such as those arising in unlimited sampling) can be found in [I}, 23]. Physical and mathematical
evidence that the prior V' in Definition may in general only be a subset and not a subspace can be
found in [6], 10].

In the language of Definition (1.3 Theorem states that the phase and scaling invariant subset
Ts(B,(R)) C {5 does %—Hélder stable phase retrieval. In [24], it is shown that if V' is a linear
subspace of Lo(u), then Holder stable phase retrieval is equivalent to Lipschitz stable phase retrieval.
More precisely, we have the following theorem.

Theorem 1.4 (Corollary 3.12 of [24]). Let V' be a linear subspace of a real or complex Hilbert space
Lo(p). If V' does o-Hdélder stable phase retrieval with constant C' then V' does stable phase retrieval
with constant (4C)s .

The proof of Theorem is based on classifying the extremizers of the phase retrieval inequality.
As observed in [B] and [24], instabilities are maximized on orthogonal vectors.

Theorem 1.5 ([5, 24]). Given any linearly independent f,g € La(u) there exist orthogonal vectors
fl7g/ € Span{fag} such that
inf ||f —ag| = inf ||f'—ag/||

laf=1 laf=1

and

ST = 19"l < AL = glll-

As a corollary of Theorem , to prove that a linear subspace V' C Lo(p) does stable phase retrieval,
it suffices to check that holds for f,g € V satisfying ||f]| = 1, ||g|| < 1 and f L g. In this case,
If —agll = (IF12 + llgl?)2 € [1,v2] is independent of the choice of a and is uniformly bounded
away from zero. Having reduced to checking for vectors f and g which are “well-separated”
in the quotient metric, it is easy to see that Holder and Lipschitz stability are equivalent on linear
subspaces. This fact was critically used in [19] to construct the first examples of infinite-dimensional
linear subspaces of complex Ly(T) doing stable phase retrieval, as the argument in [I9] only directly
established Holder stability.
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In view of Theorems and it would be natural to conjecture that the subsets B,(R) in
Theorem do Lipschitz stable phase retrieval. However, the first objective of this article is to show
that Holder stability is the best one can achieve, in general, which answers the question posed by
Cahill, Casazza and Daubechies in [I2, Remark 2.8]. In particular, the orthogonalization procedure
we used to produce well-separated vectors witnessing instabilities in Theorem need not leave the
sets B,(R) invariant. Instead, we will carefully construct an example of a set B,(R) where we can
create close vectors with even closer moduli at a rate consistent with ruling out some, but not all,
Holder stability exponents.

2. A COUNTEREXAMPLE TO LIPSCHITZ STABLE PHASE RETRIEVAL

We now present our counterexample to the Cahill-Casazza-Daubechies problem.

Theorem 2.1. Let H be an infinite-dimensional separable Hilbert space (real or complex). There exists
a sequence of nested finite-dimensional linear subspaces (Vy,)o°_, in H such that dim(V,,) = m for all
m €N, a frame ® of H, and an increasing function G(m) satisfying (1.4) such that for every v > 1,
R>0,0>1+7 and C > 0 there exists f,g € B,(R) with

. 1 o1

nf If = agllae > C([[flla+ lgl) (|4 (f) = Aalg)lls) -

In particular, the frame ® fails to do Lipschitz stable phase retrieval on B,(R) and even fails to do
(o0 — 1)/o-Hélder stable phase retrieval for any o > 1+ 7.

Proof. Let (e,)>, be an orthonormal basis for # and consider V,, = span{ey,...,e,} C H for all
m € N. We let the frame ® consist of the union of (e,)22; and (5:2;n)nen, 1<j<n, Where for each
n € N, (zjn)1<j<n, is a Parseval frame for V,, which does C-stable phase retrieval for some uniform
constant C'. It is well-known that such Parseval frames (z,,)i1<;<n, exist, and it is easy to check that
® forms a frame for H with lower frame bound 1 and upper frame bound at most %.

We next note that since (z;,)1<j<n, is a Parseval frame doing C-stable phase retrieval for V,,, we
have that for any m € N and f,g € V,,,

inf |[f —aglly <2"ClAs(f) — As(g)]]-

la|=1
We may thus set G(m) = 2"C.
We now fix v > 1, R > 0 and let the subset B,(R) C H be defined as in ([L.5). Thus, we have
B,(R)={f €H:|f — P.f|| <2-"VICYR|f| for every n € N}.

Given m € N, we let z :=e; + %em and y :=e; — %em. Note that for m sufficiently large, we
have

: 2R
2.) inf [l = ayl| = [z~ yll = 5o
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and

|z — Pox|| = 5ibls, if n < 'm,

|z — P,z|| =0, if n >m,

with similar identities for y in place of . Thus, z,y € B,(R). However,

s (2) — As(y)]* = Z I{z, [, o)l

-> 3w

n=m j=1
<Z4nz| y,l']n

< Z |z —yl* as (vjn ) 1 has upper frame bound 1.

‘ 2

xj,n
)| = Je 3

Hence,
| As () — ()||_\/— 2mll z =yl

Now suppose that an inequality of the form . holds on B,(R), i.e., for some 0 < p < 1 and all
f,9 € B,(R) we have the inequality
Inf [If = agllw < K (Il + lgllz)" ™ 12 (f) — Aa(g)I7,-

Note that for all sufficiently large m we have ||z||, ||y|| < 2. Hence,

1 2 8
oyl < K4 | -
o=yl < K4 | 2o o=l
Sending m — oo and using (2.1), we obtain the restriction p < % < 1. Thus, B,(R) cannot do
Lipschitz stable phase retrieval or even u-Holder stable phase retrieval if p is close enough to one

depending on ~. Setting yu = 00;1 completes the proof of Theorem O

3. OBTAINING LIPSCHITZ STABLE PHASE RETRIEVAL

Despite Theorem , we will prove that it is still possible for B,(R) to be “large” and satisfy
Lipschitz stable phase retrieval. For the case that H is a real Hilbert space, we are able to construct
a frame (p,)5°, of H which is a small perturbation of an orthonormal basis and does stable phase
retrieval on some set B which is of the same form as the sets constructed in Theorem (Theorem
2.7 in [12]). That is, we take a nested sequence of finite-dimensional linear subspaces (V;,,)5°_; and
a rapidly decreasing sequence (3, \, 0 and define B as the set of all vectors f € H such that for all
m € N, the distance between f and V}, is at most By,11| |-
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Theorem 3.1. Let (e,)%, be an orthonormal basis for an infinite-dimensional real Hilbert space H.
For each m € N let Vi, = span<,<,én and let P, : H — Vi, be the orthogonal projection. Fix
0 <e <8 and choose ay, \( 0 such that Y >, a, < &/2 and B, N\ 0 such that B, < 27 a, for all
n € N. Define the subset

B={feH:|f = Pufll < Bunurllfll for every m € N}

and consider the Riesz basis ()02, of Uy given by 1 = e1 and @, = aney + e, for alln > 2. Then
for all f,g € B we have

‘I?f If = agll < (1 —2) 2| As(f) — As(g)]-

Proof. Let f,g € B with basis expansions f =Y  a,e, and g = >~ bye,. By the definition of B,
we have a; = 0 if and only if f = 0. Thus, by scaling, we may assume that a; > 0 and b; > 0. We
have that

ar = |Pf > FI = 1f = Pufll > (L= Bo)llfIl > (L =47 )| £l > 27| ]l
and for all n > 2 we have

Hence, 283,a; > |a,|. As 8, < 27 'a,, it follows that a,a; > |a,|. Thus, for all n > 2 we have that

{fs n)| = lamar + an| = anar + ap.

Likewise, we have that |(g, ¢,)| = |anb1 + b,| = anby + by, for all n > 2. Hence, we may compute that

1A (f) — As(g)]I* = Z (£, nd| = g, o) |”

= |CL1 - b1‘2 + Z |(Oén(l1 + CLn> - (Oénbl + bn)‘Q

n=2

oS
2
Z |a'1 - bl|2 + Z ||a'n - bn| - an|a1 - b1||
n=2

> ay = b+ lan — bul* = 2Jay — byl ovg|an — by
n=2

=If = gl* = 2lar — bilan|a, — bl

n=2

> |f = gl* =D 2anllf — gl
n=2

> |f —gll? =<l f— gl
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It follows that
inf [|f —agll < |f—gll < (1 =) | As(f) — As(9)].

laf=1

O

It is clear that in Theorem (3.1} (¢,)32, does not do phase retrieval on H because no basis does
phase retrieval for a Hilbert space. However, we also have for each m > 2 that (Py, ¢,)>, does not
do phase retrieval on V,,,. This is in stark contrast to [12, Theorem 2.7] (Theorem in the current
paper), where they require that (Py,,¢,)32; does phase retrieval on V,, and make explicit use of the
stability constants in their proof. Hence, we obtain Lipschitz stability with even weaker conditions
than the hypothesis for [I2], Theorem 2.7]. Note that by including additional frame vectors in the
construction in Theorem [B.1] one can obtain a frame which does Lipschitz stable phase retrieval on B

and does phase retrieval on each V,,, so satisfies the conditions in [12, Theorem 2.7].

We now prove that it is possible to obtain Lipschitz stability in the complex case, which is more
delicate.

Theorem 3.2. Let (e,)22, be an orthonormal basis for an infinite-dimensional complex Hilbert space
H. For each m € N let Vi, = span, <, <,,en and let Py, : H — Vi, be the orthogonal projection. Choose
an N\ 0 such that Y77, ay, < 1/200 and let 3, N\, 0 be such that B, < 27'a2 for all n € N. Consider
the frame e; U (0n1)520 U (@ni)oey of H given by v, 1 = aner + e, and ¢, ; = ayeq +ie, for alln > 2.
Define the subset

B={feH | f—Pufll £ Bmsill fl| for every m € N}.
Then for all f,g € B we have

inf |[f —agll <5[Ae(f) — As(g)l|

la|=1
Proof. Let f,g € B with f = (a,)22, and g = (b,)32,. By the definition of B, we have a; = 0 if and
only if f = 0. Thus, by scaling, we may assume that a,b; € R satisfy a1,b; > 0 and that || f]| =1
and 0 < ||g|| < 1. It is easy to see that
|<fa ()On,1>|2 = |ana1 + an|2

= (apa; + Ra,)? + (Sa,)?

= a2a? + 20,01 Ra, + (Ra,)? + (Sa,)?

= a2a? + 20,01 Ra,, + |an|.
Likewise,

[(fs oni) P = anal — 20010, + |ag|*.

For the case of ¢, ;1 we have the identity

(B1)  [lfs o)l = g pnn)l] = [(ehai + 20na1Ray + Jan|*)? = (a7b} + 2001 R, + [0a[*)2].
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As in the proof of Theorem , we have that 1 > a; > 0 and «,a; > |a,|. This implies the inequality
2a, > (@a? + 20,01 Ra, + |a,|?)'/2. The corresponding inequality for b, likewise holds, and we may
conclude that

(3.2) 4oy, > (0202 + 2ana,Ray + |an|*)? 4 (@202 + 200,01 Rb,, + |b]?) V2.
By multiplying and 7 we obtain
4an|]<f, on1)| — g, goml)H > ‘aia? + 20,01 Ray, + |an|* — (0202 + 2a,b1Rb,, + |bn]2)|
Thus, we have that
(33)  16[1{f.enn)l = g pun) I 2 fow(ad = 09) + 2@ Ra, — biRba) + i (anf* — [baf)"

Note that 0 < ay,b; < 1 and 0 < |a,], |b.] < 27'a? for all n > 2. This allows us to derive the following
three inequalities:

(3.4) jai = 05| = (a1 +b1)las — b < 2If = g,
(3.5) lanl® = [0a]?| = (lan| + [oal)|lan| = bal] < @711 f = gll,
(3.6) |a1Ra, — by Rb,| = |ay(Ra, — Rb,) + (a1 — b1)Rb,| < 2||f — g

By , , and we deduce that
16]1(f, on1)| = (g, 0n)l]” > dlarRan, — biRb,* — d]arRa, — biRba|(anla? — 87| + o [|anl® = [bal?])
> darRa, — biRba|* — 8] f — gl 2all.f = gll + anll f = glI)
= 4|laRa, — b1 Rb,|> — 24a, || f — gl
= 4a;(Ra, — RNby) + (a1 — b)) R, |* — 240, || f — g7
> 4 (ai(Ra, — Rb,)* — 2a1|Ra, — Rb,||ar — by || R, |) — 24an,|| f — g
> |Ran, — Nb,|* — 200 || f — glI* — 24an||f — gl as1>a; > .5and 1 >0 >0,
= [Ra, — Rb,|* — 260, || f — g]|*.

The same argument with ¢, ; instead of ¢, ; gives that

2
16[[(f, oni)| = g, enidl]” = [San — Sba|* — 2600, f — g]|*.

Hence,

lAa(f) = As(@)I? = [1(F, e}l = 1g,e)l]* + 3 ([10F:0n)l = Kgs @nd)II” + 1L 2] = g, 2nidl[*)

> lay — 0P+ 1670 [Ra, — Vb + [Sa, — Sbu|* — 52a,.|| f — gl

n=2
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= lay — ba]> + 167> " |a, — bal* = 520, f — g]|?

n=2

> 167 f — gl1* = (52/16) > awllf — glI?

>257 | f —gl®  as Y o < 1/200.
n=2

This completes the proof. O

4. MULTIDIMENSIONAL EXAMPLES

Note that the instabilities that occur in (1.3)) are obtained by “pushing bumps to infinity”. In
many practical situations, such instabilities would be considered to be unphysical. For example, when
recording data from a power spectrum, the spectrum will be highly localized to the compact region of
space where the experiment is taking place, with tails that are rapidly decaying away from this region.
Experimentally, one is primarily interested in recovering the main localized piece, so instabilities caused

by the decaying tails should not be considered as a fundamental obstruction to recovering the signal.

To model such scenarios, we consider a mathematical setting that is very similar to the above. We fix
a filtration V4 C V4, € ... C H of an infinite-dimensional Hilbert space H by finite-dimensional linear
subspaces (V,,)2_, with V} doing stable phase retrieval. We then define B to be the set of all vectors
f € H for which || f— P,, f||3 goes to zero at a sufficiently fast rate. Here, we view V; as the space where
the bulk of the physically relevant signals are localized, with the rest of the Hilbert space being used
to model perturbations of this main finite-dimensional piece. By choosing the rates appropriately, the
enforced decay of the tails will prevent the image of the signals in B from migrating towards infinity
as in (1.3)), making stable phase retrieval conceivable for these models. In Theorems and we
obtained stability for phase retrieval by forcing the set of vectors B to be highly concentrated around
a fixed one-dimensional subspace. Of course, in applications the subspace V; could have arbitrarily
large dimension. In the remainder of this section, we will prove that stable phase retrieval for such sets
B is still possible for V} having any finite dimension. We first prove the real case before considering

the more difficult complex case.

Theorem 4.1. Let Vi be a finite-dimensional subspace of a separable infinite-dimensional real Hilbert
space H and let (e,)5, be an orthonormal basis of Vi-. For each m € N, let Vi, = Vi + spany<,<pmén
and let P, : H — V,, be the orthogonal projection. Let (p;)je; € Vi be a frame of Vi with frame
bounds 0 < A < B < 1 which does C-stable phase retrieval on Vi and for which there exists ¢ > 0 so
that, for all x € Vi, if Jo(x) = {j € J : [{z,¢;)| > c||z||} then |J.] > C|J|. Fix 0 <e < 8" and
choose oy, 0 such thaty ", a, < 27207 J|7Y2¢ and B, \( 0 such that 3, < 27%a,, for alln > 2.
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Define the subset
B={feH:|f—Pufll <Bmnllfl for every m € N}

and consider the frame ® = (¢;)jes U (pjn)jeins2 of H where p;, = anp; + |J|"%e, for all j € J
andn > 2. Then ® has lower frame bound (1— \/g)QA and upper frame bound (1++/¢)?. Furthermore,
for all f,g € B we have

(4.1) inf [|f —agl]* < (1—¢)7'C%[ As(f) — Aa(9)]I*.

|a|=1

Remark 4.2. Frames (¢;);c; verifying the hypotheses of Theorem are abundant. One may
compare the conditions in Theorem with |24, Theorem 5.6]. Note that the parameter ¢ does not
appear quantitatively in the conclusion . Instead, it is used to enforce the rapid convergence of
B, relative to a,, which in turn guarantees that sign(f, ¢;) = sign(f, @;n)-

Proof. Let f,g € B with ||f|| = 1 and ||g|]] < 1. Without loss of generality, we may assume that
(P1f,Prg) = 0.

We first consider the case that |[Pf — Pig||*> > . In this case, as (¢;)jes does C-stable phase
retrieval on V}, we have that

1f =gl = 1Pvi f = Pragll® + 1Py f = Pygll
< HPVIf - PV1gH2 + 4522
<P f = Pugl* + €
<(1+€>||PV1f_PVlgH2 as HPVlf_PV19H2>€7
< (1 =e) ' As(f) — As(g)II*.
We now consider the case that |Pf — Pig||* < e. Let j € J.(P.f) and n > 2. We have that
(Pif,¢;)] > cllPif|| > c¢(1 — Bz). Note that ||¢,|| < 1 as (¢;);es has upper frame bound B < 1. As

el/? < ¢(1 — By), this gives that [(Pig, ¢;)| > c(1 — Ba) — &2 and sign((P,f, ¢;)) = sign((P1g, ;).
Consider now the expansions

F=Y {fop)ei+ Y anen and g = (g,0,)9;+ > buen.
jeJ n=2 jed n=2
This gives that
(£, 05n) = an(Prf, 650 = [J]7%an
< |72 Br
<728 (L= B2) "' (P, ¢5)]
< 27104n|<P1f, ¢j>|
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Thus, sign((f, ¢;.)) = sign(a, (P f, ¢;)). Likewise,
(9, $jm) — an(Prg, &) = |J|71/?|bn]
< 1720
< I[P B (e(L — B2) — €2 H(PLS, 65)]
<27 aal(Pif, )

Thus, sign({(g, ¢jn)) = sign(a,(Pig,¢;)). As sign((Pif,¢;)) = sign((P1g,¢;)), we also have that
sign((f, ¢jn)) = sign({g, ¢;»)). This gives the key property that

I, @) = g, dim) | = [(F, Gin) — (9, Djm)]-

We now compute

s (f) = As () = > |1(f 0] = g, o[ +ZZH Froim) = g, 51|
jeJ n=2 jeJ
> C2| P = )P+ DS I i = g, 0in)l]
n=2 jeJ

>Cz||P1f g||2+z Z fagpjn ga@]")‘Q

n= QJEJC(Plf)

=C2Pf =P +Y. D |olPilf = 9).05) + (an — ba)|J| 72

n=2 JEJC(Plf)

>C2 P =P+ D law = ballJTY2 = anl(Pi(f — 9), 97|

n=2 JEJC(Plf)

>CPUP(F=)IP+D . D llan = bl = 2lan = ball T el (Pi(f = 9), )|

n=2 JEJC(Plf)

> CP(f = 9P+ D lan = balP (PN = 2lan = ball T2 | PL(f = 9)]

n=2

> O PuUf = 9)IP + D C%lan — bal® = 2191 el f — gl

n=2
=C2f =gl =2 onllf - gl?
n=2
> C?|f —gllP —C2| f — gl

Thus, we have proven (£.1)). Recall that ® := (¢;)jes U (¢jn)jesn>2 Where 0, = anp; + |J| 7%,
for all j € J and n > 2. As (¢;)jes is a frame of V; with frame bounds A < B < 1, it follows that
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(¢)ies U (|J]7Y2€,) jesns2 has lower frame bound A and upper frame bound 1. Thus, as ® is an
e-perturbation of (¢;)jes U (|J]7/%€n) jesnz2, we have that @ has lower frame bound (1 —,/%)?A and
upper frame bound (1 + +/2)? by [20]. O

Before stating the theorem in the complex case, we set some general conditions. Let H be a complex
Hilbert space and let V4 C H be a finite-dimensional subspace with N = dim (V7). We will use a frame
(¢j)jes of Vi, constants ¢, k,e > 0 and sequences (a,)02, (8n)5>; such that the following conditions
hold.

(i) For all z,y € V1,

< kl{je Tzl 2 VN, ¢;)] 2 cllz] and ¢ iyl = VN[{y, ¢;)] = llyll}

Y

(il) Y, ar <2117 J [T e? min(C w1647 1¢?),
(iii) B, < 279c2N~12q,, for all n > 2.

Theorem 4.3. Let Vi be a finite-dimensional subspace of a separable infinite-dimensional complex
Hilbert space H and let (e,)%, be an orthonormal basis of Vi-. For each m € N, let V,, = V| +
8PNy <, <men and let Py @ H — Vi, be the orthogonal projection. Let A, B,C' > 0 and suppose that
(¢;)jer is a frame of Vi with lower frame bound A, upper frame bound B, and such that

. 2
inf Jle —ayll” < O | o)l = Ky el for all w,y € V.

J€Je

Let N = dim(V1) and let (v;)jes € Vi be a frame of Vi with lower frame bound A, upper frame bound
B, and such that ||p;|| < 1 for all j € J. Let ¢,k > 0 and 0 < ¢ < min(8~ 1, A) be constants which
satisfy the above conditions (1), (ii), (iii). Define the subset

B={feH:|f = Pufll < Bmrillfll for every m € N}.

Let @ := (¢;)jer U (@jn1)jein>2 U (Qjni)jesn>2 be the frame of H where for j € J and n > 2,
Oin1 = an@; + [T 7 %e, and ;i = anp; — |J|7V%ie,.

Then for all f,g € B we have

inf ||f —agl]* < (1 — &)™ max(C, 64rc™?)[|Aa(f) — Aa(g) |

la|=1
Furthermore, ® has lower frame bound (1 — eA™Y)2A and upper frame bound (1 4+ ¢B~1)%B.

Remark 4.4. To our knowledge, the condition on the frame (¢;);c; in Theorem is satisfied with
high probability for any frame of random vectors that has been proved to do stable phase retrieval.
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Proof. For simplicity of notation, we let K = 2|J|. Let f,g € B with ||f|] = 1 and ||g|| < 1. For
simplicity, we denote a, = (f,e,) and b, = (g,e,) for all n > 2. We may assume without loss of
generality that (Py, f, P, g) > 0 and (f, p;) > 0 for all j € J. This implies that

. 2
1Py f = Prigl* = |Clyl‘fl:f1 1Py f = aPugl® < C Y [{Puf )| = [{Prg. o)l
Jel

For each j € J. we denote §; = phase(g, ¢;). That is, 0;(g, ¢;) = [(g,¥;)|. We now consider a fixed
7 € J.and n > 2. It is easy to see that

[(fy 0im) P = lan(f,05) + K7%a,[?
= (an(f, 05) + K*Ra,)? + (K *Sa,)?
= ap(f, ;) + 2K Pan(f. 05)Ray + K1 (Ran)? + K1 (Sa,)’
= a2 (f, ;) + 2K 2, (f, ;) Ra, + K a,|?.
Likewise,
(s 0ima) P = lan(fy05) — K12ani]”
= (an(f, 0;) + K?Sa,)? + (K~*Ra,)?
= ap(f, ) + 2K an(f. 0)Sa, + K1 (Sa,)* + K~ (Ra,)’
= a2 (f, )2 + 2K 20, (f, 0, Sa, + K a,|*.
Similarly, we have for g that

|<gv Spj,n,1>|2 = |Ozn<g’ 90]> + K—l/an|2

= land;(g, ) + K1/28;b

= ap (g, 05)[* + 2K anl(g, 05) [R(0;0) + Kby |?
and

(g, ina)* = o3l{g, 03)I” + 2K 20 (g, 03)S(0;bn) + K" [bu]*.
For the case of ¢, 1, we observe the identity
[(Fs @imad| = Kgs @indl] = (@0 l(Fr 0) P + 200 K2 |(f, 05) [ Ran + K~ ag|?) !/
— (g, 93P + 200 K% (g, ) [R(8;00) + K bal*) 2.

As in the proof of Theorem [4.1} we have that ¢! N=1/2 > (f,¢;) > cN=V2 and a, (f, ;) > |a,|. Thus,
we also have 2a,c *N~Y2 > (Q2|(f, ;)| + 20, |{f, ;) |Ra, + |a,]?) /2. Summing this inequality with

the corresponding one for g gives that
4o INTYE 2 (ap(fo ) P 200 K 2I(F, 05) [ Ran + K )2
i (g, 03[P + 200K 2(g, 05) [R(3505) + Kb [2)'72.

(4.2)

(4.3)
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By multiplying and , we obtain
danc N7V opmad| = Kgs i)l | = |0l (s ) P + 20l (f, ) [ Ran + [an?
—(a2{g,05)[* + 20| (g, 5) [R(;00) + ba*)].
Thus, we have that
16¢ N7, @rn)l = Hgs im) | = o[£ 00 = g, 00) ) + 0 " K (|| = [ba]?)

+ 2K (|(f ) [ Ran — |(g, 02) IR(S00))]

Using the inequality of real numbers |a + b+ ¢|? > 471¢? — 4b? — 4a?, we may bound

(44 16¢ 2N 7Y (f, @imt) = {g in)|” = K7YI(F 050 Ran — (g, 25) IR (300)|
—4a2]|(f o) = (g o) P — 4o K2 lanl” = B[

Note that cn™2 < [(f,0,)],1{g, ;)] < ¢ IN"Y2 and 0 < |a,|, |b] < 27'a2. This allows us to derive

the following inequalities:

45) o0 = g Pl = (ol + Has o0 D21 o) = gy o) |F < 4e N2 f = g%,

(4.6) [lan? = [bal*[* = (janl + [ba])?[lan] = [ba]|* < @bl = g
By (@.4), and we deduce that
162N [I(f, 931)] = g @im)]|
> K7(f ) [Ran — (9, 25 [R(6;00)[* = 1602 f = gl (42N + K72)
> KY[(f, ) Ran = (g, @) IR(;00)[* = 160311 — glP(4e >N 4 e 2N 1)
= K7 R((F 05)an) = R((g, 05)00)[* = 80Nl |1 - gl
= K R((f, ¢5)an — (g, 25)bn)| — 802N 2| — g]|*
The same argument with ¢, ,, ; instead of ¢;, 1 leads to the inequality
16072]\7*1“(f, Gimi)| — \(g,%,n,z’>||2 > Kfﬂ%((f, ©iYan — (g, ;)b | — 80’ N 'az || f — gl*.
Summing the above inequalities gives that
16¢ 2N ([[(f, 2imt) = g 2im ) )” + [KF @1m)| = g5 05mad[”)
> Kt i~ BTl 160N — ol
— KU 0i)an = bo) + (. 03) = (gl oul” = 16028 a2 = gl
> K705} Plan = bl = K71 ) = ool = 160N 102 £ = g1
> K47 N ay — bal* = [(f,5) = (9. 9587 — 160¢* N~ e || f — g]I*
> K7 AN ay = baf* = |1f = gl*87 — 160N o} f — g

R
R
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> K147 N a, — by|? — 161N 12| — g||*.
Simplifying the above inequality yields,
1£,05m 001 = 140, )] + 1, 05ma)l = gy 0imall]” = K647 M an — buf* — 11c*a2| f — gl

Hence,

s () = As(9)|1* = 3 [I(£, )] = (g, 0}
jerl
+ 303 (1 pimad = g 2m I + 18 0] — Vs )
jeJ n=2

> CYPf = Pagl® + Y Y K647 ¢ty — bof* = 11c*aq |1 f — g

jE€J n=2
> CYIPwf = Pogl® + |11 647 || Py f = Prragll = 111l (Y an) I f — gl
n>2
> min(C™ w647 )| f = gl® = 1 LIEQ D an)lf - gl
n>2
> (1— ) min(C w647 | f — gl
Note that the last inequality is obtained as (a, )o2, satisfies Y7 o, a2 < emin(C—, w1647 ¢*) 117 K~ e 2,

O
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