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LOW REGULARITY SOLUTIONS FOR THE GENERAL QUASILINEAR
ULTRAHYPERBOLIC SCHRODINGER EQUATION

BEN PINEAU AND MITCHELL A. TAYLOR

ABSTRACT. We present a novel method for establishing large data local well-posedness in low regularity
Sobolev spaces for general quasilinear Schrédinger equations with non-degenerate and nontrapping metrics.
Our result represents a definitive improvement over the landmark results of Kenig, Ponce, Rolvung and Vega
[15] [I7, [18], as it weakens the regularity and decay assumptions to the same scale of spaces considered
by Marzuola, Metcalfe and Tataru in [24], but removes the uniform ellipticity assumption on the metric
from their result. Our method has the additional benefit of being relatively simple but also very robust. In

particular, it only relies on the use of pseudodifferential calculus for classical symbols.
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1. INTRODUCTION

In this article, we consider the large data local well-posedness problem for general quasilinear ultrahyperbolic

Schrédinger equations of the form
(11) i0pu + g% (u,u, Vu, V1)d;0pu = F(u, 4, Vu, Vi), u:RxR?— C™,
| u(0,2) = uo(2),

where g and F' are assumed to be smooth functions of their arguments with g real, symmetric and uniformly

non-degenerate and F' vanishing at least quadratically at the origin.

In a recent series of articles [22] 23] 24], Marzuola, Metcalfe and Tataru have studied the well-posedness of
the system (1) in low regularity Sobolev spaces. As a brief overview, the paper [23] considers the small
data problem for cubic and higher nonlinearities in the Sobolev spaces H*(R?), s > %2, The article [22],
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on the other hand, permits quadratic terms in the nonlinearity, but assumes that the data comes from the
smaller space [' H*(R%), s > % + 3. Here, I'H?® is an appropriate translation invariant Sobolev type space,
imposing similar regularity requirements as H?®, but slightly stronger decay. To see that some additional
decay is needed, it is instructive to look at the leading part of the linearized flow, which can be written
schematically as

0 + 897 v + V9 + b1 9;T = f,
v(0,z) = vo(x).

Here, for the purposes of our heuristic discussion, we have written the principal operator in divergence form

(1.2)

with g/¥ = ¢7%(u, ) — we will elaborate further on this reduction later on. As is well-known, a necessary
condition for L? well-posedness of a wide class of such linear systems is integrability of the first order
coefficient Re(b?) along the bicharacteristic (or Hamilton) flow of the principal differential operator 9;g7% 9.
This is usually referred to as the Mizohata (or Takeuchi-Mizohata) condition. See, for instance, [9, 13} 21, [26]
277, 28] B0] for several manifestations of this ill-posedness mechanism. For cubic and higher nonlinearities,
the integrability of Re(b’) along the bicharacteristics is automatic for small H® data, but for quadratic
nonlinearities it is not. That being said, there are several natural ways to recover the above integrability
condition. One common approach is to work in weighted Sobolev spaces. However, the alternative {'H®
spaces also achieve this goal, but have the additional advantage of being translation invariant — they are also

far less restrictive in terms of regularity and decay, as we will see below.

In contrast to the case of small data, the third paper in the series by Marzuola, Metcalfe and Tataru [24]
considers the significantly more challenging large data problem. Here, the authors establish well-posedness
in the same setting as their small data papers, but under two additional assumptions. The first assumption
is that the initial metric g(ug) is nontrapping, meaning that all nontrivial bicharacteristics corresponding to

the principal operator Ay, escape to spatial infinity at both ends. Such a condition is automatic in the

g(uo
small data regime (assuming sufficient regularity and asymptotic flatness of the metric) as in this setting the
Hamilton trajectories are close to straight lines. For large data well-posedness, a nontrapping assumption is

completely natural, in light of the Mizohata condition.

On the other hand, the methods in [24] also rely on the assumption of uniform ellipticity of the principal

operator, i.e., the existence of a uniform constant ¢ > 0 such that

(1.3) e < g™ ()88 < clgf.

This assumption is critically used in the above article to effectively diagonalize the linearized equation (L.2))
and remove the complex conjugate first order term. Roughly speaking, this diagonalization proceeds by

considering the new variable

Sv :=v+ R,
where R is a pseudodifferential operator of order —1 with symbol which is essentially of the form
ib'é
T .I,f = —0
(@0 9I*E;&

when || > 1. Tt is not difficult to see that, to leading order, Sv formally satisfies an equation like (L2,
but without the complex conjugate first order term. This diagonalization procedure is then used as a key
ingredient in the proofs of the requisite local smoothing and L°L2 estimates for the linearized flow. A

similar diagonalization is heavily relied upon in [3] and [18].
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The primary objective of the current article is to generalize the main result of [24] to the full class of
ultrahyperbolic quasilinear Schrédinger flows, while keeping the regularity and function spaces identical.

That is, we shall relax the uniform ellipticity assumption

e < g7F¢8 < g

to the much weaker uniform non-degeneracy condition

el < g7 k| < €l

The lack of an ellipticity assumption on the metric in (ILT]) causes significant difficulties, and is what prompted
the development of the new well-posedness scheme that we present in this article (we were also inspired by
the scheme in [I4]). On the other hand, there are several physical sources of motivation for studying the
general ultrahyperbolic problem. Some well-known examples arise naturally in the study of water waves
[5] and others arise in the theory of completely integrable models [I1], [29]. More recently, the Hall and
electron magnetohydrodynamic equations without resistivity have been shown to behave at leading order
like degenerate quasilinear Schrodinger systems of ultrahyperbolic type [12]. This dispersive character of the
equations was used to great effect in [12, [I4], leading to well-posedness in certain regimes and ill-posedness

in others.

Although [24] requires ellipticity of the metric in order to achieve their low regularity results, significant
progress has been made towards removing the ellipticity assumptions from the well-posedness theory of
(T in the high regularity regime. This is best illustrated by the pioneering series [I5, [I6] 17, [18] of Kenig,
Ponce, Rolvung and Vega, which culminates in a proof of large data well-posedness under the nontrapping
assumption for systems of the form (II)) in high regularity weighted Sobolev spaces of the form H?® N
L?({z)™ dx), where s and N are suitably large, dimension dependent parameters. In this fundamental series
of papers, [I§] studies the well-posedness problem assuming ellipticity of the principal operator 8jgjk8k,
while [I5] 16} [I7] consider symmetric, non-degenerate metrics, first in the constant coefficient case and then
later for variable coefficients. As should be evident from these articles, the ellipticity assumption on the
metric is not easy to remove, even in the high regularity regime. The main objective of the current paper
is to give a much simpler proof of well-posedness for the general system (L.I) that is also robust enough to
work in low regularity spaces. To the best of our knowledge, this is the first low regularity well-posedness

result that applies to the full class of ultrahyperbolic quasilinear Schrodinger flows.

The rough strategy used in [I5] to prove well-posedness of the ultrahyperbolic flow (1)) in high regularity
weighted spaces is to first establish an estimate for the local energy type norm

N
2

[ollee == [{x) "2 (V)2vllpzr2, N =N(d)eN,

for the linearized equation (L2) (assuming suitably strong asymptotic decay of the coefficients b7, v and
V.97%) of the form

(1.4) [vlliee S vllespre + 1flpeyrrre-

Here, LE* denotes the “dual” local energy space. The estimate (I4]) shows that the local energy norm of v
remains under control, as long as v satisfies an a priori L3 L2 bound. The preliminary estimate (L4)) follows,
roughly speaking, from a suitable adaptation of Doi’s construction in [6] to the ultrahyperbolic problem. The

more significant technical obstruction in [I5] is in establishing the a priori bound for the L L2 norm. To
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understand the difficulties, we first note that when the real part of the coefficient b’ vanishes, it is a relatively

straightforward exercise (in view of (L4])) to obtain the bound

[vllzgere S llvollzz + ([ flloe-vrip2-

Indeed, this follows by a standard energy estimate, as one can integrate by parts to shift derivatives off of the
first order terms and onto the coefficients &/ and b7. Therefore, in the general case, one is motivated to try
to conjugate away the badly behaved first order term Re(b”)d;v. In [I5], this conjugation is accomplished
by constructing a (formally) zeroth order operator @ which achieves the approximate cancellation

(1.5) [0,0;97%0k] + ORe(b?)0; ~ 0.

The idea here is very loosely akin to the method of integrating factors from ODE. On a formal level, the
symbol for the operator O achieving (3] is given by

(1.6) O(z,§) = exp (— /O Re(b(z")) -§tdt) ,

— 00

where (zf,£") denotes the bicharacteristic flow
(', &) = (Veala",€"), =Vaa(a', &), (2°,€°) = (,9),

corresponding to the principal symbol a(z, &) := —g7 k(x)ﬁj&g. Unfortunately, the symbol O does not belong
to the standard symbol class S°. Rather, (assuming that b has sufficient regularity and decay) it satisfies

(1.7) 08020(,€)| Sayp (€)710N ) el

In the case when the metric is positive-definite (i.e. A, is elliptic), the mapping properties of the pseudodif-
ferential operators associated with this class of symbols were intensively studied in the paper [4] of Craig,
Kappeler and Strauss. In the case of a merely non-degenerate metric, Kenig, Ponce, Rolvung and Vega in
[15] execute a systematic study of this symbol class as well as a very careful analysis of the bicharacteristic
flow for —gjk(:zr)fjgk to establish suitable mapping properties for . In contrast, in the current article, to
obtain the L5 L2 estimate for (I2) we will instead use a spatially truncated version of the above renormal-
ization operator which achieves a suitable cancellation of the form (L), at least within a large compact set.
The key advantage of this truncation is that the corresponding renormalization operator will be a classical
pseudodifferential operator of order 0, which will dramatically simplify the analysis (perhaps at the cost of
estimating some extra error terms). Moreover, it will allow us to considerably lower the regularity and decay
assumptions on the coefficients in (L.2) compared to [15] when estimating the L5 L2 norm of v. Of course,

this idea comes with some technical caveats of its own, which will be discussed later.

We remark that the idea of using the above spatial truncation to close the energy estimate for (I2)) is inspired
by the article [T4] of Jeong and Oh, where they consider the well-posedness problem for the electron MHD
equations near non-zero, constant magnetic fields, and perform an analogous truncation in their setting. As
we shall see below, such a construction turns out to be tied heavily to the direction of propagation of the
bicharacteristics of the principal part of the corresponding linear flow. For the electron MHD equations,
the bicharacteristics have a distinguished direction of propagation. However, the bicharacteristics for the
Schrédinger equations that we consider in this article do not exhibit this feature. Therefore, one key novelty of
the present paper is in dealing with the multi-directionality present in Schrédinger flows. Another important
novelty is our ability to extend the truncation idea in order to give a new and very simple proof of the

natural local smoothing type estimate for (I2)) in the local energy norms compatible with the translation
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invariant function spaces used in this paper. The method that we present is very robust and requires only
mild decay of the coefficients (e.g. uniform integrability along the Hamilton flow). A more detailed outline

of the argument will be given in Section Bl

1.1. Statements of the results. We now state our main results more precisely. As in [24], our primary

focus will be on the case of quadratic nonlinear interactions.

Let d,m > 1 and consider a system of equations of the form (1) where

(1.8) g:C™ xC™ x (C™)?¥ x (C™)?4 - R and F:C™ xC™ x (C™)? x (C™)? - C™
are smooth functions. We assume that F' vanishes at least quadratically at the origin, so that
(1.9) [F(y, )] = O (lyl* + [2[*) near (y,2) = (0,0).

In [24], the authors assume that the metric g is uniformly elliptic and coincides with the identity matrix at
the origin. That is, they assume that g(0) = I4x4 and that there is a fixed constant ¢ > 0 so that

cHEP < gy, 2)€i6k < €, VEERY, g,z € C x (C™)Y.
In this article, we only assume that g is symmetric and (uniformly) non-degenerate, in the sense that
(1.10) el < lgly, 2)€] < clél, Y& €RY, y, 2 € C™ x (C™),
for some fixed constant ¢ > 0.

As in [22] 23] 24], we also consider a second class of quasilinear Schrodinger equations of the form

i0pu + 0;9°% (u, W)Opu = F(u, 0, Vu,Va), u:RxRY—C™,

1.11
( ) u(0,2) = uo(x),

where F' is as in ([LY), but where the metric g depends on u but not on Vu. Such an equation arises by
formally differentiating the system (II)). Indeed, if u solves (ILI) then (u, Vu) solves an equation of the form
(LII) with a nonlinearity F' which depends at most quadratically on Vu.

Remark 1.1. Note that the second order operator in (LII)) has a divergence structure, which can be
achieved by commuting the first derivative with g and viewing the commutator as an additional term on
the right-hand side. In contrast, the second order operator in (II]) cannot be written in divergence form
without possibly changing the type of the equations.

To state our main well-posedness theorem, we must recall the function spaces used in [22] 23] 24]. For now,

we limit ourselves to an expository summary, giving more precise definitions in Section

Consider a standard spatial Littlewood-Paley decomposition
1=2_ 5
J€ENo
where S;, j > 1, selects frequencies of size ~ 27 and Sy selects all frequencies of size < 1. Corresponding to

each dyadic frequency scale 27 > 1, we consider an associated partition Q; of R? into cubes of side length

27 and an associated smooth partition of unity

1= ZXQ.

QeQ;
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We define the /;L* norm by

(1.12) ||U||1;L2 = Z IxqullL2,
QEQ;

and the space I H® via the norm
(113) ullhre = 32229 Sul 1o

Jj=0
Note that if one replaces the ¢! sum by an 2 sum in (IL.IZ) and defines [2H* analogously to (LI3), then
H*® = [?H* with equivalent norms. The extra summability in the definition of the {' H® norm yields the decay
necessary to circumvent Mizohata’s ill-posedness mechanism. However, unlike the high regularity weighted
Sobolev spaces used in previous works, the function spaces ' H® admit translation invariant equivalent norms

and contain functions exhibiting weaker regularity and decay.

As mentioned above, in the large data problem, one has to contend with trapping. This is an obvious
obstruction to well-posedness, so we will need to impose a nontrapping assumption on the initial metric
g(up) to prevent this. Then, as part of our well-posedness theorem, we will show that the nontrapping
assumption propagates on a time interval whose length depends on the data size and the profile of the initial

metric. Our definition of nontrapping is the same as [24].

Definition 1.2. We say that the metric g(uo) is nontrapping if all nontrivial bicharacteristics for Ay,
escape to spatial infinity at both ends.

The above qualitative definition of nontrapping suffices in order to state our main results. However, as
we shall see, the proofs require us to introduce a parameter L which gives a quantitative description of
nontrapping. The precise way in which we define L is slightly different than [24], so as to better handle the

case when A, is not elliptic.

With the above discussion in mind, we may state our main well-posedness theorem as follows.

Theorem 1.3. Let s > %—1—3 and suppose that the initial data ug € I* H® makes g(uo) into a real, symmetric,
uniformly non-degenerate, nontrapping metric. Then (L) with the quadratic nonlinearity (L3) is locally
well-posed in ' H®. The same result holds if s > % + 2 for the equation (LII)).

Remark 1.4. We will prove the latter result in Theorem [[L3] as it will imply the former by differentiating

the equation.

Remark 1.5. As in [24], the regularity and decay assumptions in the above results can be weakened if the

metric and nonlinearity satisfy the stronger vanishing conditions

9(y,2) = 9(0) + O (lyP* +[21) . [F(y,2)| = O (Jyl® + |2]°) near (y,z) = (0,0).
d+5

Namely, it can be shown that (L)) is well-posed in the same sense as Theorem [[3lwhen ug € H* and s > <=,
d+3
2
quadratic case which are virtually identical to those made in [24]. In order to simplify our exposition, we

An analogous result holds if s > for the equation (LII). To prove this, one makes modifications to the

omit the details for these relatively straightforward modifications and instead focus on the general case of
quadratic nonlinearities.

Remark 1.6. In the above results, well-posedness is to be interpreted in the standard quasilinear fashion.

More precisely, in the setting of Theorem [L.3]it includes the following key features.
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e (Regular solutions). For large o and nontrapping initial data ug € [*H? there is a unique solu-
tion w € C([0,T];I*H?) which persists and remains nontrapping on some nontrivial maximal time
interval T = [0, T%).

e (Rough solutions). For s > % + 3 and nontrapping data ug € I* H® there is a unique solution u €
C([0,T);1*H®) N1 X*(]0, T]) which persists and remains nontrapping on some nontrivial maximal
time interval I = [0, T%). Here, the auxiliary space [ X® is a natural analogue of the local energy
space LE described earlier. A precise definition of this space will be given in Section 2.2

e (Continuous dependence). The maximal time T (ug) is a lower semicontinuous function of uy with
respect to the [ H* topology and for each T' < T, (ug) the data-to-solution map vy +— v is continuous
near ug from [*H* into C([0, T]; 1Y H®) N 11 X*([0,T]).

Remark 1.7. As in [24, Remark 1.3.2], the maximal existence time T (ug) a priori depends on the full

profile of the initial data g rather than just its size in [ H*, due to the nontrapping condition on the metric.

Remark 1.8. Asin [24], the arguments we use here are purely dispersive. This is in contrast to the viscosity
methods used in earlier works, which are less tailored to the structure of the equations, and hence less suitable

for low regularity analysis.

1.2. Organization of the paper. The paper is organized as follows. In Section 2] we recall the precise
functional setting used in [24] as well as the standard Fourier-analytic, nonlinear, and pseudodifferential
machinery that will be used throughout the article. In certain cases, we adapt this machinery in order
to obtain refined estimates in the space-time function spaces where we aim to construct solutions to (L))
and ([CII). In Section [B we provide a detailed outline of the proof. Then, in Section ] we analyze the
bicharacteristic flow. The key objectives of this section are to quantify nontrapping, show that nontrapping
is stable under small perturbations, and establish suitable asymptotic bounds for the bicharacteristics. In
Section Bl we state our main well-posedness theorem for the linearized flow and reduce the main linear
estimate to establishing a simplified bound for the corresponding inhomogeneous linear paradifferential flow
in the {'X* spaces where we intend to construct solutions. Then, in Section B, we aim to establish a
suitable estimate for the L3*L2 component of the ! X* norm by constructing a truncated version of the
renormalization operator O in (6. Such an estimate will close on a short enough time interval, up to
controlling a small factor of the local energy component of the !X * norm. In Section [ we control this
remaining component of the I' X* norm for the linear paradifferential flow. Then, in Section[§ we deduce the
full I'X* estimate for the paradifferential and linearized equations by combining the local energy estimate
with the LL2 estimate from Section Finally, in Section [@ we use the linearized estimates from the
previous sections along with a suitable paradifferential reduction of the full nonlinear equation to establish
Theorem [L.3]

1.3. Acknowledgements. We thank Sung-Jin Oh for several enlightening discussions. We also thank
both Sung-Jin Oh and In-Jee Jeong for kindly sharing with us the method of spatially truncating the
renormalization operator in the energy bound for the linearized equation, which was an idea that they first
implemented in [14] for the electron MHD equations. An important component of this argument, which we
also use in our setting, is the high-frequency Calderon-Vaillancourt bound in Proposition During the
writing of this paper, the authors were partially supported by the NSF grant DMS-2054975 as well as by

the Simons Investigator grant of Daniel Tataru.
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2. PRELIMINARIES

In this section, we recall some basic Fourier-analytic tools as well as the definitions and elementary prop-
erties of the function spaces that will be used in our analysis. We also recall some standard facts about

pseudodifferential operators and establish some new estimates for these operators in our function spaces.

2.1. Littlewood-Paley decomposition. We begin by recalling the standard Littlewood-Paley decompo-
sition. We let ¢ : R — [0, 1] be a smooth radial function supported in the ball of radius 2, By = Bs(0),
which satisfies ¢ = 1 on B;. We define Fourier multipliers Sy and Sy by

Sp = (2756 — p(27F1¢), Kk eN,

So 1= ¢(§).
We then define for each k € N,

Ser= 3 Sj,  Ssri= Y. S

0<j<k k<j<oo
With the above notation, we have the standard (inhomogeneous) Littlewood-Paley decomposition
1= S
k>0
In the sequel, we will often phrase our bilinear and nonlinear estimates in the language of paradifferential
calculus. For a suitable pair of complex-valued functions f and g, we will write T, f to mean
(21) Tgf = Z S<k,4gSkf.
k>0

In other words, T, f selects the portion of the product fg where f is at high frequency compared to g. With

this notation, we have the so-called Bony decomposition or Littlewood-Paley trichotomy,

fo=Trg+Tyf +11(f,9).

We refer the reader to [I] and [25] for some basic properties of these operators. To compactify the above

notation, we will sometimes write f.; as shorthand for Scif and f> as shorthand for S>; f.

2.2. Function spaces. Next, we recall the definitions and basic properties of the function spaces that will
be used in our analysis. Much of the material here is recalled from [22] and the large data paper [24]. For
each frequency scale 2%, we consider a partition of R? into a set @y of disjoint cubes of side length 2% along

with a smooth partition of unity in physical space,
1= xe
QeQk

For a translation-invariant Sobolev type space U, we define the spaces (U by

1

P

lulipo = D Ixeuly | + 1<p<oo, |ulipv:= suw |xqulov.
Qer QEQk

As noted in [22], these spaces have a translation invariant equivalent norm, obtained by replacing the sum
over cubes with an integral. Moreover, up to norm equivalence, the smooth partition by compactly supported

cutoffs can be replaced by a partition consisting of cutoffs which are all localized to frequency zero.
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We next recall the definition of the local energy type space X, which is defined for each T' > 0 by

1
u||x = sup sup 27 2||u||z2 .
Jullx = sup sup 275 Jull 12 0,11

Associated to X is the “dual” local energy type space Y C L2([0, T] xR?) which satisfies the relation X = Y™*.
See [22] for more details on the properties and construction of this space. For each non-negative integer k,
we define

_k ) k
X =22 XNLFLY,  lullx, = 2% [|ullx + [[ullpgrz
and
E . _k
Yi:=22Y +LLL2,  ully, := inf{2 lually + lluallzyrz :w = w1 +uat.

Loosely speaking, we will use X}, to measure solutions to the Schrodinger equation localized at frequency 2*
whereas Y}, will be used to measure inhomogeneous source terms localized at this frequency. Next, we define
for each s € R,

=
)

lullx = [ S22 Seulfx, | o Ny = [ 322 USkullhy, |
k>0 k>0

for 1 < p < co (with the natural modification for p = 00). We will also work with the corresponding spaces
without the ¢ summability,

N
[N

lullxs = | D22 |Spulk, | 5 lullys = | D 22| Skul3,
k>0 k>0

As already mentioned, throughout the article we will frequently make use of the standard tools of paradiffer-
ential calculus to estimate various multilinear and nonlinear expressions. A very nice bookkeeping device for
efficiently tracking the frequency distribution of such terms is the language of frequency envelopes introduced
by Tao in [31I]. To define these, suppose that we are given a translation-invariant Sobolev type space U with
the orthogonality relation,

lullo ~ | D ISkully

k>0

An admissible frequency envelope for u € U is a positive sequence (c;) C Ny such that for each k € Ny, we
have

(i) (Boundedness and size).

[Skully < cllullu,  llelliz ~ 1.
(ii) (Left-slowly varying).
¢; > 200" R G <k,

for some fixed parameter § > 0.
(iii) (Right-uniformly varying).
Cj > 2U(k7j)ck7 j > kv

for some fixed parameter o > 0.
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For nonzero u, such a frequency envelope always exists. For instance, we may define
- -1 —d|j—kl —olj—kl|
= max 2 S + max 2 S .
¢j = llully (kﬁf (| Skullu kg;( | kUHU)

In this article, the primary purpose of the above frequency envelopes will be to facilitate the proof of the
continuity of the data-to-solution map for the quasilinear Schrédinger systems we consider.

2.3. Pseudodifferential calculus. Our objective in this subsection is to recall some basic properties of
pseudodifferential operators and then establish some refined estimates for these operators in the local energy
and “dual” local energy spaces defined above.

For m € R, we recall that the standard symbol class S™ := ST, is defined by

S™ = {a e C®R*): |a|%). <00, jeN},

where the corresponding seminorms |a|g7)n are given by

a9, = sup{ | ()18 O a(, €) || oo 2y : | + B] < 4}

To each symbol a € S™ we can associate the pseudodifferential operator Op(a) € OPS™, defined for
f € S(R?) by the quantization

On(a)f(e) = sz | ala e Fleyde

We now list some basic properties of pseudodifferential operators; proofs can be found in the standard

reference [33]. We begin with an elementary result on Sobolev boundedness.

Proposition 2.1 (Sobolev boundedness). Let s,m € R and let a € S™. Then Op(a) extends to a bounded

linear operator from HST™ to H® and there exists j depending only on s, m and the dimension such that
|Op(@) e ssze < lal$.
We next recall the sharp Garding inequality for symbols a € S*.

Proposition 2.2 (Sharp Garding inequality). Let a € S* and let R > 0 be such that Re(a) > 0 for |¢| > R.
Then Op(a) is semi-positive. That is, there exists j depending on d such that for f € S(R?), we have
Re(Op(a)f, /) Zr ~lalg[1£17.

where (-,-) denotes the usual L? inner product.
Proof. See, e.g., [8]. O

Remark 2.3. As shown in [8, 20], a variant of Proposition [Z2] also holds for N x N matrix-valued symbols.
More specifically, if a € S* is an N x N symbol satisfying Re(a) > 0 then the associated pseudodifferential
operator Op(a) is semi-positive in the sense that Re(Op(a)f, f) > —c|| f||32 for all f in the Schwartz class.

Next, we recall a (weak) version of the Calderon-Vaillancourt theorem [2].

Proposition 2.4 (Calderon-Vaillancourt theorem). Let a € S°. There exists an integer j > 0 depending on
the dimension such that

0p(a)|2z2 S sup I\aé“afal\mezd),
la+B]<j

where the implicit constant is universal.
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Finally, we recall some elementary symbolic calculus which will allow us to perform basic manipulations with

pseudodifferential operators.

Proposition 2.5 (Algebraic properties of pseudodifferential operators). Let mi,ma € R and let aq € S™*
and az € S™2. The following properties hold.

(i) (Composition property). There is a € S™ ™2~ such that

Op(a1)Op(az) = Op(aiaz) + Op(a)
and for every j € Ny, |a|(5j7211+7,12,1 is controlled by |(11|(S]€72L1 |(12|(Sk7,)12 for some k depending on j and d.

(ii) (Adjoint). There is a € S™ ! such that
Op(a1)" = Op(a1) + Op(a)

and for every j € Np, |a|g,211,1 is controlled by |(11|(S]€72L1 for some k depending on j and d.

(iii) (Commutator). There is a € S™+™2=2 gych that

Op(a1)Op(az) — Op(a2)Op(a1) = Op(=i{a1, az}) + Op(a)
where {-,-} denotes the Poisson bracket, which is defined by

{al, az} = Vgal . Vmag — V5a2 . Vmal.

Moreover, for every j € Np, |a|g,ll+m2,2 is controlled by |cL1|(Sk,2L1 |a2|(5k77)12 for some k depending on j

and d.
Proof. See, e.g., [15, Theorem 2.1.2] for a precise statement and [19] B3] for proofs. O

In our construction, we will need the following refinement of the Calderon-Vaillancourt theorem for symbols
a € S°, which ensures that the L? — L? operator bound for Op(a) depends only on the L norm of a when
applied to functions localized at sufficiently high frequency. This refinement will be important later when we
attempt to spatially localize the renormalization operator mentioned in the introduction. We remark that
Proposition [2.0] is also used in the paper [14] to achieve a similar purpose. We include the simple proof for

completeness.

Proposition 2.6 (Calderon-Vaillancourt theorem at high frequency). Let a € S°. There is ko depending
on a such that for k > ko, Op(a) satisfies the L* — L? bound,

10p(a)S>kllL2—r2 < llallze.

That is, the L? — L* bound for Op(a) depends only on the L® norm of the symbol a when applied to
functions at sufficiently high frequency.

Proof. The proof is a simple scaling argument. The symbol for Sy is of the form ¥ (€) := 1 — p(27F¢),
where ¢ is a smooth bump function equal to one on the unit ball and supported in B2(0). Define the symbol
a = atg. Let A > 0 be some constant to be chosen, and define ax x(,&) = ar (A "1z, AE), va(x) := v(\z).
We clearly have

Optarye = (0m)°" [ ane 2O €)de
Hence, :

10p(ar)vllz = A~ Op(ar )|z
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By Proposition 2.4, we have

_d _d
A2 (|Op(ara)va-1llre SAT2 sup (020 apl|Lelua-1]l L2

ol 813 ()
= suwp (10708 apa ]|l e,
ol 81 <)

where j(d) depends only on the dimension. To conclude, we therefore only need to show that for a suitable
choice of A\, we have

sup (050 arl|lLe S llafle.
lal,18]<j(d)

Taking A = 25 and using that a € S, we find

|553?ak,x| < |a|g3|+\ﬁl)2—|a\k)\\a|—|m < |a|g3|+\ﬁl)2—(|a\+lﬂ\)%_
The proof is concluded by taking k sufficiently large (depending only on the symbol bounds for a). O
Next, we extend the above bounds to the X° and Y° spaces.

Proposition 2.7 (Operator bounds for X% and Y°). Let a € S° be time-independent and let T < 1. Then

there is j = j(d) such that we have the operator bounds

(2.2) 10p(@) | xo-x0 + 10p(@) |yoyo S 1+ |al$.
Moreover, there is ko > 0 depending only on a such that if k > ko, we also have
(2.3) 10p(a)S> k[l x0—x0 + [|Op(a)S>kllyomyo S 1+ [lal|ze.

Remark 2.8. The inequality (23)) can be thought of as the analogue of Proposition 2.6 for the X° and Y°

spaces.

Proof. We prove (2.2) and remark on the very minor modifications required to prove (Z3]) where necessary.
For notational convenience, we let K, denote the term on the right-hand side of (2.2). We begin with the
X% — XY bound. By definition, we have

1Op(a) f1%0 = Y I1Sk0p(a) f%,

k>0
(2.4) - ~ ~
<D ISk[Op(a), Sklfll%, + > 1Sk0p(a)Sk £k,
k>0 k>0

for some fattened Littlewood-Paley projection Si. For the first term, we can crudely estimate using Holder

in T" and dyadic summation,

D 1ISk0p(a), Sl %, | S | D 2"k [0p(a), Skl f 7512

k>0 k>0
< sup [[[Op(a), Skl f]|
k>0
Se Ka||f||L%OHm—%+e
S Ka”f”XOv

where in the second to third line, we used Proposition 21 and that [Op(a), Sx] € OPS~! (which has symbol
bounds uniform in &, thanks to Proposition 2.5]).

N
)

1
Ll
LT sz
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Remark 2.9. We remark briefly on one change needed here for the proof of [2.3)). If f is replaced by Ssxf

for some sufficiently large k, then in the third line above, we can estimate
—k(i_
Ka||S>kf”L,§‘9H;%+€ SKU,2 (3 €)||f||X07
and so, the factor of K, can be replaced by 1 in the above estimate by taking k large enough.

Now, we turn to the second term in (24)). By square summing and Proposition [Z4] (or Proposition 2.6l when
proving ([Z3)), it suffices to estimate the 275 X component of the X norm. For this, we have

~ ﬁ ~
10p(a)Skfll,—5 = sup sup 277 ||x@Op(a)SkfllL2L2-
272X 1eNo QeQ v

Using the L? — L? bound for Op(a) from Proposition 24 and that [Op(a),xg] € OPS™! with bounds
independent of I, we obtain for each @ € @y,

ket - [ - B oG
277 Ix@Op(a)Skfllrzrz < Ka27% [Ix@Skfllrzrz + 22 KallSkfll 12 g

(2.5) ~ . R
S Kall Sk fllxi + 277 Kol Sk fl g 2

Therefore,
1

2
Y lop(@)Skfl%, | S Kallfllxo,
k>0
which establishes the X? — X% bound. The high-frequency variant (2.3) is proved by using instead Propo-
sition in place of Proposition 2.4l above and using the frequency gain in the latter term in the second line
of (28 to absorb the factor of Kj,.

Next, we turn to the Y° — Y9 bound. Again, by definition, we have

10p(a) f130 =D I15k0p(a) fII3,

k>0
<D 1SkOp(a), SkIfll3, + > 11Sk0p(a) Sk fIl3,
k>0 k>0

For the first term, we estimate using the embedding L}.L2 C Y}, and that [Op(a), Sx] € OPS~' to obtain

1

2

> 1ISk[Op(a), Sklfll3, | S Kallfllps sy e S Kall fllyo,
k>0

where the last inequality follows from the fact that Y° ¢ L1 H, %_6. Similarly to before, for the bound (23]
when f is replaced by Ssif, we have
Ka||S>kf||L1TH;1+E S KaQ*k(%*2€)||f||yo,

and so, the factor of K, can be replaced by 1 if k is large enough. For the second term, we use duality. Let
g € X, with ||g]|x, < 1. We have by Proposition 2.5 and similar embeddings as above,

|(SkOp(a) Sk f 9)| S 155 v, 1S%(Op(@) Syl + Kall S |1 gz 19%9 L5 22
1Sk fl1va 1S (Op(@) Skgllx, + 27" E 9 Kol|Si flly.-

Again, if k is large enough, the K, factor in the latter term can be discarded. Using the X° — X% bound

already established above, we also have

151(0p(@)Skgllx,. < 10p(@)Skgllxo S Ka,
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where K, can be replaced by 1+ ||a| e if k is large enough. The proof of ([Z2]) is then concluded by dyadic

summation. O

In our analysis later, we will sometimes need to estimate commutators of pseudodifferential and paradiffer-
ential operators. For this purpose, we recall the following Coifman-Meyer type estimate from (3.6.4) and
(3.6.5) of [33].

Proposition 2.10 (Coifman-Meyer type bound). For every m,o € R and P € OPS™, we have

(2.6) P, Tyl fll e < Cllgllwr.oe [LFll roem—1,

where C' > 0 is a constant depending on P and o.

2.4. Multilinear and Moser estimates. Here we recall several of the multilinear and Moser-type estimates

for the local energy and dual local energy spaces defined above.

Proposition 2.11 (Proposition 3.1 in [22]). Let s > %. Then for u,v € I'X*® we have the algebra property

[uvllnxs S ullinxs ol x-

We also have the Moser-type estimate,
[E ()l xs S ulloxs (14 [Jullnx)e(ullze),

for s > g and any smooth function F with F(0) = 0.
We next recall some elementary bilinear estimates for the I}Y}, spaces.
Proposition 2.12 (Bilinear estimates). The following bilinear estimates hold for 1LY}, spaces.

(i) (High-low interactions). If j < k — 4,

d a
1SjuSkvlliry, < 29(5+1)2 ||SkU||27§XHSj“Hl}Lgng-
(i) (Balanced interactions). If |i — j| < 4 and i,j > k — 4,

~

id
HSk(SiUSjU)Hl;Yk S 27 HSiUHsz;Lg||Sjv||L9;L§-

Proof. This is a slight refinement of Lemma 4.3 in [24]. The proof is almost identical, so we omit the
details. g

By dyadic summation, the following is a consequence of Proposition 2.12]

Proposition 2.13 (Paradifferential bilinear estimates). Let sg > % + 2. Then for every o > 0, we have
[Tuollpye + I(To —v)ullpye S llullpnxco-1llv) xo-1,
[Tuvlliye + [1(To = v)ullnye S lullpxeo-2lofxe-
If 0 < 0 < s9, we also have
@7 (T = v)ullnye S lullnxe-slvllxeo-1,
(T = v)ullnye S lullixo—2[vllx<o-
We next state a closely related commutator estimate, which is a slight refinement of the version in [22].

Proposition 2.14. Let s > % +2 and let A € S° be a Fourier multiplier. Then we have

IV[S<k-19, AD)VSkullnyo Sa llg = goollin x| Skull xo,
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where g is any constant matrix.
Proof. The proof of this is essentially identical to the proof of Proposition 3.2 in [22]. We omit the details. O

Remark 2.15. We note that if A € S™ is a Fourier multiplier for some real number m > 0 then we can

write the commutator in the above proposition as
[S<k,4g, A(D)]VSku = kagk[8<k,4g, 27mkA(D)gk]VSku,

for some fattened projection Sy. Since 2_mkA(D)§k € OPSY with symbol bounds uniform in &k, we have
from Proposition Z.14]

1S<k-19, AD)VSkulliyo S 2" ¥ )lg = goo 1 x-[| S| xo-

The next bound will allow us to precisely estimate certain error terms in the dual local energy space Y
which involve commutators of pseudodifferential and paradifferential operators. This is essentially a variant
of Proposition .10 but for the X and Y spaces.

Proposition 2.16 (X2 — Y commutator estimate). Let T < 1, O € OPS° be time-independent with
symbol O € S° and let so > %—!— 2. Moreover, let g be a function such that g — goo € I1X 50 for some constant

Joo- Then we have the estimate

IO, Tgl fllye < Cllg = goollirx=o 1 Il x -2,

where C' depends only on O.

Proof. Clearly, it suffices to prove the claim with g., = 0. Moreover, it suffices to work with the principal part
of the commutator since the remainder is bounded from H; 2 — L2 uniformly in T with norm <e ||g|| LssC2e
for some sufficiently small e > 0, which by Sobolev embedding can be controlled by ||g|/;1 xs0. The principal
symbol p for [T, O] is

p(z,€) == =iy {Scr-ag(@)Sk(§), 0}

k>0
=—i Y Scr-a1g(@)VeS(€) VO +i Y Scr-aVag(x)Sk(€) - VeO =: p1 +pa.
k>0 k>0

First, we consider bounds for P, := Op(p1). Modulo an operator which is bounded from H,? — L2 with

norm So |9/l Lgeoz.e, we can write

P=—iy S<r-19(2)(VeSp)(D) - Op(V.0)Sy + Opeen?rgr2(1);
k>0

where Sy, is a slightly fattened Littlewood-Paley projection. As Vgé’\k is localized at frequency = 2F, we can
use Proposition 2.12] and dyadic summation to estimate

lefHYO S Hg - goo||llxso*1||f||xf2-

A similar argument for P5 := Op(p2) gives

1Pafllyo S IVagllinxso—rllfllx—2,

which concludes the proof. O
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Finally, we state versions of some of the above bilinear and Moser estimates which are phrased in terms of
frequency envelopes. This will be convenient for establishing the finer properties of the solution map later
on, such as the continuous dependence of the solution on the initial data. From Proposition 3.2 of [22], we

have the following estimates.

Proposition 2.17 (Frequency localized estimates I). Let s > % and let u,v € I'X* with I'X* frequency

envelopes given by ay and by, respectively. Then for each k € Ny, we have
[Sk(uv)l[nxs < (ar + bi)l[ullinxs[v]lnxs.
Moreover, if F is a smooth function with F(0) = 0, then we have
[1Sk(F(u)llnxs < arllulloxs (1 + [ulloxs)e(lulle).

Proposition 2.18 (Frequency localized estimates II). Let s > % + 2. The following estimates hold for
k € Np.

(i) Let 0 < o < s and let u € I'X°~! and v € 1 X*71 with corresponding frequency envelopes aj and
by, respectively. We have

[Sk(uo)lloye S (an + br)llullinxo—s[vflpxa—

(ii) Let 0 <o <s—1 and let u € I*X and v € I*X°=2 with corresponding frequency envelopes aj and
b, respectively. We have

Sk (uo)llpnye S (ak + b)) llullinxo [[o]lnxs—=.

(iii) Let 0 < o < s and let u € ' X7 and v € 1 X572 with corresponding frequency envelopes aj. and by,

respectively. We have

1Sk (0> k—au)llinye S (ar + b)l[ullnxe o]l x—2

3. OVERVIEW OF THE PROOF

In this section, we give an overview of the key ideas that go into the proof of Theorem [[L3l We recall that

our essential aim is to establish local well-posedness for the system

(3.1) i0u + 0;9°% (u, W)Opu = F(u,u, Vu,Va), u:RxRY—C™,
' u(0,2) = uo(x),

in the I' H* scale, for s > sg > % + 2. As we shall see, our scheme builds on and complements the ideas from
[14, [15] 16, (17, 18, [24], but also has several important novelties.

3.1. The linear and paradifferential ultrahyperbolic flows. The main component of our argument
involves a careful analysis of the linear ultrahyperbolic flow
100 + 9, g7 v + b djv + V0T = f,

3.2
(3.2) v(0,z) = vo(x),

which is naturally associated with the linearization of (3.I). Here, the metric ¢/* is real, nontrapping,

symmetric and non-degenerate, and the coefficients g, b, and b satisfy the asymptotic flatness conditions

(3.3) lg = goollirxso + 18egllin xso-2 + 110, )i xo0-1 + 196(b, D) [l x00-5 < M,
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where M > 0 is a fixed constant and g, is a constant, non-degenerate, symmetric matrix. Note that in
the special case where v corresponds to the linearization around a solution v to ([B.I]), the coefficients and

inhomogeneous source term in (3.2 take the form

b = Vg ohu — Vi), F, b = Vag*ou — Viva),F,

3.4
( ) f = (VEF — 8j (Vggjk)aku)6+ (VuF — 8J—(Vugjk)8ku)v,

where we have suppressed the dependence on u in the coefficients for simplicity of notation. In our general

analysis of (3.2), we will not require that b, b and f arise from solutions to (BI)) via linearization.

An equation that is closely related to ([B.2]) is the associated linear paradifferential flow

10V + 8qu]‘k opv + Ty 8jv =+ TEJ' 8j5 = f,

3.5
(3.5) v(0,2) = vo(x),

which extracts the leading part of the linear flow. Here, the paradifferential operator T} is defined as in
(Z1). Again, when v arises from the linearization around a solution u to B.1]), b and b remain as in B4,
but now

f = (VaF = 0;(Vag’™) 0wt + (Vo F — 0;(Vug?®)0pu)v + (85T 451 0 — 0597 O )v

+ (T — V)50 + (T, — b7)0,m.
In this case, f can be thought of as being comprised of perturbative error terms when measured in the dual

local energy space ['Y?. These terms either have a suitable algebraic balance of derivatives between the

coefficients and v or have coefficient functions that are at high or comparable frequency relative to v.

3.2. Quantitative nontrapping and the bicharacteristic flow. As in [24], to adequately study the
linear (and ultimately nonlinear) problem, we will need a quantitative measure of nontrapping. For our
purposes, we will only need to define nontrapping for time-independent metrics g with regularity and decay
given by

d
(36) Hg_gOOHllHSO SMa §+2<SO<55

where M > 0 is a fixed constant and g~ is a constant, non-degenerate, symmetric matrix. Note that the
condition (38 guarantees that g € C%9, which in particular ensures that the corresponding Hamilton flow,

(ituét) = (Vga(,ft,gt), _vwa(xt,é-t)), a/(x7§) = —gzj(,f)gzgj, ($0,§0) = ($,§),
is locally well-posed. The first preliminary objective of Section Ml is to show that under the nontrapping
assumption on ¢g and the asymptotic flatness condition (B.6]), the Hamilton flow is in fact globally defined.

This is not automatic when A, is not elliptic. Indeed, although g”¢;&; is conserved by the Hamilton flow,

unlike in the elliptic case, it does not necessarily control the size of |¢!] in our setting.

The second objective of Section [l is to provide a quantitative measure of nontrapping. For this, we define
a function L : [0,00) — [0,00) where L(R) measures (roughly speaking) the maximal amount of time
any initially unit speed bicharacteristic can intersect the ball Br(0). Our definition differs slightly from the
definition in [24], as they define L in terms of the Hamilton flow projected onto the co-sphere bundle |£f| = 1.
This latter definition is natural in the elliptic case, in light of the conservation of g“/&;£;, but is not quite
suitable for our problem. Analogously to [24], we show that our nontrapping parameter L is stable under
small perturbations of the metric, which will be important later on when we analyze the linear and nonlinear

Schrédinger flows.
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3.3. The main linear estimate. The crux of our argument centers around establishing the following key
estimate for the linear paradifferential flow (3.3)):

(3.7) [ollpxs < C(M, L)([[vollo e + 1 flloy),  0<o,
which as a simple consequence yields the following estimate for the linear flow (B2)):
[ollpxs < CM, L)([[vollr e + 1 flloye),  0< o< so.

Here, C'(M, L) is a constant depending on the coefficient size M in (B3] and on the nontrapping parameter
L for g within a fixed compact set whose size depends on the profile of the metric g and the rate of decay of
the coefficients b/ and /. In Section [ we reduce establishing the above two estimates to establishing the

following simpler bound for the linear paradifferential flow:
(3.8) [vllxe < C(M, L)([[voll o + I flly=), o =0,

in the setting where ¥ is supported at frequencies > 2¥1, where k; is some sufficiently large parameter. This
latter reduction follows in a straightforward manner as low-frequency errors can be controlled by taking 7'
small enough depending on k;. The reason we perform this reduction is so that we can make use of the
more precise pseudodifferential mapping properties in Propositions 2.6l and 2.7, which provide high frequency
operator bounds for pseudodifferential operators that depend only on the L norm of their symbols (as long
as the symbol itself does not depend on k). This will be of critical importance in Sections [0l and [7, as we

will explain below.

3.4. L? bounds for the linear flow. We next give an outline of Section [, where we prove the first of the
two main components of the bound ([B.8)). The main aim of Section [@is to establish control of the L HZ
norm of v. Throughout the discussion, we assume that v is supported at frequencies larger than 251, Given

€ > 0, our aim is to prove an estimate of the form
(3.9) [vllLse g < C(M, L)([lvollze + Ifllye) +ellv]xe, o >0,

on a time interval [0, T] whose length depends on M, L and €. In order to clearly outline the main techniques,
we focus on the case 0 = 0. The key objective in this part of the proof is to construct a spatially truncated
version of the renormalization operator in ([L6) which conjugates away the “main” portion of the term
Re(b)d;v. As noted in the introduction, obtaining an L L2 bound for (3.H) is straightforward in the absence
of such a term. Unlike the symbol in (L6l), however, we want the symbol O(z,&) of our renormalization
operator O to be time-independent and to belong to S°. In view of the first goal (and also to ensure that

our symbol is smooth) we truncate in frequency and time, rewriting the paradifferential linear flow as
(3.10) i0p0 + 0;T s 00 + UL, (0)050 + b, (00,7 = f + R,
U(O) = 9.

We then prove that if the frequency truncation parameter kg is large enough and T is small enough, the

resulting error term R! satisfies the perturbative bound
IR [yo < ellv]lxo.

In order to guarantee smoothness of our symbol O, we will only work with the Hamilton flow (x?, &) for
the truncated symbol a := —gijko (0)&:¢;. By our stability results, the truncated metric gijko (0) will be

nontrapping with comparable parameters to g% if ko is sufficiently large and T is sufficiently small. The
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downside of working exclusively with these truncated quantities, however, is that we will need to obtain an

estimate of the form

IO, 0i(Tgis — 924, (0);]ll x0y0 <€,
when we commute the equation with O. Establishing such a bound is not completely trivial, but can be
handled expeditiously with the tools developed in Section 2l Knowing this, our construction of O proceeds

as follows: First, we fix a large parameter R such that the coefficients in the equation are small outside of
Bpg(0). That is,

(3.11) (9 — goo)X >Rl x50 + || (b, B)X>RHZ1XSO*1 < €.

We then make the ansatz O := e¥*+¥2 where 11,5 € S°. The purpose of the symbol 1; is to arrange for
the leading order cancellation

{a,¥1} + Re(b’, (0))& >0,

within the region Br(0) where the coefficient b/ is potentially large. Roughly speaking (but not exactly),

we will take
0

1(,§) = —X<2R(:r)/ Re((x<4rb<k,(0))(z")) - £"dt.

— 00
The symbol 15 will then be chosen to correct the error terms in the transition region |z| &~ R which appear
when derivatives are applied to the localization x <or. The resulting symbol O will turn out to be a classical
time-independent SY symbol, allowing us to avoid the more exotic symbol class (7)) used in [15].

We crucially note that the spatial localization in O comes with one significant caveat. Namely, it only
conjugates away the bad first order term within the region Br(0). Therefore, we still have to estimate
the residual error term xsg Re(biko (0))9;0v in YO. Ideally, such an estimate would follow easily from
the smallness (B.I1) of &’ outside of Br(0). However, the symbol bounds for O grow in the parameter R.
Therefore, we have to somehow ensure that the X? — X° bounds for © do not counteract the smallness
coming from b’. This is accomplished by using the observation that, unlike the higher order symbol bounds,
the L norm of the symbol O is independent of the parameter R (as R — oo). Therefore, since ¥ is supported
at frequencies > 2F1, we can make use of the bounds in Proposition 2.6] and Proposition 27 to ensure that

we have an estimate essentially of the form
10v]|x0 < (|0 L=lv][ xo-

This is what will ultimately allow us to break any potential circularity in our analysis. As mentioned earlier,

an analogous construction was used to establish well-posedness for the electron MHD equations in [I4].

3.5. Local energy bounds for the linear flow. In Section [{], we turn to the second of the two main
components of the bound B.8]). Again, for simplicity of discussion, we take ¢ = 0. Here, the aim is to
establish control of the local energy component of the X° norm of v in terms of the dual norm of f and the

L5 L2 norm of v. More precisely, we aim to prove an estimate of the form
(3.12) [vllxe < C(M, L)([[vllzge Lz + 1 fllyo)-

Combining this bound with the Ly L2 bound @B.9) (with e sufficiently small), it is relatively straightforward
to obtain the main bound [B.8). To obtain (BI2]), we implement a novel approach based on the truncation
idea used in the L L2 bound. As before, we begin by fixing R > 0 so that we have the smallness (B.1T])
outside of Bg(0).
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Our first observation is that we can use the small data result from [22] (which holds for the general ul-
trahyperbolic Schrodinger flows that we consider here) to reduce having to control the entire local energy
component of v to having to obtain the corresponding estimate within the compact set Br(0). Precisely, we
can reduce matters to establishing the bound
(3.13) ||X<RU||L2THI% < CM, L) ([[vl gz + 1 fllyo) + €llvllxo.

1
Note that in ([BI3) we work with the stronger (but simpler) L%HZ norm within the compact set Br(0).
The starting point in the proof of this estimate is to rewrite (0] as a system for v := (v,7):

ov+Pv+ Bgov =R,

where P is the corresponding principal operator. As in the L3°L?2 estimate, the operator Bgo is a suitable
time and frequency truncated version of the first order differential operator in the paralinearized Schrodinger
equation and R is a source term which can be controlled by the right-hand side of .13)) in Y°. We write

Pgo as a shorthand for the associated time and frequency truncated principal operator.

The estimate ([BI3) proceeds via a positive commutator argument. Our implementation can be thought
of as a spatially truncated version of Doi’s argument in [6]. Precisely, we aim to construct a real symbol
q € S° and a corresponding pseudodifferential operator Q such that the principal symbol for the commutator
Q, P%O] is elliptic within Br(0) and controls the first order term Bgo up to a small error. Like before, we
work with the bicharacteristic flow (z*,£") for the time and frequency truncated metric g2, (0) to ensure
that the symbol we construct is smooth and time-independent. To construct ¢, we first fix a secondary

parameter R’ > R to be chosen. Similarly to before, we make the ansatz

q:= eC (M) (P +P2+P3),

where C(M) is a suitably large constant and py, pa, p3 are S° symbols to be chosen. The choice of p; will
simply ensure the ellipticity of [Q, P}, ] in Br(0). We can take

p1(z,§) = —X<R’/O x<r(z", &|¢|dt.

A natural next step would be to correct this symbol in the transition region || = R’ and use the smallness
of the coefficients (b, b) outside of Br(0) as in the L L? estimate. However, this will not work because the
L bound for p; will not be uniform in R. Instead, we consider a second symbol ps whose purpose will be
to ensure that the commutator [Q, Pgo] controls the first order term Bgo within the much larger compact
set Br/(0) but with an L° bound which does not depend on the larger parameter R’. Roughly speaking,

we will take po to be

Pa(a,€) = —x<r / e @bk (0) (@) + By (0)) @I + LIR)-2(€0)dt,

which turns out to be a S° symbol with the desired properties. The symbol p3 will then be chosen to correct
the error in the transition region |z| ~ R’ similarly to the L5 L2 bound. If v is localized at high enough

frequency, the multiplier Q will then achieve the following key outcomes.
e [Q, Pgo] will have an essentially positive-definite principal symbol which is elliptic of order 1 within

1
Bg(0). This will permit the use of Garding’s inequality to control x<gv in L2 Hz.

e [Q,P) ]v will control the first order term x<r B, Qv.
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e If v is at high enough frequency 2%, ||QSs, 4|/ xo— xo will be independent of R’. This will allow
us to control x>z /By v in YO by a small factor of ||v||xo by taking R’ sufficiently large and using
the smallness of &’ and b’ outside of Bg/(0).

The above scheme turns out to be sufficient for closing the estimate (BI2). We remark that this method
is very robust and works under extremely mild decay assumptions on the coefficients — we essentially only
require integrability along the bicharacteristic flow (2, £). Such integrability is guaranteed by the asymptotic
flatness condition (33]) and the fact that the metric is nontrapping.

3.6. Well-posedness for the nonlinear equation. Finally, in Section [0l we will make use of the estimate
B for both the linear and paradifferential flows as well as its various corollaries to establish well-posedness
for the nonlinear flow. Having established our key linear estimate, the scheme for establishing well-posedness
is virtually identical to the one implemented in Section 7 of [24]. We therefore only outline the minor
changes, and refer to [24] for additional details. The interested reader may also consult [I0] for an expository

presentation of the overarching well-posedness scheme.

4. THE BICHARACTERISTIC FLOW

In this section, we define our quantitative measure of nontrapping and establish basic properties of the
bicharacteristic flow corresponding to the symbol a(z, €) := —g (2)&;¢;. We begin by fixing so > 4 +2 and

letting g be a time-independent metric satisfying
(4.1) 19 = goollizrs0 < M,
for some constant non-degenerate symmetric matrix go,. We moreover assume the non-degeneracy condition
(4.2) e < gVgl < clél,  VEEeRY,
for some constant ¢ > 0. By Sobolev embedding, we have for some § > 0,
lgllc2s Sgao 1+ M.
As a consequence, for each (z,¢) € R?4, the bicharacteristic flow (zt, &%) = (xzwf),{fm)g)) given by
(4.3) (@', €") = (Vea(a’, £), ~Vza(a',€"), (€% = (2,9),
is well-defined in a neighborhood of ¢ = 0 (whose size a priori depends on (z,§)).
In addition to the above decay and non-degeneracy assumptions, we will also impose the condition that the

metric g be nontrapping. The meaning of this is given in a qualitative form by the following definition.

Definition 4.1 (Nontrapping metric). A non-degenerate metric g is said to be nontrapping if for every
(7,€) € RY x (R? — {0}) and every compact set K C R?, the bicharacteristic 2 intersects K on a compact
time interval.

As in [24], we will need a more quantitative description of the above definition. The quantitative parameter
L = L(R) we introduce should measure, in some sense, how long a given bicharacteristic can intersect Br(0).

However, since the bicharacteristic flow satisfies the homogeneity law
(4.4) E N, e A

such a parameter will not be uniform in the size of £. To deal with this, it is natural to restrict to data
€ € S"1. From the non-degeneracy of the metric, this restricts the initial speed of a given bicharacteristic

to approximately unit size.
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At this point, we fix a non-degenerate, nontrapping metric g satisfying [@I]) and (£2]). By a compactness
argument, the function
L :[0,00) — [0,00)
given formally by
(4.5) L(R):=inf{s >0:|z'| >R, V [t| >s, ¥(z,&) € Br(0) x S*1}

is well-defined. We will use L := L(R) as a quantitative measure of nontrapping.

Remark 4.2. In the case where A, is elliptic, it is automatic that the bicharacteristic flow is globally
well-defined because the quantity

(4.6) 9”&,

is preserved by the flow, which, by ellipticity, implies that |¢!| remains bounded uniformly in ¢ by |¢|. The
same is not immediate when the symbol g*/¢;£; is not elliptic and therefore it still needs to be proved that the
bicharacteristic flow is globally well-defined. We remark that our definition of the nontrapping parameter L
is slightly different than the one used in [24]. In their article, they define L in terms of the maximal time any
bicharacteristic for the projected flow onto {|£f| = 1} can intersect Br(0). In light of the above discussion,
this is a natural definition in the case of an elliptic symbol, but is not so natural for our purposes because
the bicharacteristic flow should not in general preserve any normalization of |¢| (even though (6] is still
preserved by the flow). We therefore only restrict the initial £ to the unit sphere in our quantitative measure

of nontrapping.

Our next proposition addresses the problem of global existence and asymptotic bounds for the bicharacteristic

flow when the metric is nontrapping and satisfies the decay condition g — g, € [* H®°.

Proposition 4.3. Let so > % + 2 and let g be a non-degenerate, nontrapping metric satisfying @I). Then
(i) For each (z,€) € R% x (RY—{0}), the bicharacteristic flow for a(z,£) := —g"&;&; is globally defined.
(i) For every ey > 0 sufficiently small, there exists Ry > 0 such that for any initially outgoing bichar-
acteristic (i.e. 24(0) -z > 0) with data (x,&) € (R — Bg,(0)) x (R — {0}), 2 is defined fort >0

and is close to the flat flow in the sense that for all t > 0, we have

(4.7) 2" =+ 2tgi &) < teolé], 1€ — €] < eolé].

Proof. The proof of this is very similar to Lemma 5.1 in [24]. We include the short argument for completeness.
We begin by choosing Ry large enough so that g is sufficiently close to the flat metric goo in I* H%0 outside
of Br, (0). That is,

2

(4.8) 15 20 (9 = goo)llirmre0 <€,

where 0 < € < €y < 1 is some sufficiently small constant relative to eg. We let (x?,£!) be any initially
outgoing bicharacteristic with data (z, &) € (R? — Bg,(0)) x (R? — {0}) and make the bootstrap assumption
that the bicharacteristic (x!,&") satisfies (@7 on a time interval ¢ € [0,7]. Our goal will be to show that
when € > 0 is small enough, the factor of € in the bootstrap hypothesis can be improved to <. Thanks to
the nontrapping assumption on g, this will clearly suffice for establishing both (i) and (ii).

To close the bootstrap, we note that on [0, T], thanks to (A7) and the fact that a! is initially outgoing, the
bicharacteristic z* remains outside B 3R, (0). Using this and the bootstrap hypothesis, we aim to prove the

following simple lemma.
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Lemma 4.4. The following estimate holds for every t € [0,T] :
t
[ IWagtatyds S el
0

Proof. We estimate

/ Vag@)ds 3 Y / () (S (X 0 V) ()l

k>0 QEeQk
ST 2" xQSk(X 50 Vzg) | L
k>0 QeQk
S 1E XS 20 Vaglli o
2
<€,

where in the second line we used [@7)) and the non-degeneracy of g, which ensures that the bicharacteristic
x° intersects a cube of size 2F for time at most < 2F|¢|~1. In the third line, we used Bernstein’s inequality

and in the fourth line, we used ([@8]). This concludes the proof. |

To close the bootstrap, we note that by (1) we have |£f| < (1 +€g)|€|. Therefore, by using Lemma 4] and
integrating in time the equation

d g
96— = Vag (e

we obtain
&8 —&] Selel.

Using this bound, integrating in time the equation
d ij ij ij
(@' — e+ 2tg2&5) = 2(9% — ¢V)(@")&) — 2020 (&) — &)
and using that |(g — goo)(z")| < €, we also obtain
2" —x + 2tgiL€;] < telé,

which improves the bootstrap (@) if € is small enough relative to e¢g. This concludes the proof of the
proposition. O

The next proposition shows that the size of the nontrapping function L as well as the bicharacteristic bounds
are stable under small perturbations of the metric.

Proposition 4.5. Let gy be a non-degenerate nontrapping metric satisfying ([@1)). For every sufficiently
small g > 0, there is a radius Ro(eg) > 0 and a constant Cy > 0 depending only on M and the profile of go

such that if g1 is another non-degenerate metric satisfying

(4.9) llgo — g1l preo < e~ CoL(F0)

then the bicharacteristics corresponding to g1 satisfy (ii) in Proposition [{.3 with comparable parameters Ry
and ey and, moreover, g is also nontrapping with comparable parameters L1 and data size M;.

—CoL(Ro)

Proof. Choosing e so small that

HgO - gl”llHSo < €

ensures that the data size M; is comparable to M and also that the proof of part (ii) of Proposition 3 works
equally well for the metric g;. It therefore suffices to show that L is comparable to L for R < Ry. To do
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this, we fix (x,&) € Br,(0) x S?"1. The desired conclusion will follow if we can show that the bicharacteristic
flows corresponding to go and g; are close within Bpg,(0) in the sense that

(4.10) |zt — 2| + €8 — €L S o—C(M)L(Ro)

for times in which zf, intersects Bg,(0). The proof of this is similar to the proof of Proposition 5.2 in [24]

but since our nontrapping parameter L is slightly different than theirs, we include the short proof.

We implement a simple bootstrap. First, we can restrict to a time interval J such that |J| < L(Rp). We
will then assume the bound ([@I0) on some smaller interval I C J and establish the same bound with an
improved constant. We begin by writing the equation for dz! := zf — 2! and §¢' := & — ¢!, Dropping the

i, 7 indices, we obtain
#02" = 2(g1 — g0) (@})&] + 2(g0(21) — go(h))&§ — 290(xf)0¢",
706" = =€V (g1 — 90) ())& — &1(Vgo (1) — Vgo(h))& + (€5 Vgo(wh)Eh — & Vao(zh)El),
(02, 6¢°) = (0,0).
By definition, we have |I| < L(Rp). Moreover, by a compactness argument, there is a constant Ky > 1
depending on the profile of go (but not on (z,£)) such that
&1 < Ko

for every t € J. By the bootstrap hypothesis, this implies the same bound for & on I. From this, (@9), the
bootstrap hypothesis and the fact that gy € C2, we obtain the bound
d
dt
By Gronwall’s inequality and the bound |I| < L(Rp), we obtain

[(62")? + (5€")?] S e 2oL I) 4 C(Ko) (1 + M)[(62")* + (6¢")7).

(6It)2 + (6575)2 < e*2CoL(R0)eC(Ko)(1+M)L(R[))
on I. Choosing Cj large enough improves the bootstrap hypothesis and concludes the proof. O

By combining Proposition [£.3] with Proposition .5, we have the following immediate corollary which gives

a precise quantitative bound for £*.

Corollary 4.6. Let gy be as in Proposition[[.3. Then the corresponding bicharacteristic & (which is defined
for all t) satisfies the bound

€] < Col¢]
for all (x,€) € R?*? and some constant Cy > 1 depending only on M and the profile of go. Moreover, if g

is any other metric satisfying the conditions of Proposition[[.5], then the corresponding bicharacteristic & is

globally defined and satisfies the same bound with a similar constant.

Proof. For |(| = 1, this follows immediately from Proposition [£3] Proposition 5] and the nontrapping
assumption. The general case follows from this case and the homogeneity law (&4). |

We next note the following bounds for the z and & derivatives of ! and &°.

Proposition 4.7 (Higher regularity bounds). Let (z,£) € Br(0)xS?1. Let k be a positive integer. Assume
that the metric satisfies g € C*¥T1 and write My, := ||g||cr+1. Then if |2t| < R, there holds

|02 0%l ¢ + 10807, 6| < “HEI a4 g| < k.
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Proof. The proof follows by differentiating (£3) in the z and £ variables, which leads to a differential
inequality for

d (6% (6%

(102082 + 002! P)
One then concludes by inductively applying Gronwall’s inequality. We omit the details which are straight-
forward. O

The final result of this section shows that functions in ! H*® with s > % + 1 are uniformly integrable along

the bicharacteristic flow. This is what will allow us to recover the Mizohata condition.

Proposition 4.8. Let g be as in Proposition[{.3 and let s > %—l— 1. Letv € IYH®. Then v is integrable along

the bicharacteristic flow and satisfies the bound

sup lo(xt, o) iy S (U4 LR )0l are,
(2,6)ERI xSd—1

where Ry is as in Proposition [{.3

Proof. We abbreviate x’éx ¢ by xt. Without loss of generality, we may assume that zt intersects By, (0) only
if [t| < L(Rp). We then have

L(Ro)
[ el < 200 ol LR ol
—L(Ro)
By homogeneity of the flow, it therefore suffices to show that
[ el < ol
L(Ro)

Without loss of generality, we may assume that zt(L(Rg)) is outgoing. Using Proposition 3] we see that if
t > L(Ry), then for every cube Q C R%, z! intersects the cube on a time interval I of size at most |1| < |Q|4.

Therefore, we have
oo
[ eatia s Y S Hlxasiwli S ol
L(Ro) k>0 QEQr

where in the last step we used Bernstein’s inequality and dyadic summation. Here, the strict inequality

s> % + 1 was what allowed us to retain summability in k. This completes the proof. g

5. THE LINEAR ULTRAHYPERBOLIC FLOW

Let sg > % +2 and let 0 < o < sg. Here we consider the [' H? well-posedness of the linear ultrahyperbolic
flow

51) 0 + 897 v + V9 + b1 0;T = f,
' v(0,x) = vo(x),

as well as the corresponding linear paradifferential flow,

10V + 8qu]‘k opv + Ty 8j1) =+ TEJ' 8j5 = f,

5.2
(52 v(0,2) = vo(x).

We make the following basic assumptions on the metric g’% and the coefficients b/ in the above equations:
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(i) (Non-degeneracy). The metric g/* is real, symmetric and non-degenerate. That is, there is ¢ > 0
such that for all £ € R? we have,

el < g7 k| < clél.

(ii) (Asymptotic flatness and size). There is a constant, symmetric, non-degenerate matrix g and a
constant M > 0 such that

(5:3) 19 = goollirxzo + 19egllnxs0-2 + 1[0, B)llin xcs0-1 + [[9e(B, D)1 00 -5 < M.
(ili) (Asymptotic smallness). For every ¢y > 0, there is Ry > 0 such that

(5.4) 1(97% = 925V x> Ro lixcso + 107, 07) X5 Ry |l x20-1 < €0,

where 0 < xspg, < 1 is a smooth cutoff which vanishes on Bpg,(0) and is equal to 1 outside of

Bag, (0).
(iv) (Nontrapping). The metric is nontrapping with parameter L as defined in (£3)).

Note that condition (iii) follows from the asymptotic flatness condition (ii). However, we prefer to make

statement (iii) explicit, as it will play a prominent role in the analysis.

In the sequel, we will write C(L) to denote a constant which depends on the parameter L within some fixed
compact set whose size depends on the profile of the metric g. The main result we aim to prove is the

following.

Theorem 5.1. Let sp > %—i— 2 and 0 < 0 < sg. Moreover, assume that gjk,bj,l;j satisfy the above
assumptions with parameters M and L. Then for every f € I'Y?, the equation (51)) is well-posed in I* HC .
Furthermore, there is Ty > 0 depending on the size of L within a compact set and on the data size M such
that for every 0 < T < Ty, we have

(5.5) [ollex < CM, L)([[volli e + [1f ly<)-
The same result holds for the paradifferential flow [&.2) for every o > 0.

As the above result holds for the paradifferential flow for all o > 0, it is a straightforward consequence to

deduce the following frequency envelope variant using similar reasoning to Section 5 of [22] (see also [10]).

Corollary 5.2. Let 0 > 0 and assume the other properties in the statement of Theorem[5l Let ap be an
admissible IYH? frequency envelope for vy and let by, be an admissible I'Y° frequency envelope for f. Then
the solution v to the paradifferential equation [B.2) satisfies the bound

[Skvllonxe < C(M, L) (ak|[vollir e + brll.f[liy+)
on a time interval [0, T] whose length depends on the size of L within a compact set and on the data size M.

The main component of the proof of well-posedness for the equations (B.I]) and (5.2)) is the energy estimate
(B3H). This is because the adjoint equation, which has essentially the same form, will also satisfy a similar
energy estimate. Well-posedness then follows by a standard duality argument. Therefore, we focus our
attention mainly on the bound (G.1).
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5.1. Some simplifying reductions. We begin our analysis by making some straightforward but useful
reductions which will allow us to simplify some of the steps in the proof of Theorem (.1l Our first reduction
shows that by restricting the time interval to be small enough, we may assume that v is supported at high

frequency. More precisely, we have the following lemma.

Lemma 5.3 (High frequency reduction). Let € > 0. Under the assumptions of Theorem [G1, for every
k1 > 0 there is Ty > 0 depending on k1, €, M and o such that for 0 < T < Tpy, vsk, = Ssk, v satisfies the

equation
iOpvsk, + 09005k, + W Ojvsy, + V0755 = h,
Uk (0) 1= Ss, v0,
where h and S<i, v satisfy the estimate
[S<kivllnxe + [[hllnye < C(M, ki, 0)(vollnma + ([ fllnye) + elvllinx-
for 0 <o < sg. The analogous result holds for the paradifferential equation [&.2) for o > 0.

Proof. We show the proof for the full linear equation. The proof for the paradifferential flow is similar. Using

the notation of the lemma, we easily compute that
h =S5k, f— (0;9"70;S<k,v + ¥ 9;S<i,v + b 0;S<1,7)
+ S<, (059790 + b 0jv + b 0;).
We clearly have

1S>k fllye S fllinye-

For the remaining source terms, if 0 < o < sg — 1, we can estimate in ['LLHZ C 'Y in a naive fashion
using the frequency projection S<j, to obtain
Ay S Nfllye +ellvllinge e,
by applying Holder’s inequality in T" and taking T small enough (depending on k7). On the other hand, for
sop — 1 < o < sg, we can instead use the bilinear estimates in Proposition 2.13 to obtain
[hllaye S N flliye + C(M, kv, 0)|lvllnpgere .
We can estimate the latter term on the right using the crude energy inequality
[vllinpgerz S llvollore + lollope s + ([ fllinye,

which follows from a direct energy estimate for (5I]) where the first order terms are estimated directly in
LL.L2. Since o > 1, we may conclude by applying Holder in T and taking 7' < € to control the second term
on the right by €||v||;1x-. It remains to estimate || S<g,v||;1x-. Using that S<y,v is frequency localized, we
easily have

IS<ivllixe < 25T DS cp, vl pe 2.

We then note the naive energy type estimate
[S<kvllnrgerz Smk lvollincz + lollnrsrz + 11fl[nyo,

which follows from inspecting the equation for S<p,v and using the fact that the first and second-order
terms in the resulting equation are localized to frequencies < k1. Then using Holder in 7" and taking 7" small

enough (depending on M, k; and €) we can again control the second term on the right by €||v||;1x-. This
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concludes the proof of the lemma for (5IJ). A very similar argument works for the paradifferential analogue.
We omit the details. O

5.2. Reduction to the paradifferential flow. As a second reduction, we reduce proving Theorem [(.1]
to proving the corresponding estimate for the paradifferential equation. We begin by writing (.I]) in the

paradifferential form
1040 + 05145 0v + Ty Ojv + T3, 00 = f + R,
v(0) = vo,

where R is a remainder term given by

(5.6) R = (Tbj ;v — bjaj’l)) + (ng 0;v — i)jajﬁ) +0; (Tgij o;v — gijai’l)).

Thanks to Lemma [5.3] we may harmlessly assume that v is localized to frequencies > 2¥*. Our next lemma

shows that the error term R can be treated perturbatively if k; is large enough.

Lemma 5.4 (Paradifferential source terms). Assume that the estimate in Theorem [51] holds for the parad-
ifferential flow for each o > 0. Let € > 0 and assume that ¥ is supported at frequencies || 2> 2¥1. Then for

k1 large enough and T small enough depending on € and ki, the remainder term R satisfies the estimate
IRllirye < CM, kv, 0)([lvolleme + 1 flloye) + ellolloxe

Proof. We show the details for the first term as the estimates for the other two are similar. We split the
analysis into two cases. First, assume that ¢ < sy — ¢ where § > 0 is such that sg — 20 > % + 2. Then
since v is localized to frequencies > 2%1, we may replace the coefficient b7 in (T}, 0jv — b70jv) with Ssp, —5b7.
Therefore, by (2.7) in Proposition 213 and Bernstein’s inequality, we have

[(Tyi 050 — 7 0;0) Iy e S 1Sk —56 (113 xs0-1-5 |v[li1 xo

Sar 272 ol|n xe
Taking k; large enough, we therefore have
1T 00 = 500) e < ellolnxe-
The other terms in ([B.6]) can be estimated similarly to obtain
IR[lnye < elv]fnxe.
In the case s >0 > 59— 6 > % + 2, we use instead the first estimate in Proposition .13 to obtain
[(Tyi 050 = ¥ 050) lnye < 107 i xo-1 [[0l]n 5025

<M 2ik16||’U||llX(r,

~

where we used the fact that v is localized to frequencies greater than 251. Estimating the other terms in

(EE) in a similar fashion, and again taking k; large enough, we obtain
[Rllnye < ellvfloxe.

This concludes the proof. O
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5.3. Reduction to the X7 estimate. To summarize what we have so far, it now suffices to establish
B3 for the paradifferential flow under the assumption that v is localized to high frequency. As one final
simplification, we reduce the proof of this estimate for the paradifferential flow to the corresponding X

estimate without the I* summability. For this, we will need the small data result from [22].

Theorem 5.5 (Small data well-posedness). Let b’, b, g and M, o be as above. Let 0 < T < 1. For every
o >0, there is § > 0 such that if M < & then (52)) is well-posed in both H° and I'H® with the uniform

bounds
[vllxe S llvollae + (| fllye,
[vllixe S lvollome + [ fllnye-

Remark 5.6. Strictly speaking, the small data result above is only explicitly stated in the case when g is
the identity, but as remarked on page 1154 of [22], the result is also true when g, is of the form we consider
here, and the estimates above follow almost verbatim from the proof of Proposition 4.1 in their paper.

We may now phrase our final reduction as follows.

Lemma 5.7. Let b/, b/, g' and M, o be as in Theorem 51 Assume that the paradifferential flow G2

admits the estimate
(5.7) [vllxe < C(M, L)([[vollzo + 1 f]lv~)
for each o > 0. Then the corresponding estimate in Theorem[51l in I* X also holds for (5.2)) for each o > 0.

Proof. We can again harmlessly assume that v is localized to frequencies > 2*1. Now let € > 0 and let
R(e) be such that ([B4]) holds. Using Proposition 2.T3] and Theorem [£.8 our first aim will be to reduce to
estimating v in a compact set. More precisely, we aim to prove the estimate
(5.8) Ix>2rvllxe S llvollo e + ILf Ly e + lIX<arvlloxo
This is a straightforward computation which follows by inspecting the equation for ve,: := x>2rv. Indeed,
if we define geqt 1= X>RG + X<RYoo; beat := X>rb and Bezt = X>Rl~77 we obtain
10pveat + 0iT 15 Ojvert + Ty Ojvent + Ty OiTeat = feat,
Vext (0) = X>2r0(0),
where
feat := X>2rf + [0iT4: 05 + Ty 05 + Ty 05, X>2rlv + (0iT s 0j — 0iT4is 0;)vear
+ (T 05 = Tbi 0j)vewt + (Tyy 05 — T3;0;) Vet
Making use of Proposition [2.13] and paradifferential calculus, we can easily estimate
1[0:Tyis 0 + Ty 05 + Ty, 05, x>2r]vllinye < C(M, R)(Ix<arvllnxe + [vllipyme)
< C(M, R)|Ix<arvllnx + d[v[li2 x-

for some small § > 0. We note that in the last inequality, we used Holder’s inequality in T and took T
sufficiently small depending on R and M. Using the disjointness of the supports of ge,t — g and veyzt, we
obtain from the embedding I*LL.HZ C I'Y° and paradifferential calculus,

10T, 05 = 0Ty 0y veatlloye Sar ol pyme S Slvllnxe.
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We can similarly estimate the last two terms in the definition of fe;¢. In light of this and the small data
result Theorem which applies to the equation for ve,;, we obtain (5.8). We have therefore reduced the

estimate for v in I' X7 to obtaining the bound

Ix<arvllpxe < CM, L)([[vollo e + [ fllirye)-

However, this simply follows from (5.7]) and the fact that the !X and X° norms are equivalent within the
set B4gr(0) (with equivalence constant depending on R). O

6. THE L? ESTIMATE FOR THE LINEAR FLOW

We begin our analysis by showing that we can close an estimate for the L HJ norm of a solution to the
paradifferential linear equation (5.2 up to a small error term in X7 as long as the time interval is small

enough. Thanks to Lemma [5.3] we may from here on harmlessly assume that

supp(v)  {l¢] > 2"}

for some large parameter k; to be chosen. We will make this assumption for the rest of the section. The

main estimate we wish to prove is the following.

Proposition 6.1 (L2 estimate for the paradifferential linear flow). Let so, g, b/ and b be as in Theorem[5.1]
with parameters M and L. Let € > 0. There is To = Tyo(e) > 0 such that for 0 < T < Ty, we have the a
priori bound for v satisfying (B.2),

lvllge e < C(M, L)(lvollze + [[fllye) + ellv]lxe,
for every o > 0.

As noted earlier, by C(M, L) we mean a constant which depends on M and the trapping parameter L within
some fixed compact set (which is allowed to depend on €). The main obstruction to establishing Proposi-
tion is essentially the presence of the real part of the first order term Tge(i)0;v. This is characterized
somewhat by the following basic estimate for a truncated version of the linear flow in which the coefficient

b is purely imaginary.

Lemma 6.2 (Basic energy estimate). Let g% be smooth, real and symmetric and let b and b be smooth Sfunc-
tions. Assume that we have the size condition ([5.3). Moreover, let A(x, D) € OPS! be a time-independent
pseudodifferential operator with symbol satisfying Re(A) > 0 and assume that v solves the equation
(6.1) 10w + 0;Tyis Ojv + i Im(b?)0jv + V0T +iA(x, D)v = f.
Then for every 0 < § < 1 there is Ty > 0 depending on M, § and A such that for 0 < T < Ty, we have the
L? estimate,
[vlZ 2 < lwollZ + lvllxoll fllyo + dllvl%o.
In the above lemma, we allow for the extra first order term ¢ A(x, D)v. This will afford us some flexibility when
dealing with commutations of the principal operator 9;T,:;0; with various zeroth order Fourier multipliers
and pseudodifferential operators later on when we deal with the full linear paradifferential flow.
Proof. We start with the basic energy identity:
||v(t)|\%§ + 2Re(A(z, D)v,v) = HU0||2L§ + 2Re(i0;T,ii 9jv,v) — 2Re(Im(b’)0;v, v) + 2 Re(ib’ 0,7, v)
— 2Re(if,v),
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which holds for each 0 < ¢ < T'. Here (-,-) denotes the inner product on L7L2. Unlike the operator 9;¢"9;,
the paradifferential operator 0;1,:;0; is not quite self-adjoint. However, we do have the relation
Re(i0; Ty 0jv,v) = Re(id;(T,is — g")0;v,v).
By standard paradifferential calculus and the fact that ||g*||psec2.e < C(M) for some a > 0, we have
10:(Tyis — g7)00]| 12 Sa vl 2.
Hence, by Holder in 7" and taking 7" sufficiently small, we have
2 Re(i0hT,050,v) Sar Tllol2 52 < ollol%

Now, we turn to the other terms in the energy estimate. Integrating by parts and making use of Sobolev
embeddings, we obtain the bound

—2Re(Im(b)d;v,v) + 2 Re(ib? 9,7, v) < MTHUHQL%QLg < §|vll%o0,

if T is small enough. Moreover, by the Y* = X duality, we have
—2Re(if,0) S [vllxollfllyo.

Therefore, if T" is small enough, we arrive at the bound

o1l 12 + Re(A(z, D)o, v) S [lvollZa + [vllxo |l Fllyo + dllolle.
Finally, by the sharp Garding inequality Proposition and Holder in time, we have

Re(A(x, D)o, v) 24 —T[v] 20 2-

Taking T sufficiently small concludes the proof. O

The remainder of this section will be essentially devoted to transforming the equation (5.2)) into an equation
of the ideal form (G1]). Our primary means of doing this will be to construct a time-independent pseudodif-
ferential renormalization operator O = Op(O) € OPSY which upon commuting O with the equation achieves
this transformation within a compact ball Bg(0). The hope is then to use the asymptotic smallness (5.4]) to
control the residual error terms outside Br(0). Quite a bit of care is needed here to avoid a circular argument
because the higher order symbol bounds for O will grow in the parameter R, and so, at first glance, the
operator bounds for O could counteract any smallness coming from the remaining error terms. Therefore,
we will need to carefully track the dependence of the operator bounds for O on the parameters R and L. In
our construction, it will turn out that the L norm of the symbol O will have a R independent bound (as
R — 00). Therefore, for large enough k1, the operator OS>, will have R independent L? — L% X9 — XY
and Y° — Y9 bounds thanks to Proposition 2.6l and Proposition 27, respectively. This is how we will break

the potential circularity.

6.1. First order truncations. Since we want the symbol for O to be time-independent and smooth, our
first aim will be to show that the first order paradifferential coefficients in (5.2]) can be replaced by smooth
time-independent coefficients localized at a suitable frequency scale. To achieve this, let us fix another large

parameter kg with 0 < kg < k1 to be chosen. We can rearrange the paradifferential equation as

i0pv + 0;Tyis 00 + b (0)050 + b, (0)0;5 = f + R,

6.2
(6.2) v(0) = vo,
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where
(6.3) R' = (b, (0)0;v — Ty 05v) + (b, (0)0;7 — T;,0;7).

We have the following short lemma which shows that for large enough kg, k1 and small enough T', the error

term Rq can be treated perturbatively.

Lemma 6.3. For ko and k1 sufficiently large and T sufficiently small, we have
IR Iy < ellvllxe-

Proof. We estimate the first term in (6.3)) as the other term is essentially identical. By Bernstein’s inequality,

averaging in T and the assumption (53]), we have

oy, = 0%

ko (0|11 x20-1 Sy 22707
Therefore, by the assumption k; > kg, Proposition and taking T small enough (depending on ko and
M), we have

10, = B )50l = 1T, 4, dyelive < elivllxe

Next, using k1 > kg, we can write

ey — b Ly — 9.
Tb] 8Jv b<k0831) = TSZkaj 831).

So, from Proposition 2213 there is 6 > 0 depending only on sp such that
1Ty 050 — b O5llye S 1S5kt [l xs0-1-5|v]| xo

<ar 27F00 ||| xo .

~

The above term can be controlled by €||v||x- by taking ko large enough. This completes the proof. O

6.2. Commuting with derivatives. The next step is to commute (5.2) with (V). This will essentially
reduce matters to proving an L? estimate for the paradifferential flow and get us one step closer to a situa-
tion in which we can apply Lemma This would typically be a completely straightforward matter since
the equation is already in paradifferential form; however, the commutation of the principal operator P with

(V)7 will generate a further first order term which cannot be treated perturbatively in the large data regime.

To proceed, we define u := (V)?v. We also compactify the notation for the principal and new first order

terms by defining

P = 8jTgijai,
B:=b, (0)9; — [P, (V)| V)",

B =0, (0)9;.
By commuting (6.2) with (V)“, we obtain
0w+ Pu+ Bu+ Bu= (V)7 f + RL + R2,
where R := (V)°R! and
R% = —[(V)7,bL, (0)]950 — (V). bLy, (0)]9;2.

Thanks to Lemma [6.3, we have a suitable estimate for R in Y which allows us to treat this term pertur-

batively. The following lemma shows that RZ can be estimated naively in LL.L2 C Y.
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Lemma 6.4. For T small enough, the source term RZ satisfies the bound
(6.4) 1RGN L3z < ellvllxe.
Proof. Since ko < k1 and ¥ is supported at frequencies > 2*1| we can write

(V)7 L, (0050 = [(V)7, T,

by%ko(o)]ajv.

Hence, by Proposition 210, Sobolev embedding and the regularity assumptions on b/, we have
I(V)7, L4 (0)]050] Lr 2 SMko [0l Lt g Sar Tl ngeng-

The other term in R2 can be estimated similarly. Hence, by taking T small enough, we obtain (6.4)), as
desired. 0

Next, we further frequency and time truncate the commutator in the term 5. As we will see later, such
truncations will ensure that our renormalization operator O belongs to OPS°. Note that while we cannot
directly truncate the principal operator P because it is second order, it is reasonable to expect that we
can do this (as long as the truncation is sharp enough) for commutators involving P, which are first order.
We therefore define time and frequency truncated variants of P, B and B (technically, this last term is

unchanged) via

Phy = 0592;,(0)0;

B}, =L, (0)0; — [PL,, (V)7UV) ™7,

B, = 1,00,
and obtain the equation
(6.5) 0+ Pu+ By u+ By a= (V) f+RL+R2+ RS,
where

Rg = (By, — Byu= —[Pg, =P, (V)7]v.

The next lemma treats the new source term R3.
Lemma 6.5. For ko and k1 large enough and T small enough, we have
(6.6) IR lIvo < ellollxe
Proof. We begin by writing

Pgo —P= (&-gzko (O) — Taigij)aj + (gzko (O) — ng'j)aiaj.
As with the estimate for R2, we have

(V)7 (992}, (0) = T, gis)]0jvll L1 L2 < €llv] x,

by taking 7" small enough. The term [(V)7, (T,i; — gijko (0))]0:0;v is more difficult to deal with since it is
like an operator of order o + 1 applied to v, and therefore cannot be estimated in LLL2 without losing
derivatives. Consequently, we must estimate it in the weaker space Y. Since ki > ko, we have the identity

(V)7 (Tys — g2, (0)]0i00 = Sk[(V)7, S<r—a(g” — g2y, (0))]0:0; Skv,
k>0
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where Sy, is a fattened Littlewood-Paley projection. Therefore, by almost orthogonality, Proposition 214l
and Remark 2.15] we have

(V)7 (Tyis = 921, (OB 050l vo S 1197 = 924, (Ol xeo-s | D 2 VISVl %o
k>0
S 197 = 92k, (0l xcoo=s [ 0l| x
for some 0 > 0. By taking ko large enough and then 7" small enough, we can estimate using Bernstein type

inequalities and the fundamental theorem of calculus,

19" = 921, ()l 205 < e.
Combining this with the above estimates concludes the proof of (6.4), as desired. g
To summarize what we have so far, u := (V)?v solves the equation
(6.7) O+ Pu+ Bl u+ B i=TR,
where the source term R can be estimated in Y by
[Rllyo < Cllfllye + ellv]x-,
for some universal constant C'.

6.3. Renormalization construction. Now we are ready to construct the renormalization operator O
whose role will be to transform (6.7) into an equation essentially of the form (6I). As alluded to earlier,
the main enemy we have to deal with is the first order term Re(Bgo)u. The strategy will be to construct
an operator with symbol in S° which conjugates away the “worst part” of this term. As noted in [15],
conjugating the entire term away would give a symbol that does not belong to S°. We opt therefore to
conjugate away only a portion of the first-order term whose principal part is supported within some large
compact set Br(0). The hope is that the remaining error term will contribute errors of size ~ €||v||x- due
to the smallness of the coefficients in (5.4 outside of Br(0). As mentioned earlier, this does not come for
free. The trade-off is that we will also need to control the X° — X% Y° — Y% and L? — L? norms of
our renormalization operator to ensure that the smallness is retained when applying this operator (as the &

derivatives of its symbol will not have uniform in R bounds).

The details of this construction will be given below. To set the stage, let us fix a large constant R > 1 to be
chosen. We also define for each p > 0, the function x<,(x) := x(p~'x) where y is a radial cutoff function
equal to 1 on the unit ball and vanishing outside |x| > 2. As a first constraint, we demand for R to be such
that (54]) holds with some Ry < % and €y < e. The bulk of the renormalization construction is given by

the following proposition.

Proposition 6.6. Let u be as above. Let ko be large enough so that gi<jk0 (0) is a nontrapping metric
with comparable parameters to g (0) (the existence of which is guaranteed by Proposition [[.5]). Define the

truncated symbol a(x,§) = —ggko(O)fifj, which is the principal symbol for 73,80. Write also iB(x,§) =
iRe(bj<k0 (0))&; + i{a, (€)7}(€) =7 to denote the principal symbol of Re By and

H,:=Vea -V, —Vea- Ve

to denote the Hamiltonian vector field for a. Let the parameters R, M and L be as above. Then there exists

a smooth, non-negative, real-valued, time-independent symbol O € S° with the following properties.
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(i) (Positive commutator with good error). There exists r € S' such that if T is sufficiently small,
HGO + X<2RB(I5 {)O(x, 5) + 'I”(.I, 5)0(:175 5) 2 07 ||Op(r)||X0—>Y0 SM €.

(ii) (Uniform L? bound at high frequency). For ko, ki large enough and T small enough depending on
R, M and L, O := Op(O) satisfies the estimates

(6.8) 10ullL> ~ |lullz2,  [|Oullyo S l[ullyo,  [[Oullxo S [lull xo,

with implicit constants depending only on M and on L within o fixred compact set whose size is
independent of R.

(i1i) (Even in & within Bg(O)). The symbol s := O(z, &) — O(x, =€) is supported in the region |x| > &
and for ki large enough, there holds

10p(5)S>k: lyosyo S 1,

with implicit constants depending only on M and on L within a fived compact set whose size is

independent of R.

The first property will allow us to transform (6.7) into an equation of the type ([G.I) up to an error term
supported outside Br(0) (plus an acceptable remainder). The second property ensures that the L? — L2
Y% - Y0 and X% — XO operator bounds for O do not depend on R, at least at high frequency. The third
property ensures that O := Op(O) commutes with complex conjugation to leading order (i.e. within B B (0)
where the coefficient ¥’ can be large). The second and third properties will be important for avoiding the

circularity mentioned earlier when trying to estimate the error terms supported outside B R (0).

We also emphasize that a is the principal symbol for the truncated operator ’P,SO and not P. This is to ensure
that O will be a classical (time-independent) S° symbol with bounds not depending on higher derivatives of
g% (however, they will depend on the frequency truncation scale 2%0). The trade-off is that when commuting

the equation for u with O, we will need to estimate an additional first order error term of the form
[P —Pp,. Olu

in YO. It will turn out that this can be made small by taking ko, k1 large enough and T small enough. We
will discuss how to estimate this term later. For now, we start by proving Proposition

Proof. We make the ansatz O(z,&) = e¥(®%) where 1) is some smooth real-valued function to be chosen.
We begin by trying to enforce condition (i). For this, we recall that the vector field H, corresponds to
differentiation along the Hamilton flow of a, which is given by ([@3]). That is,

(Hot) (,€) = ap(a, €m0,

where (xt, &%) are the bicharacteristics for a with initial data (z,£). We will perform our construction in two
stages. That is, we will define two symbols ¢ and ¥, in S°. The symbol ¢, will be chosen so that H,»
cancels the bulk of the term y<2rB(z, ) but possibly with an additional error term which isn’t small but
has the redeeming feature that it is supported in the transition region |z| ~ R where 9i<jk0 (0) is close to the
corresponding flat metric. The second symbol 95 will be chosen to correct ¥, so that the error term can be
made sufficiently small. The full symbol ¢ will then be defined by v := 11 + 1. Inspired by the previous

works [4] [6] [7), [T6], our starting point is to consider the ideal “symbol”

1 0
idear(2,€) 1= —5x>1(€]) / _Blteg Sae) + Blale, ¢ o))l
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where x>1(|¢]) is an increasing Fourier multiplier selecting frequencies > 1. We note that since gijko (0) is
nontrapping and b7/, V, g% € [1 X*0~! the integral in 1;4cq; is well-defined. On a formal level, the commutator
of the principal part of the equation with Op(e¥id<a) conjugates away the leading part of the term Re Bgou,
but as mentioned above, the symbol 1);4eq; is not a classical S° symbol, so it is not ideal to work with such
a construction directly. In order to resolve this issue, we localize this symbol to the compact set Bog(0) by

instead defining
0

Y1(z,§) = —%X>1(|§|)X<2R($)/ (X<arB) (#4615 E(0.6)) + (X<arB)(X(4, _¢) &, —g) )L

—0
The corresponding pseudodifferential operator Op(e¥!) will conjugate away the leading part of the first order
term Re B} u within the ball Bag(0), which is the region where the X — Y operator bounds for B, are
expected to be large. The difficulty is then shifted to controlling the remaining errors in the exterior region,
but now we have the benefit of ¢; being a genuine S° symbol (this fact will be confirmed below). We remark

that since B(z, &) is real, 11 is as well. Moreover, v is even in &.

Since B is odd in &, it is straightforward to verify that we have the leading order cancellation,

(69) Hatr + x<anB(@,€) = ~KR (GR€l - Kxea(le))

where K > 0 is such that K > ||ideat]ln<. We remark that K is uniformly bounded in R because
of Proposition The term on the right-hand side of ([6.9) is not quite suitable for defining a symbol r
ensuring the bound in (i) (the corresponding operator need not have small X° — Y° bound due to the
insufficient spatial decay in the first term). For this reason, we seek to further correct ¥ by a symbol 1o

which is supported in the region |z| 2 R. Precisely, our aim will be to construct ¥ so that
_ 1__
(6.10) Haps — KR 1|X'(§R br)llE = Kx<a([€]) +r(2,€) >0

where r € St is a suitable remainder term satisfying the bound in (i). Before proceeding, to simplify the
notation somewhat, for the remainder of the proof we will write A := A(x) as a shorthand for 9i<jk0 (0)
and A, as a shorthand for g%. We also define the functions 6(z,¢) 1= Z(z, Axf), a(x,§) = L(x, AE),

B(€) == L(AE, Axc€) and ¥(z,€) := 1 (1 + cos(0)).

Now, to proceed, we begin by recalling that the assumption (B.4]) ensures that we have the bounds
R
(6.11) |A— Ax| + VAl <€, 2] > 3
In particular, A is close to the flat metric in L* when |z| > %. Now, let:
(i) p be a smooth, increasing function such that p’ ~ 1 for % <r<2,p=0forr< % and p = 1 for
r > 3. Define pr(x) = p(R~'r) and pg(z,&) = pr(z7).
(ii) For ¢ € [-1,1] and some fixed positive g < 1, let p<. be a decreasing smooth function which

vanishes for > ¢+ §p and is identically one for x < ¢. Define also ¢s.:=1— p..

We then define the symbol ¥5 by

(6.12) Ua(2,€) = K'x1(1€]) (prep<—y (cos(0)) = o4 (cos(6)))

where K’ > K is a constant to be chosen. We note that the weight pg is increasing in the direction of the
bicharacteristics in the regions of phase space where they are outgoing with respect to the flat metric. In
such regions, this will give a good bound from below for the bulk of H,12. The purpose of pg will be to

accomplish the same task in the incoming region as well as the regions of phase space where A, is nearly



QUASILINEAR SCHRODINGER 37

orthogonal to z. In such regions, a purely radially increasing cutoff (such as pr) would be insufficient. The
reason we use the average (1 +cos(6)) in the definition of pg is to ensure that pg still vanishes for a suitable
range of 7 on the support of ¢, _1 (cos(9)) (r < %, say). This, in particular, ensures that the pointwise error
between A and A is small on the support of pgp _ 1 (cos()). To verify that 12 has the required properties,
we first make note of the following simple algebraic computation.

Lemma 6.7. Forr > %, we have

sin?()
r

A€ -V, cos(0) = | AE| ( + 6(x,§)> ;

where 6(x,£) is an error term with |§(z, &) < L.

Proof. This is a simple computation. We have

A€ -V cos(f) = @(cos(ﬂ) — cos(a) cos(6))
(6.13) "

= Vjﬂ—ﬂ sin?(0) + @((cos(ﬂ) — 1) + cos(0)(cos(9) — cos(a))).
By non-degeneracy of A and A, and (6.11]), we have

| cos(ar) — cos(@)| + |cos(B) — 1| < 1, r>

®| =

Taking d to be the coefficient of |A¢| in the second term in the second line of (GI3) concludes the proof. O

Now, we compute the Hamilton vector field applied to 3. We define the remainder symbol » € S' by

(6.14) r(@,8) = —£i&; Vet - VoA + K"x<a([8]),

where K" > K’ is some sufficiently large constant. We note that r essentially consists of the part of Hyto
in which 1, is differentiated in £&. This is expected to contribute a small X° — Y operator norm because
its principal part includes a factor of V, A which is small in ! X*°~! when |z| > %. The subprincipal terms
will contribute small LLL2 — L1 L2 operator bounds by taking T to be sufficiently small. We then have

(6.15) Hotpo +1(2,€) > =248 - Varhs + K" x <2 ([€]).

We now expand the first term on the right-hand side of (I3]) to obtain

AL Vatta = ~ a1l cos(a (R )y (cos(6) + 2 (sin(0) + 7o) p(R-lrw;;(cos(e)))

<
+ealeia(

= 5 (cos(a) + cos(B)p' (R ). _y (cos(6)

—|—§ ( sin2(9)+r5)p(R71r”y)<p’>_% (cos(@))) ,

where a and (8 are as in Lemma If € is small enough in (54), we observe that on the support of
p’(R_lr)cp<_%(cos(9)), we have cos(a) < —%. Additionally, (sin?(#) + rd) is non-negative on the support
of p(Rflr)ga;_% (cos(#)) and p(R’lr*y)gp;_% (cos(9)). Moreover, on the support of p'(R™'ry)p _1(cos(0)),
we have (cos(a) + cos(8)) > 3.

By non-degeneracy of A, we can choose K’ depending only on g so that

K'|Ag| > K[g].



38 BEN PINEAU AND MITCHELL A. TAYLOR

Combining the above, we can arrange for

"

—AE- Vit 2 KR (5p)llel = Zx<alll).

where K" is as in (6.14). We then define the full symbol ¢ by
V=11 + .
It is left to verify the properties (i), (ii) and (iii) in Proposition [66] The positive commutator bound
Ha0 + x<2rB(2,8)0(x,§) +r(z,§)0(x,8) > 0

follows easily from the chain rule and the above construction if K’ is large enough. Next, we verify that
r € S! and that r has the operator bound

(6.16) 10p()xoyo < .

The fact that r € S! is clear so we turn our attention to (6.I6). Using the definition of r, we can write

Op(r) = (x5 1 VA7) - Op(&i&;Verha) + K" x<2(| D))

Using the embedding L1.L2 C Y and that &&;Vee € S, we can estimate using simple paradifferential
calculus and Proposition 23]

10¢> 2 VaAY — Ty nv.ai) Op(Ei&;Vera)llyrzyo Sark 1.
Therefore, by Holder’s inequality in T', we have for T' small enough (depending on M and ko),
1065 2 V2 A7 — x5 Vaai) - Op(&i&§iVeta)xooyo < e

Hence, we now only need to show that the X — Y norm for Tx>gv2Ai]‘ -Op(&:&;Verps) can be made small.
For this, let us define 7 € S° by

H(0,6) = (€) 66 Vet
By Proposition 23] one can verify that the operator (V)Op(F) — Op(&:€;Vetbs) is bounded from LLL2 —
LY L2 with norm depending only on M and kq. Therefore, by taking T small, we can make the X° — Y

bound of this operator smaller than e¢. From Proposition 213 and the smallness assumption (54]), we then
have

ITy_ 5.4 - Op(&&;Veda) I xoyo S lIXsa VA [l xso-1 (V)] xo0 - x-1 [ Op(7)| x0 - x0 + €
8
S €l|Op(7) [ xo—xo0 + €
,SM €.
Clearly, the X — Y bound for the remaining subprincipal term K”x~2(|D|) can be made small by taking

T small. This concludes the proof of (i). Now, we turn to (ii) and (iii). For this, we need the following

lemma involving symbol bounds for O.

Lemma 6.8. The symbol O constructed above satisfies the following bounds.

(i) (R independent L> bound). There is a constant Cy depending only on the profile of g(0) and on M
but not on R or ko such that

10,8z, < Co.
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1) (Higher order symbol bounds). For every |a + B| > 2, there is a constant C, s depending on M,
g Y Y B g
L(R), R and ko such that
1€)1*10g 0O (2, &) || L2, < Cla-
If |a+ B| = 1, the constant can be taken to be uniform in k.

The crucial thing to note here is that only the higher order symbol bounds for O depend on R and ky while
the L* bound does not.

Proof. Clearly, it suffices to show each of the above symbol bounds for ¢, and 9. Given the requisite
bounds for 7, the bounds for 5 are clear. Therefore, we focus on ;. We begin with the L°>° bound. By

homogeneity of the bicharacteristic flow, it further suffices to show that
(6.17) / |B(x', &M)|dt <ar Co.
R

By homogeneity and a change of variables, we have
[ 1Bt i = [ 16 Bl o
R R

where (2!, £L) denote the bicharacteristics with data (z,w) = (z,£|¢|™!). Then, we use Corollary 1.6 and
the definition of the symbol B to obtain

| B, [€1€5)] < Col€lI(bLy, (0)(ah,)] + Colé]|(VoA)(xl)]-

The estimate (GIT) then follows (after possibly relabelling Cy) from Proposition A8 using the fact that
bj<k0 (0), VoA € I*H*~! with norm <ps 1. This yields the L> bound for ;. The higher order symbol

bounds follow immediately from Proposition .7 and repeated applications of the chain rule. O
Now, we return to the proof of (6.8). From the above lemma and Proposition 2.6, we have the L? bound,
(6.18) [Oul|L2 < Collul| 2
for k; large enough, with universal implicit constant. We next aim to establish the bound
(6.19) [ullrz < Col|Oul|a.
Using Proposition 25, we see that Op(e~%) is an approximate inverse for Op(e¥) in the sense that we have
Op(e™)Op(e”) = 1+ Op(q),
where ¢ € S~! with symbol bounds depending only on the symbol bounds for ). Therefore, we have
U= S>p,—au = Op(e_w)32k1,4(9u + Op(q)u,
where § € S~! with uniform in k; symbol bounds. Hence, from Proposition 2.1 we obtain
[ullz < CollOullpz + Chllull -1,

where C( depends only on M and ¢(0) and C; depends on a finite collection of semi-norms |O|g(,) . Since
lull -2 < 27k ||ul| 2, we can take ki large enough so that
lullz2 < CollOul| 2.

This gives (619). The Y? — Y? and X° — X° bounds for O follow from Proposition 27l This establishes
property (ii) of Proposition The proof of property (iii) follows almost identical reasoning to the proof
of (ii), using the fact that 1 is even in £ for |z| < %. This completes the proof of Proposition [6.61 O
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6.4. Proof of Proposition [6.1] Now, we complete the proof of Proposition 6.1l We will slightly abuse
notation from here on and write <ps to mean that the implicit constant in the corresponding estimate
depends on M and Cj as above (but not on R). Moreover, we let R generically denote an error term such
that

(6.20) [Rllyo < CM, L)1 fllye + llvollze) + €l[vllxe.
We apply O := Op(O) from Proposition [6.0] to equation ([@.0). Writing w := Ou, we obtain
0w + Pw + OB u+ [0, Plu+ OB T =R,

where by the Y? — Y bound for O (see (ii) in Proposition [6.6), R still satisfies the estimate (6.20) as long
as ki is large enough. Performing similar frequency and time truncations as before and commuting O with

the first order terms, we obtain
0w + Pw + i Im(BY, )w + B @ + [0, P Ju + x<2r Re(BY,)Ou = R,
where
(6.21) R =R-[0,B)Ju—[0,B)Ju—x>2rRe(B,)Ou+ B}, (Ou— On) + [0, (P, — P)Ju.
We next estimate R. To begin, note that the second and third terms in (621)) are zeroth order and can be
estimated in LL.L2 C Y?, so that
110,801 + (0. B3, Jullyo Sarc Tlollxe.

which by taking T small can be controlled by €||v||x-. To get a suitable error estimate for the fourth term
in ([G.21)), we first note that by property (ii) in Proposition [6.6] we have

[Oullxo < Collullxo

if k1 is large enough. Here, we recall crucially that Cy is a R independent constant. Therefore, it suffices to
establish the bound

(6.22) Ix>2rRe(BR,) || xoyo < e

Clearly, it suffices to work with the principal part of x>or Re(B,go) as the error term is bounded from
LYL2 — LLL2. We can expand the principal part as

X>2r Re(b<k, (0))m1(D) + x>2rV . Ama(D)

where my,my € S' are suitable (matrix-valued) Fourier multipliers with symbol bounds independent of
M, L and R. We can replace the coefficients of m; and ms above with the paradifferential operators
TX22R Re(b<kg (
only on M and kg. Therefore, if T' is small enough, such an error term can be discarded. Using Proposi-

0y) and Ty, v, as the error is an operator which maps L} L to Ly, L2 with norm depending

tion 2Z-T3 and the asymptotic smallness (B.4)), the remaining term satisfies

ITx22n Re(bery 0)M1(D) + Tysnpwama(D) | xoyo Sar ellmi(D)lxomx-1 + [[ma(D)] xomx-1) Se.

To deal with the fifth term in ([€21]), we do a similar analysis. Using the definition of Bgo and property (iii)

in Proposition [6.6] we can write

BY, (Ou — O1) = - b, (0)9;(Ou — On).



QUASILINEAR SCHRODINGER 41

If @ is supported at high enough frequency, we can estimate using (ii) in Proposition [6.6]
19;(Ou — OW)|| x -1 Sar |lullxo.
Combining this with the smallness
X5 2b<ho (0)][11x50-1 <€,
we can argue as with the previous term to obtain
1B}, (Ou = Ow)|[yo Sar ef|v] xe-
Now, we turn to the most tricky part, which is estimating the last term in (G.2I). For this, we have the

following lemma.

Lemma 6.9 (Commutator bound). For ko large enough and T sufficiently small, there holds
(6.23) 1O, (PR, = P)lullyo < eljvllx--

Proof. Clearly, we can write

(6.24) [0, (P = P{,)] =10, (To,g _‘(?igijko(o))aj] + (Tys = 92,,(0))[0, 8:9;]

+ [0, (Tgis = 924, (0))10:0;.

The first term is zeroth order and is bounded from L%.L2 — LLL2. Indeed, by taking 7" small enough, it is
a straightforward consequence of Proposition and Proposition 210 that

IO, (T, g1 — 092, (0))05]ll Lz 2y < €.
The second and third terms are first order, and, as usual, must be dealt with carefully to extract the

necessary smallness. We start with the second term which is a bit easier. Since (T © ~ 9i<jk(, (0)]0, 0;0;]
I<kg

is bounded from Li.L2 — L1.L2, we can replace Tji; — 9i<jko (0) with T, 0)- Then by Proposition 2.13]

ijfgijko(
and Bernstein inequalities, we have

g5 g5, 10> 0:05lullyo S (1152k09™” I x20-1-5 + 1923, = 9230 O[5 x20-1-5) [ (V) ~H[O, 9;0;]u xo0
S 27 UFOR(7) 7O, ,0;)ul | o,

~

for some & > 0. As (V)710,9;0;] € OPSY, it suffices to consider its principal part when estimating the last
term. This is because the subprincipal part is (crudely) bounded from L H, z to L%’Hé C XY, so we can
control such terms by using the fact that u is localized to frequencies > 2¥! to gain a smallness factor 2_%1,
and then take k; sufficiently large. To estimate the principal symbol ¢, for (V)~1[0, 9;9;], we can use that
Vg (0),b" € C*% and Proposition E7]to obtain the bound

lepllne S IVaOllpe Sarr,z 1,

with implicit constant independent of ky. Therefore, by taking kg and k1 large enough and applying Propo-
sition 2.7, we obtain

27 (R Op(cp Jull xo S 270FVR0 ey | e Jull xo < €jv] xe
Consequently, the second term in (6.24)) can be estimated by

(Tyis = 924, (0))[O; 0i0;]ullyo < efjvl|x--
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It remains to estimate the third term in ([@24) which is the most delicate because the commutator itself

involves the metric g%/ at high frequencies. Our aim as above is to show that
IO, (Tyes — 92, (0))]0:0;ullyo < €f|v]|x-.

Intuitively, this should be possible by taking ko large enough. There are, however, two complications in
dealing with this. Firstly, the symbol bounds for O depend on k. Secondly, the coefficient in the paradif-
ferential operator Ty:; has limited regularity, so the standard pseudodifferential calculus cannot be directly

applied. Our strategy is to split this term into three parts to separate the issues. We write
[0, (Tgis = 921, (0))]0:0ju = [0, (92,,, — 92,)10:0;u
(6.25) +0,(Tyis = 92,,)10:0;u
+ [Ov (92]90 - 91<Jk0 (O))]aiajuv
where m is some universal parameter with ky < m < k;. For the first term, we do not need to worry about
the presence of any functions of limited regularity, but we still need to worry about the dependence of O on
ko. For the second term, by taking m large enough, the ky dependence in O should be a non-issue, which

puts us in a position to use Proposition Z-I6. Control of the final term follows by taking 7" < 272*0 and
averaging in 7'.

Let us begin by analyzing the first term. The principal symbol ¢, for [O, (gi<jm — ggko)]ai is given by
Cp = {07 (gl<Jm - ggko)}gi-
Analogously to the principal part for the second term in (G.24]), we have the bound
1{€)VeOllLe Smp.L 1.

To estimate the full commutator, we then use Proposition 2.5 to write

[0, (92, — 924 )00 = V(92 — g24,) - Op(VeO&;) + Op(r)
where 7 € S° (with symbol bounds depending on m). Arguing as in the estimate for the second term in
©24), it follows by using Proposition 2-T3] then Proposition 277 then taking ko large enough and T small
enough (depending on m, M, R and L) that

IO, (92im — 921, N0:05ullyo < el|v] x-.

This takes care of the first term in (G.25). For the second term, it suffices to estimate [O,T,,; i ]0;0;u,
E JIm
as the error will be bounded from LL.L2 — L1 L2. To estimate this term, we simply use Proposition 216 to
obtain
lio.T,

gy, 10i0ullyo SarL.rko [192m — 97 i xe0-slull xo-

We then recall the smallness bound
Hgi<jm - gij”llXSO*‘s SM 275m7
which tells us that if m is large enough relative to ko, R, L and M then we have the estimate

IO, Tyis_yis 10:05ullyo < ellullxo S €l[v]x-.

ij_gi<]7n
Finally, by averaging in 7" and arguing similarly to the above, the last term in (6.25]) can be controlled by
€||lv||x- by taking T small enough. This completes the proof of Lemma O
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Using the above lemma and Proposition [6.6, we now arrive at the following equation for w:
iOyw + Pw + i Im (B}, Jw + égow + [0, P Ju+ x<2r Re(B), )Ou = R,

where R is as in (6.20). To conclude, we make one final reduction. From Proposition 5 O~! := Op(e™¥) is
an approximate inverse for O in the sense that we have Op(OQ)Op(O~1) =1+ Op(q) for ¢ € S~1. Therefore,
by estimating the error term generated by Op(g) in L%-.L2, we can write

0w + Pw + i Im(By), )w + By, @ + iA(z, D)0~ 'w = R,

where

A(z, D) := —i|O, 73,80] — iX<2R Re(Bgo)O + Op(r)O,
and R is again of the form (G.21)) (as long as T is small enough). By construction, A(z, D)O~! is a time-
independent pseudodifferential operator of order 1 with non-negative principal symbol in S'. Therefore, the
above equation for w is now in the form (6.1)) with a source term R satisfying (6.20). Hence, Proposition [6.1]
easily follows by applying Lemma [6.2]

7. THE LOCAL ENERGY DECAY ESTIMATE

In this section, we complement the L? estimate in the previous section with an estimate for the local energy
component of the norm |v||x- for a solution v to (52). For every ¢ > 0, we denote the local energy

component of X7 by

Nl=

; 1
lollacs = [ D 22| S5ullk
j>0

We remark that we have the obvious embedding [|v|[x- < [[v]l | 1.
L2 .H,

7.1. The local energy estimate. The local energy estimate we will need for (5.2) is given by the following
proposition.

Proposition 7.1. Let 0 > 0 and let s, g, b/ and W be as in Theorem [51l with parameters M and L.
Suppose that v solves (B2) and let € > 0. There is To = To(e) > 0 such that for 0 < T < Ty, we have the
local energy bound

[vllxe < CM, L)(||[v]| g g + [1f[ly~) + ellvl| x-,
where C(M, L) depends on M and on the parameter L within some fixed compact set depending on €.

Fix § > 0 to be some small parameter to be chosen. From (6.7)) in the previous section, we can choose kg

sufficiently large and T sufficiently small so that u := (V)?v solves the equation
10w + Pu + Bgou + Bgoﬂ =R,

with the remainder estimate

IRllyo S Ifllve + dlvllxe
Also, as in the previous section, we may assume that u is localized to frequencies > 2%, where k; is some
sufficiently large parameter to be chosen. Unlike with the L? estimate, however, we will not need the added
energy structure coming from the complex-conjugate first order term. It is therefore convenient to write the
equation as a system in v and w. In doing this, we obtain the following compact form of the paradifferential
linear equation:

oru+ Pu+ Bgou =R,
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_ —Bo _BO
P.=i po , Bg =1 _Fo ko ,  u:i= Y ,
0o P 0 820 Bgo [

and R is a source term satisfying the bound

where

(7.1) IR[lyo S Ifllye +dlv]lx-

We define analogously to before the truncated principal operator Pgo by replacing the nonzero entries in P

with 7320 in the natural way.

By using Theorem and arguing similarly to the proof of Lemma [5.7, for each R > 0 large enough and T
small enough, there holds

Ixzrullxe < C(M, R)([0ll 25 1z + [ Rllyo + lIx<zrull , 3) +ellollxe.
2H?
Therefore, to prove Proposition [7.2] it suffices to establish the bound

(7.2) Ix<erull , 3 < CM, L)(|lollrgrg + [Rlyo) +ellvfx-.

Tz

This latter estimate is where we will concentrate the bulk of our efforts in this section.

7.2. Interior estimate. Now we turn to establishing the required interior estimate (Z2). The main con-
struction we will need is given by the following result, which can very loosely be thought of as a spatially
truncated version of Doi’s construction in [6]. Our method will work under far less stringent decay assump-
tions, however. For similar reasons to the previous section, we will again work with the principal symbol for
the truncated operator Pgo in our analysis rather than P directly (at the cost of estimating a term with the
same flavor as ([6.23)). We will also write [B}, | to denote the maximum of the absolute values of the entries

of the principal symbol for Bgo.

Proposition 7.2. Let C(M) > 1 be a constant depending on M to be chosen. Moreover, let ko be large
enough so that gi<jk0 (0) is n_ontmpping with comparable parameters to g*(0) (which is possible by Proposi-
tion [{-3). Define a := —g2; (0)§;€;. Then for every R’ > R sufficiently large, there is a smooth, non-
negative, time-independent S° symbol ¢ > 1 with the following properties:
(i) (Positive commutator in Bg/(0) with small error). There exists r € S' such that if R' and k1 are
large enough and T is sufficiently small relative to R’ and ki, then we have

€
Ha.q + C(M)“J 2 C(M)X<R’|B20|Q7 ||OP(7”Q)SZk1 ||X0~>Yo < m

(ii) (Ellipticity in Bar(0)).
Huq + C(M)rq > C(M)x<2rl¢lq,

where T is as in ().
(i11) (Zeroth order symbol bound). There is a constant Co(M, R) depending on M and R but not on R’
such that

lql < Co.
(iv) (First order symbol bound). There is a constant C1(M, R, R') depending on M, R and R’ such that

€l Veql + [Vag| < Cr.
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(v) (Higher order symbol bounds). There is a constant Co(M, R, R, ko) depending on M, R, R’ and ko
such that
(©)110g00q| Sap Cay  la+ 8] =2,

In the R and R’ dependent constants above, we also allow for dependence on L within Br(0) and Bg/(0),
respectively. The first property will allow us to control the contribution of the first-order terms in the
equation within the larger compact set Bg/(0), up to a small error term, as long as u is localized at high
enough frequency. The second property will give us the required control of x<2ru in LQTHI% up to a suitable
error term. We importantly remark that the zeroth order symbol bounds in (iii) for ¢ depend only on M
and R (more precisely, L(R)). This will ensure that the Y° — Y bound for Op(q) depends only on M and
R as long as u is at sufficiently high frequency, thanks to Proposition 2.7l As a consequence, we may argue
similarly to the previous section and treat the first-order terms in the region outside of Bg/(0) perturbatively
as long as R’ is large enough relative to R. We note that unlike in the construction in Proposition [6.6] this
second parameter R’ is needed because the uniform norm of the symbol g necessarily depends on the smaller
radius R.

We emphasize that the first order symbol bounds in (iv) depend on M, R and R’ but not on ky. The purpose
of this will be to control an error term that is similar to the commutator ([6.23) from the previous section by
taking ko large relative to M, R, and R’. The higher order symbol bounds in property (v) will ensure that
q is a classical S° symbol and will allow us to estimate lower order error terms in L1.L2 by taking 7" small

depending on M, R, R’ and kg, similarly to the previous section.

Proof. We begin by defining a smooth function that will be suitable for controlling the size of the first order

coefficients within the larger compact set Br/(0). A reasonable choice is the following:

R = X<2R/ \/I5<ko (O)12 + [b<o (0)[ + [Vag 2y, (0)[2 + L(2R!)~2.

The term L(2R')~2 is for technical convenience. It ensures that ng is smooth and allows us to invoke
PropositionE§to obtain uniform integrability along the bicharacteristic flow for the truncated metric g7 (0)

with a bound independent of R’. Precisely, we have
(73) [ et eoletiae < G
R

where Cy is as above. Moreover, for |z| < R’, we clearly have |Vmgi<jk0 (0)]1¢]+ 1B, | < nr/l€]. Now, we move

to constructing the symbol q. We start by defining a preliminary symbol p; via

p1(2,€) = —x>1(€)x<r / (x<2r +nm )@, €)|€dt,

where similarly to the construction for O in Proposition [6.6, we localized the symbol in space to Br/(0) so
that it will ultimately belong to S°. As in Proposition [6.6] H,p; will generate an error term coming from
the localization x<g/. To deal with this, we correct p; by another symbol ps. To define ps, we take our cue
from the definition (6I2) in the previous section. Using the same notation as in ([GI2]) with the parameter
R’ replacing R in all instances, we define

po(2.) = K1 (€]) (o3 cos(8)) — pugpe (con(®)))
where K’ := K'(R, M) is a constant such that

(7.4) K's swp xoi(lé) / (xear + n) (@, €)\€']dt.
(z,&)€R2d 0
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We note that thanks to the nontrapping assumption and (Z3)), K’ can be chosen to depend only on R and
M, but not on R’. We then define p := p; + p2 and analogously to ([6.14]), we define the remainder symbol
r by

r(x,€) = —&i&;Vepa - Vag?) (0) + K" x<2(€]),
where K" > K’ is some sufficiently large constant. We then define the required symbol ¢ by

(7.5) q:=eCMP

for some sufficiently large constant C' (M) > 0. Now, we turn to establishing each property in Proposition[7.2
First, arguing similarly to the proof of the first property in Proposition [6.6] we compute directly that

(7.6) Hoq+ C(M)rq > C(M)(x<2r + x<rnr)[¢lq.

From this, we immediately obtain the positive commutator bounds in (i) and (ii) in Proposition The
X0 — V0 estimate for Op(rq)S>, follows from properties (iii)-(v) (to be established below), Proposition 2.7]
and the fact that ||X>R/Vzgi<jk0 (0)|lL= — 0 as R' — oo. Next, we verify the symbol bounds (iii)-(v). It
clearly suffices to establish the analogous symbol bounds for the symbol p;. To do this, we split

1= —x>1([&)x<r (/O nr (2", €")|¢dt +/0 X<2R($ta§t)|§t|dt) =: x>1(l§))x<r (a1 + a2).

By a change of variables and homogeneity, we have for each & # 0,
ai(z,€) = a; (x, i) ,  i=1,2.
¢l
By (3) and Corollary 6] we then easily verify property (iii) for x~1(|¢|)x<r a1. By the nontrapping
assumption, one may verify (iii) for the symbol xs1(|¢])x<r a2 as well. Properties (iv) and (v) for both
X>1(&))x<rra1 and x>1(|¢])x<rraz are a straightforward consequence of Proposition 77l This completes
the proof of Proposition O

Now, we turn to establishing the main estimate (Z.2)). We begin by defining the symbols q and |q]:

q O
q:= ;o lal := glaxe.
0 —gq

Define Q := %Op(q) + %Op(q)*. Performing a similar calculation to Lemma [6.2] we note that P is skew-
adjoint up to a L2 — L2 bounded error. Therefore, it is a straightforward algebraic manipulation to verify
the inequality
1
Re(QPu, u) > 5 Re((Q, Plu,u) — Cof[v][ L5 nz,

where Cs is as in Proposition [[.2l We then obtain the basic preliminary energy estimate,
1 r 1
3 Re(@uu)(T) + [ Rel(5(Q.PY,]+ QBY, ju.wdr
(7.7) ) LT T
<5 Re(@Qu(0)+ 5 [ Re(Qu (P, ~ Pluujdt + [ Re(QRwdt + Callulfi .

0 0

Now, we estimate each term in (7). By Cauchy-Schwarz and Proposition 2] we have
| Re(Qu, u)(T)| + | Re(Qu, u) (0)] < Collul|Zz -
Next, by Proposition [Z.2] the principal symbol ¢(z,€) of [Q,PY, ] satisfies,

1
c(z,&) + C(M)rglaxs > §C(M)(X<2R|§|q + X<R’|B20|Q)I2><2-
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We can therefore choose C'(M) large enough so that
1
c(z, &) + C(M)rqlaxs — x<2rl|€|qlaxe — §C(M)X<RfQ|Bgo|sz2 > 0.
Then, the classical Garding inequality Proposition [2.2] along with its matrix version (see Remark 2.3)) yields

T
1
| RelGIQPE) + QB it 2 [xcannl?, = Colullie s = CODOaulyolul

T

(7.8)
- ||QX>R’B20UHY°”U-HXO=

where we applied Holder’s inequality in 7' to control the lower order error term in Remark 23 by the L L2
norm of u and the Y* = X duality to control the remaining first order terms. To control the first Y error

term on the right, we use property (i) from Proposition [[.2] to estimate
C(M)|[Op(ra)ullyollul xo Sar ellvllx.

which holds as long as u is localized at high enough frequency (i.e. k1 is large enough). To control the latter
Y error term, we first note that by Proposition 25, the embedding L}.L2 C Y° and Hélder in T, we have

1Qx>rBRullyo < lIx>rBy Qullyo + Callul| gz 2.
Then by using Proposition 2.13 and arguing as with the analogous terms in the previous section, we have
x> =B, Qullyo S [Ix>r (b<io (0), b<ig (0), Vg 2y (01 x20-1 QS5 1, —all xo xoul| xo + Co|ul| e -

Using the fact that the L norm of the symbol q depends only on R and M and not on R/, we can take k;
and R’ large enough so that Proposition 27 and (54 ensure that

x5 R (big (0), <o (0), Vg2, (0) 1 x50 -1 QS5 ey —al| x0 s x0 < .

It then follows by Cauchy-Schwarz and (7.8]) that we have

T
1
Re((5[Q, Py,] + QB Ju,wydt 2 [Ix<orull? | 4 — Coflulliz 2 — ellv]%..
0 2 L2.H}? Tz

Next, we estimate the contribution of the second term in the second line of (7). The procedure here is
essentially identical to the estimate in (6:23)). Using the symbol bounds for ¢ in Proposition [[2] (specifically,
that the derivatives of ¢ up to first order have uniform in k¢ bounds), we can estimate by taking ko large

enough and 7" small enough as in the proof of Lemma to obtain

11Q. (P}, — Pi)lullyo < eflv]x-.
To estimate the third term in the second line of (1), we use the Y* = X duality and Proposition 27 to

obtain
T
/ Re(QR. )t < Co|[R]|yo o] x-,
0

where the constant Cy depends only on M and R if k; is large enough. Taking T small enough in (Z.I) and

using Cauchy-Schwarz, we have
T
| Ret@R.war <l + o
0
Putting the above estimates together, we obtain

2
x

Ix<zrull , 1 < CollvllLgng + [[flly-) + €llv]lx-.
LZH
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This establishes (2], which completes the proof of Proposition [1]

8. PROOF OF THE MAIN LINEAR ESTIMATE

In this short section, we complete the proof of Theorem (5.1l by combining Proposition[G.Iland Proposition[7.1l
First, note that by Lemma [(.3] Lemma [5.4] and Lemma 5.7, it suffices to establish for small enough T, the
bound

(8.1) [vlxe < C(M, L)([|vollz= + 1 flly=), o =0,

when v is a solution to (5:2)) with ¥ supported at frequencies > 2% for some arbitrarily large (but fixed)
parameter k;. Let € > 0 be a small positive constant to be chosen. By Proposition [6.1] and Proposition [7.1]
we have the initial estimate

(8.2) [vllzgmg + [[vllxe < C(M, L)(

[vollme + [ flly=) +€llol x-

We would like to strengthen this bound by replacing the left-hand side of (82) with ||v||x-, which would
suffice to complete the proof. For this, we require control of the slightly stronger (than the L HZ) norm

2

vl ze = Z22jg”Sij%§9L§
Jj=0

Clearly, (8] will follow from (82) and the following lemma, for e small enough (depending on M and L).
Lemma 8.1. Under the above assumptions, v satisfies the following estimate in the space Z°:
[ollze < C(M, L)(lvollge + 1 flye + llvllxe) + €llv]l xo-
Proof. We begin by defining v := Siv for each k > 0. We see that vy satisfies the equation
(8.3) 10pv + 05T 415 Ojvr, + Ty Ojur, + T3, 050 = Sk f + R,
vk (0) = Skvo,

where
Ry = [Tgij s Sk]aiajgk’v + [Tajgij , Sk]ﬁiékv + [Tbj , Sk]ajgkv + [ng R Sk]ajé‘w
and S, is a fattened version of the dyadic multiplier Sy. By dyadic summation and Proposition [G.1] the

proof of the lemma will be concluded if we can show that
(8.4) [Rillye < C(M)||1Skvllxe + €l Sl x-

for some € > 0 sufficiently small. This is an easy consequence of Proposition 210 for the latter three terms
as we can estimate these in L1 HZ and take T small. To estimate the remaining term, we first observe that

[Tgi]‘ 5 Sk]aiajgk’v = [TS<kgij 5 Sk]aiajﬁkv = [S<kgij, Sk]aiajﬁkv + [TS<kgij — S<;§gij, Sk]aiajgk’v.

The latter term above can be estimated easily in LY. HZ by the right-hand side of (84]) by using paradifferential
calculus and then by taking 7" small. For the remaining term, we use that

[S<r9", S,]0:0;Skv = 2 FL(S<1 V19", 8;0;S)v),

where L is a translation invariant operator of the form

L(¢1,¢2)(z) = /¢1 (x +y)pa(x + 2)K (y, 2)dydz, ||K||r S 1.
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See, for instance, [32]. As the spaces [!X*° and X7 are translation invariant (in that they admit translation

invariant equivalent norms), it follows from Proposition 2.12] that we have
11S<kg", S4]0i8; Syvlly= < C(M)||Skv]|x=-

This completes the proof of the lemma. O

9. WELL-POSEDNESS FOR THE NONLINEAR FLOW

Now, we proceed with the proof of Theorem By differentiating (I.1I), we obtain an equation for (u, Vu)
of the form (LITJ). Therefore, it suffices to prove the second part of the theorem for (LII)). Given the key
estimate and well-posedness in Theorem [5.1] the scheme for proving this follows a very similar path to [24]
Section 7]. We only outline the main results and procedure here for the convenience of the reader, and refer
to the corresponding parts of [24] where relevant. A fully detailed exposition of a simplified version of the
scheme that we employ below can be found in [I0].

The starting point is to rewrite the equation

i0u + 0j9 (u,w)O;u = F(u,u, Vu, V),

9.1
©-1) u(0, z) = ug(x),

in the paradifferential form
10yu + aquz‘j Oiu + Ty 8ju + ng @-ﬂ = G(u, u, Vu, Vﬂ),
u(0,2) = ug(x),

where

b:= —8(v“)F, b.= —a(vﬂ)F
and

G(u, 0, Vu, Vi) == (9;T,i;0; — 0;9" 0;)u + F(u,q, Vu, V) + Ty 0ju + Ty, 0;7.

9.1. Existence of [! X® solutions to the nonlinear equation. Our first aim is to establish existence of

I X solutions to the equation (L)) for small time. This is given by the following proposition.

Proposition 9.1. Let s > %+2 and let ug € I*H® with ||ugl|;1 s = M. Suppose that g(ug) is a nontrapping,
non-degenerate metric with parameters Ro and L. Then there is To > 0 depending on M, L(Ry) and Ry
such that for every T < Ty, there exists a solution u € [*X* to (LII) such that

(i) (I*X* bound).
[ullnxs < C(M, L)|uolli -
(i) (Smallness outside Br, ).
x> Rroullnxs < 2e.

(i11) (Comparable nontrapping parameter).

L(u) < 2L(ug).
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As in Section 7 of [24], for each n > 0 we consider the following iteration scheme for the paradifferential

form of the nonlinear equation:
10"t + 8iTg¢j(un)8ju"+1 + Tbj(un)aju"*l + Tl;j(u")ajﬂn-i_l = G(Un),

(9.2) H(0,2) = (),

with initialization u® = 0. Here, we are suppressing the dependence on derivatives of u™ and its complex
conjugate in b/, &/ and G. It is clear that Proposition will follow from our next proposition, which

addresses the convergence and bounds for the iteration scheme.

Proposition 9.2. Let s, M, L, Ry, Ty and ug be as in Proposition[ 1. Then there exists a constant C(M, L)
such that for every n > 0 there exists a solution u™ to (@2) on [0,T] such that
(i) (I*X* bound).
[u"{|inxs < C(M, L)[|uolli -
(i) (Smallness outside Br, ).
x> Rot" |11 x+ < 2e.

(i11) (Comparable nontrapping parameter).
L(u™) < 2L(up).

Moreover, there is a function u € ' X* satisfying the same bounds as above such that u™ converges strongly

tou in I X7 for every 0 < o < s.

Remark 9.3. For simplicity of presentation, we have omitted the parameter % +2 < 59 < s used in [24]
Section 7] from the statements of the results in this section. This parameter still needs to be taken into
account in the (omitted) proofs to ensure that the bounds for the low-frequency coefficients g, b, and b stay

under control in each iteration.

The proof of the above proposition follows from a virtually identical line of reasoning as [24, Sections 7.1-7.3].
We simply use Proposition .5l and Theorem [5.1lin place of the analogues in their proof. We omit the details.

9.2. Uniqueness and the weak Lipschitz bound. In this subsection, we establish uniqueness of solutions
in the class [' X* when s > % + 2. In fact, our uniqueness result follows as a corollary of a weak Lipschitz

type bound as noted in the following proposition.

Proposition 9.4. Let s > % +2 and let u} € I'H*. Assume that g(ul) is a non-degenerate, nontrapping
metric with parameters M, Ry and L as above. Suppose that u? € I'H* is another initial datum satisfying

gl e < M,

and suppose that u3 is close to ul in the I'L? topology in the sense that

H’U,é — Ug”llLQ <L m eic(M)L(RO).

Then the following statements hold:

i) g(ud) is nontrapping with comparable parameters to g(u}).
0 0
i) The solutions u' and u® generated by u} and u2 exist on a time interval [0, T] whose length depends
0 0
only on the parameters M, Ry and L(Ry).
1i) For 0 < o < sg— 1, we have the following weak Lipschitz type bound:
g Y

Hul — ’U,2||11er S C(M, L)”’U/é — u(2)Hl1H"'
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Proof. The proof follows an identical line of reasoning as Section 7.4 in [24] except that we use Proposition[Z.5]

in place of Proposition 5.2 in [24] to prove (i). O

9.3. Frequency envelope bounds and continuous dependence. In this final subsection, our main
objective is to establish continuous dependence for [@.1I). More precisely, for s > % + 2, we want to show that
the data-to-solution map (given nontrapping data) ug — u is continuous from ' H® to I* X*. As in [24], the
main ingredient is the following frequency envelope bound for the solution u € ' X* in terms of the data.

Proposition 9.5. Let u € I1 X* be a solution to @) as in Proposition [I1 with initial data ug € I*H®. Let
ar be an admissible frequency envelope for ug in I'H®. Then the solution u satisfies the bound

HSkqulXS < ak;C(M, L)HUQHlle.

Proof. The proof follows identical reasoning as the proof of Proposition 7.5 in [24]. The only difference is

that we use Corollary [5.2] in place of the analogous bound in their proof. O

Armed with Proposition [0, the proof of the continuity of the data-to-solution map in Section 7.6 of [24]

now applies verbatim to establish the same property in our setting.
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