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Abstract

A Collection of Results on Nonlinear Dispersive Equations, Banach Lattices and Phase

Retrieval
by
Mitchell A. Taylor
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Daniel Tataru, Chair

This thesis collects various linear and nonlinear techniques developed by the author and his
collaborators to attack problems in Function Space Theory, Phase Retrieval and PDE. The

thesis begins with an analysis of the generalized derivative nonlinear Schrodinger equation

i0pu + 02u = i|u|*9,u,

S
u(0) = up. (eDNLS)

This is a canonical model of a quasilinear dispersive PDE, i.e., a dispersive PDE where one
expects continuity but not uniform continuity of the data-to-solution map. As opposed to
the semilinear case where Strichartz and contraction mapping arguments are directly appli-
cable, the well-posedness theory for such quasilinear PDE is largely open. In Chapter 2, we
study when o < 1, which is the regime where local well-posedness is hardest to
establish. Our main result establishes global well-posedness in the energy space H!, as long

as o is not too small.

In Chapter 3 we transition to the water waves problem. That is, we consider the motion
of water when the interface between the water and the air is free to move. In this case, we
do not consider the well-posedness problem, but rather the existence of special solutions.

Our primary interest is in solitary waves, which are waves that travel across the ocean’s



surface at constant speed while never changing shape. When modelling water waves, the
fundamental physical parameters are the gravity, surface tension, and fluid depth. It is then
an interesting question to identify which combinations of parameters lead to a given physical
phenomenon. For solitary waves in two dimensions, we discuss the complete solution to the
existence /non-existence problem. More specifically, we prove non-existence of solitary waves
when surface tension and depth are arbitrary but gravity is zero, which was the only case

that had not yet yielded a solution.

Chapter 4 is dedicated to the phase retrieval problem; that is, the determination of a func-
tion f up to unavoidable ambiguity from |f|. In a recent article, Calderbank, Daubechies,
Freeman and Freeman dispelled of the prevailing belief that phase retrieval in infinite di-
mensions is inherently unstable. Motivated by this, Chapter 4 contains an extensive study
of the stability of phase retrieval, for both real and complex scalars. In particular, we give
the first construction of an infinite-dimensional subspace E C L?*(u; C) with the property
that for any f,g € E, if | f| is approximately equal to |g| with respect to the L? norm, then

there exists a unimodular scalar A such that f is approximately equal to Ag.

Recall that a basis of a Banach space E is a sequence (f,) in F such that every f € E
admits a unique sequence of scalars (a,) satisfying f = >~ " | a, f,. The goal of Chapter 5 is
to study bases (f,,) of LP(R) consisting entirely of non-negative functions. Such non-negative
coordinate systems are of relevance in both Functional Analysis and Applied Mathematics.
However, constructing them is notoriously difficult, as can be extrapolated from the follow-
ing fact: For any non-negative basis (f,) of LP(R) there exists a permutation ¢ : N — N
such that (f,@)) is not a basis of LP(R). Overcoming this issue, in Chapter 5 we give the

first construction of a non-negative basis of L*(R).

Chapter 6 is devoted to free Banach lattices. Given a Banach space E, one can generate a
Banach lattice FBL[E] so that every operator T': E — X into a Banach lattice X uniquely
extends to FBL[E] as a lattice homomorphism of the same norm. The correspondence
E — FBL[E] provides an indispensable link between Banach space theory and Banach
lattice theory. In Chapter 6, we give a convenient functional representation of FBL[E] and
its p-convex variants, and then deeply study these spaces. In particular, we study how

properties of an operator T' : £ — F between Banach spaces transfer to the associated



lattice homomorphism 7T : FBL[E] — FBL[F]. Special consideration is devoted to the case
when the operator 7' is an isomorphic embedding, which leads us to examine extension
properties of operators into ¢, and several classical Banach space properties such as being
a G.T. space. A detailed investigation of basic sequences and sublattices of free Banach
lattices is also provided. Among other things, this allows us to settle an a priori unrelated
question, providing the first instance of a subspace of a Banach lattice without bibasic
sequences. Along the way, a dictionary between Banach space properties of £ and Banach
lattice properties of FBL[E] is assembled. For example, we characterize the existence of
lattice copies of ¢ in FBL[E] and show that FBL[E] has an upper p-estimate if and only if

idg- is (g, 1)-summing (i + % =1).



To Grandma.
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Chapter 1

Introduction

The objective of this thesis is to present a variety of linear and nonlinear tools developed
over the past five years to analyze a diverse set of problems in PDE, Functional Analysis,
Harmonic Analysis and Applied Mathematics. The text below is divided into five main
chapters. Each of these chapters analyzes a different problem, though the reader will notice
several overarching themes. Below, we briefly sketch the main topics - detailed introductions
will be given at the the beginning of each chapter. For the most part, the thesis is modular,
and individual chapters can be read in any order. However, some care has been taken to
make the notation consistent. A notable exception is that the symbols L? and L,, will both
be used to represent the Lebesgue spaces. Generally speaking, LP is used in PDE contexts,

and L, in Function Space Theory.

1.1 Overview of the thesis

One of the most fundamental partial differential equations is the nonlinear Schriodinger
equation
10w + Au = £|u|u. (1.1.1)

When considering the local theory of , the most important question is to find all s € R
such that is locally well-posed in the L?-based Sobolev space H*(R?). For smooth
nonlinearities (i.e. @ € 2N), regularity persists, so that well-posedness in H*!(R?) implies
well-posedness in H*? (Rd) whenever s; < so. For this reason, the goal is often to find the
lowest value of s such that is well-posed in H*(R%). An additional benefit of a good
low regularity well-posedness theory is that it often automatically leads to a global result.

Indeed, conservation laws tend to be available in the spaces L*(R?) and H'(R?), meaning
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that in subcritical cases, a good local theory in one of these spaces often immediately propa-
gates into global well-posedness. By now, the local theory of ([1.1.1]) is well understood. The
reader may consult Tao’s book [313] for the classical results.

A natural next step in this direction is to study the generalized derivative nonlinear
Schréodinger equation
i0pu + 0%u = i|u|*? O,u, (1.1.2)

which is the quasilinear cousin of ((1.1.1)). We refer the reader to the introduction of Chapter
2 for a discussion of the physical scenarios (1.1.2]) models, and the remarkably diverse soliton

solutions it possesses.

The derivative in the nonlinearity in causes major difficulties when considering
local well-posedness, and only the case ¢ = 1 has a complete theory. This is due to the
fact that when o =1 becomes completely integrable, which allows one to use tools
from this field. For local well-posedness, the analysis of is most difficult when o < 1.
A basic reason for this is that when o < 1 the nonlinearity is extremely rough, and lacks
the decay necessary for global smoothing type estimates. These two features pose consid-
erable difficulty, and rule out the possibility of naively applying standard tools for closing

low-regularity estimates.

When o < 1, the key threshold for H*(R) well-posedness of is s = 1. Indeed,
well-posedness in the energy space H'(R) would have two immediate consequences. First,
it would make the soliton stability results in [232] rigorous, as [232] needs to assume H'(R)
well-posedness to state and prove their results. Secondly, since is L?-subcritical when
o < 1, a H' local well-posedness theory would immediately yield global existence. In Chapter

2, we give the first H! well-posedness result for (1.1.2)) when o < 1:
Theorem 1.1.1. Let 0 € (‘/73, 1). Then (1.1.2) is globally well-posed in H*(R).

Since the introduction of Chapter 2 contains a detailed outline of the proof of Theo-

rem |1.1.1} we will not repeat it here. The restriction o > “/75 is technical, and comes from

balancing the gains yielded by our paradifferential gauge transformation with the losses in-
curred from the rough nonlinearity. In principle, Theorem should hold for o € (%, 1),

but proving this would likely require new tools.
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Since when o < 1 the nonlinearity in is extremely rough, the question of finding
the highest s for which is well-posed in H*(R) becomes a relevant issue. In Chapter
2, we also prove well-posedness in H*(R) for s up to 4o. This threshold is significant, as the
nonlinearity in is only C1?°~1_Holder continuous. In other words, the 40 threshold
is twice as large as a naive energy estimate would suggest. Again, since the introduction
of Chapter 2 contains a detailed sketch of the proof, we will not repeat the main ideas of
the high regularity theorem here. What is worth noting is that - by significantly expanding
upon the ideas in Chapter 2 - Ben Pineau and I recently found the sharp high regularity
well-posedness threshold for . Moreover, our analysis applies equally to , as long

as the power is not too low (o > 1/2 is plenty). This result will appear in a forthcoming work.

In Chapter 3, we consider the existence/non-existence problem for solitary water waves.
Solitary water waves are localized disturbances of a fluid surface which travel at constant
speed and with a fixed profile. Such waves were first observed by Russell in the mid-19th
century [293], and are fundamental features of many water wave models. When modelling
water waves, the fundamental physical parameters are the gravity, surface tension, and fluid
depth. It is then an interesting question to identify which combinations of parameters lead to
a given physical phenomenon. For solitary waves in two dimensions, all possible combinations
had yielded a solution, except one. In Chapter 3, we fill in the missing case. More precisely,

we prove the following theorem:

Theorem 1.1.2. No solitary waves exist in finite depth for the pure capillary irrotational

water wave problem in 2D, even without the assumption that the free surface is a graph.

We note that the non-existence of infinite depth pure capillary irrotational solitary water
waves in 2D was proven in [174]. To explain the proof of the finite depth result stated in
Theorem [1.1.2] we briefly recall the water waves equations. Below, we denote the water
domain at time ¢ by Q(¢t) C R? and assume that Q(¢) has a flat finite bottom {y = —h}.
For the sake of simplicity, we let n(z,t) denote the height of the free surface as a function of

the horizontal coordinate, so that
AUt) = {(v,y) eR": =h <y <z, 1)} (1.1.3)

However, we emphasize that in Theorem we do not need to assume that the free surface
is a graph. This is important, as it is known that periodic pure capillary travelling waves
exist, and that their free surfaces need not be graphs over the horizontal coordinate.
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We denote by u the fluid velocity and by p the pressure. The vector field u solves Euler’s
equations inside €(t),
u +u - Vu = —Vp — geg,
divu =0, (1.1.4)
u(0, ) = uo(x),

and the bottom boundary is impenetrable:
u-eq =0 when y=—h. (1.1.5)

On the upper boundary the atmospheric pressure is normalized to zero and we have the
dynamic boundary condition

p=—oH(n) onl(t):={y=n(x)} (1.16)
as well as the kinematic boundary condition
Oy +u-V is tangent to UF(t). (1.1.7)

Here g > 0 represents the gravity, ¢ > 0 represents the surface tension coefficient, and H(n)
is the mean curvature. The kinematic boundary condition requires that the normal velocity
of the free surface be given by v - npy), with npy) the outward unit normal to I'(t); the

dynamic boundary condition represents the balance of forces at the fluid-vacuum interface.

We adhere to the classical assumption that the flow is irrotational, so that we can write
u in terms of a velocity potential ¢ as u = V. It is easy to see that ¢ is a harmonic function
whose normal derivative is zero on the bottom. Thus, ¢ is determined by its trace ¢ = ¢|p(
on the free boundary I'(¢). A solitary wave is then a solution to the above equations that
decays at infinity, and whose profile is uniformly translating in the horizontal direction with
velocity ¢, i.e., p(x,y,t) = ¢o(x—ct,y), n(x,y,t) = no(x —ct,y), and p(z,y,t) = po(x—ct,y).
This ansatz leads to a complicated nonlinear elliptic system.

To prove Theorem [I.1.2] three key insights are needed. First, one needs to “flatten” the
domain, and reduce geometry to algebra. Although there are several ways to do this, the
optimal approach is to Riemann map §2(¢) onto the strip {—h < y < 0}. The reason one
does this is because ¢ is harmonic, and conformal maps preserve this key property. However,

note that this forces us to work in two dimensions; no non-existence results are known in
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higher dimensions.

Now that the equations are defined on the strip, and appropriate Laplace equations
are satisfied, one can reduce the problem to the upper boundary. This leads to the so-
called “holomorphic” formulation of the water waves problem. The resulting equations are
highly nonlinear and nonlocal. However, remarkably, the solitary wave ansatz simplifies

these equations dramatically. Indeed, one arrives at the equation

2 w. we. ) 1
A (Wa + Wa + WoTVa) io ( + Wa ) o, (1.1.8)

_ C\W
2 WP S+ %\

with W denoting the holomorphic variable, and « the horizontal coordinate.

The next key insight is that when g = 0, satisfies a Pohozaev-type identity. More
precisely, one begins by justifying a change of variables of the form log(1+W,,) := U +1iV =
U —iT,U. Here, T} denotes the Tilbert transform, which encodes that W is holomorphic.
After this, one multiplies the resulting equation by «, and integrates. Eventually, one arrives

at the identity:
h

2c /(cosh(U) —1da=—— /(|Uo¢|2 — | ThUaP)der.
R 2 Jr

By Plancherel,

h

=5 [P = TvaPyda = =5 [ |ePIOPsecti(he) <o
2 Jr 2 Jr

However, cosh(U) — 1 > 0. Therefore, we deduce that
cosh(U) = 1,

so that U = 0. This formally implies that no solitary waves exist. However, this computa-
tion is not rigorous, as it is not compatible with the function spaces imposed on W and U.
Therefore, the last step is to justify the above identity. For this, one replaces multiplication
by a by an appropriate truncation of this operator. One then analyzes the Tilbert transform
in a paradifferential fashion, viewing it as the Hilbert transform at high frequency and a
derivative at low frequency. Finally, one proves some basic estimates that justify passing to
the limit. With these ideas in mind, the proof of Theorem is very easy, taking only a

couple of pages. The complete proof is given in Chapter 3.
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In Chapter 4, we study the phase retrieval problem. Let (€2, 1) be a measure space,
C>1,and 1 < p < oo. A subspace E C L,(p) is said to do C-stable phase retrieval if for
all f,g € E we have

inf [|f = Agllr, < ClIf| = lglllz,- (1.1.9)

IAI=1
In (1.1.9)), the infimum is taken over all unimodular scalars A, and |f| denotes the modulus
of f, defined for t € Q by |f|(t) := |f(t)]. In the case of real-valued functions, there are only
two unimodular scalars, £1, so that

fnf [If = Agllz, = min{[lf = gllz,. If + gl }-

However, if the scalar field is complex, one must consider all elements of the unit circle when
computing the infimum. This makes complex phase retrieval problems much more difficult
than those over the real field.

Note that if f,g € E and |f| = |g|, then forces f to be a multiple of g. Since
E is a subspace, this tells us that the equality |f| = |g| holds for f,¢g € F if and only if
f = Ag for some unimodular scalar A\. The recovery of f up to global phase from |f| is
called phase retrieval. In other words, defining f ~ ¢ if f is a unimodular multiple of g,
phase retrieval asks that the map |f| — f/ ~ be well-defined on E. The inequality
asks not only that this map be well-defined, but also that it be C-Lipschitz. Phase retrieval
problems appear in several applied circumstances and have applications in frame theory,
applied harmonic analysis, imaging (crystallography, ptychography) and audio processing.
Historically, the study of phase retrieval in mathematical physics dates back to at least 1933
when in his seminal work Die allgemeinen Prinzipien der Wellenmechanik [272] W. Pauli
asked whether a wave function is uniquely determined by the probability densities of position
and momentum. In other words, Pauli asked whether |f| and \ﬂ determine f € Ly(R) up
to multiplication by a unimodular scalar. Such a question arises when trying to reconstruct
necessary mathematical information from physical experiments. Indeed, in the mathematical
formulation of quantum mechanics one works with a normalized wave function f that solves
the Schrodinger equation. One then interprets | f|* and \ﬂQ as the probability density of po-
sition and momentum, respectively, for the associated physical system. Conversely, physical
experiment allows one to measure the position and momentum of particles, hence, in princi-

ple, identify |f| and |fA| However, is such knowledge sufficient to recover the wave function
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f up to global phase?ﬂ For general Ly(R) functions, a negative answer to this question was
given in 1944. Nevertheless, for rather large subspaces £ C Ly(R) such a reconstruction is

possible, as we describe in Chapter 4.

The inequality leads to many interesting mathematical questions, requiring var-
ious linear and nonlinear techniques from function space theory, harmonic analysis, and
probability to solve. However, the study of subspaces satisfying is also in its infancy.
Indeed, until last year there were no examples of infinite dimensional subspaces where (|1.1.9))
was known to hold. Moreover, there were several scenarios where phase retrieval was proven
to be possible, but necessarily highly unstable |7, 70]. This is in contrast to the finite dimen-
sional case, where it is known that phase retrieval is automatically stable, and that “most”

subspaces of proportional dimension do phase retrieval.

In the recent article [71], Calderbank, Daubechies, Freeman and Freeman were able to
construct the first examples of infinite dimensional subspaces of real-valued Lo(R) which
do stable phase retrieval. The complex case was left open, but will be solved in Chapter 4.
Indeed, in Chapter 4 we will give very simple and natural constructions of infinite dimensional
subspaces satisfying . Notably, this includes the following:

Theorem 1.1.3. The closed subspace of Ly([0,1];R) generated by {sin(274"z) : n € N}

does stable phase retrieval.

Theorem 1.1.4. For a probability measure y, the closed span of a sequence (r,,) C Ly(u;R)
of mean zero iid random variables does stable phase retrieval in L;(u; R) if and only if |r,|

is not identically constant.

The proofs of the above results will be presented in Chapter 4. For now, note that the

subspaces in Theorems|1.1.3|and|[1.1.4{cannot do complex phase retrieval. Indeed, a subspace

FE containing two linearly independent real vectors can never do complex phase retrieval. To
see this, simply note that if f, g € F are real and linearly independent, then f+ig and f —1ig
have the same modulus, but are not linearly dependent. Nevertheless, in the complex case,

we have a satisfactory analogue of Theorem [1.1.3}

'Note that all linear and most nonlinear Schrodinger equations are phase invariant, so if f is a normalized
wave function then so is Af for all unimodular scalars .
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Theorem 1.1.5. Let P € Ly([0, 1];C) be a trigonometric polynomial of the form
N
P(z) = Zake%i’“‘, ay, € C.
k=1

If |P| is not constant and A > 2N, then the closed span of {P(A"x) : n € N} does stable

phase retrieval.

The techniques used to prove Theorems to derive from classical harmonic
analysis. They are similar, in a loose sense, to certain combinatorial constructions of A(p)-
sets proposed by Rudin [292]. As we shall explain in Chapter 4, there are various other
natural examples of subspaces doing stable phase retrieval. Notably, this includes a complex
analogue of Theorem [1.1.4] and certain variants of Theorem with “4™” replaced by a
subset of N of maximal density. Chapter 4 will also discuss various structural properties of
the class of SPR subspaces. To give a flavour of this topic, a handful of these structural
results are stated below. However, this is very much only the tip of the iceberg - much more

information can be found in Chapter 4.

The inequality requires that the phase recovery map be well-defined and Lipschitz.
Although Theorems to are stated as establishing , the arguments in the
original paper [82] we wrote on this were not able to establish Lipschitz continuity of the
phase recovery map. More precisely, in [82] it was shown that the subspaces in Theoremsm
to do phase retrieval, and that the phase recovery map is Holder continuous on the
unit ball of E. However, this deficiency in regularity was removed in our more recent paper

[115], via the following theorem:

Theorem 1.1.6. For a subspace £ C L,(u), Holder stability of the phase recovery map is
equivalent to Lipschitz stability. More precisely, for 0 < v < 1, the inequality

. 1—
inf |If = Agllz, < Ol =gl (11, + lgllz,) T Vfg€EE

implies the inequality (1.1.9)) with constant (40)%.

The proof of Theorem [1.1.6]- presented in Chapter 4 - is based on an equally interesting
observation; namely, that instabilities in phase retrieval can be witnessed on orthogonal

vectors:
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Theorem 1.1.7. Let f,g € Ly(u). Then there exists f', ¢’ € span{f, g} such that f" L ¢

and
1A= 19"z, < 1= 1glll L.

. B < ; 1 / )
\i?icl”f Mz, < ‘;?:flllf ||,

In other words, replacing (f,g) by the orthogonal pair (f’,¢’) tightens both sides of the

inequality ((1.1.9).

Theorem is new and useful in finite dimensions. In particular, it immediately im-
plies that for finite dimensional E,| phase retrieval is automatically stable. Theorem [1.1.7
can also be generalized to L,-spaces, by noting that for orthogonal vectors (f’, ¢') we have
infiyc | = Az, = (1112, + lg'l12,)2. Our general result in L, says that failure of stable
phase retrieval can be witnessed by “well-separated vectors”. Such an observation immedi-

ately implies Theorem |1.1.6|

The last result we mention here concerns the relationship between doing stable phase
retrieval in L,(u) versus doing stable phase retrieval in L,(p). Let 1 < ¢ < p < oo and p be
a probability measure. In this case, we have L,(x) C L,(p), and from the Kadec-Pelcynski
theory, we also know that if &/ C L,(p) does stable phase retrieval, then || - ||z, ~ || - ||z, on
E. In particular, we may view E as a closed subspace of L,(p). This leads to the natural
question of whether E doing stable phase retrieval as a subspace of L,(u) implies that E

does stable phase retrieval as a subspace of L,(u). For p > 2, the answer is negative:

Theorem 1.1.8. For p > 2, there exists a closed subspace E C L,([0, 1]; R) that does stable
phase retrieval, but fails to do stable phase retrieval in L,([0, 1];R) for any 1 < ¢ < p.

Surprisingly, the condition p > 2 in Theorem is sharp: If £ C L,(u) does stable
phase retrieval and p < 2, then E does stable phase retrieval in L,(u) for all 1 < ¢ < p.
Moreover, we can precisely characterize stable phase retrieval in L,(u), p < 2, in a measure-

theoretic fashion, as follows:

Theorem 1.1.9. Let (€2, 1) be a probability space and let E be a closed infinite dimensional
subspace of L,(u; R). The following are equivalent for p < 2:

(i) E does stable phase retrieval in L, (u).

(ii) E does stable phase retrieval in L,(u) and || - ||z, ~ || - ||z, on E.
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(iii) There exists o > 0 such that for all f, g € F,

p{t € @ [f(O)] = ol f]lr, and [g()] = alg]L,}) > a. (1.1.10)

As mentioned above, proofs of all these results can be found in Chapter 4. Chapter 4

also contains various other results of a similar nature.

Chapter 5 investigates non-negative bases in function spaces. Recall that a basis of a
Banach space F is a sequence (f,,)2° of elements of E such that for every f € F there exists
a unique sequence of scalars (a,,) such that f =Y °  a,f,. Given a Banach space E, one
often wants to build a good basis of E, so that the identification f <> (a,) preserves as much
of the structure of E as possible. For example, if F is a Hilbert space, one tends to work

with orthonormal bases.

A longstanding question asked whether Lo(R) admits a basis (f,,) with each of the f,’s
being a non-negative function. As is easy to see, such a basis (f,,) cannot be orthonormal.
However, the redeeming property of such a basis is that any sequence (a,) of non-negative
numbers necessarily represents a non-negative function f =% 7 a, f,. A newfound interest
in non-negative bases arose after an engineer inquired about vanishing moment conditions for
wavelet bases, and the extent to which non-negativity obstructs properties of more general
signal representations [285 p. 5784]. Shortly after [285] appeared, Johnson and Schechtman
[193] showed that L;(R) admits a basis of non-negative functions. However, they were unable

to solve the original problem in Ly(R). In Chapter 5, we tackle this problem:
Theorem 1.1.10. Ly(R) has a basis (f,,) consisting of non-negative functions.

The proof of Theorem [I.1.10]is rather involved, as can be extrapolated from the following
fact: For any non-negative basis (f,) of Ly(R) there exists a permutation ¢ : N — N such
that (f()) is not a basis of Ly(R). Since Hilbert spaces have a remarkably uniform structure,
it is very difficult to build conditional systems in them. Nevertheless, Theorem shows
that this is indeed possible. Chapter 5 also contains other interesting results on coordinate

systems, including how to build a Schauder frame from any set with dense span.

In Chapter 6 we construct and analyze free Banach lattices. Given a Banach space E and
p € [1,00] the free p-conver Banach lattice over E is a p-convex Banach lattice FBL®[E]
together with a linear isometry ¢p: E — FBL® [E] such that, for every p-convex Banach
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lattice X and every bounded linear operator T: E — X, there is a unique linear lattice

homomorphism T': FBL® [E] — X making the following diagram commute:

FBL®[E]

Free Banach lattices provide a fundamental tool for understanding the interplay between
Banach space and Banach lattice properties. In particular, spaces of the form FBL[(5(A)]

for an uncountable set A are used in |26] Section 5] to resolve an open problem of Diestel.
We begin Chapter 6 by giving an explicit description of FBL® [E] as a sublattice of the

vector lattice of real-valued functions defined on the dual Banach space E* of E. Indeed, for
any function f: E* — R, define

||f||FBL<P)[E] = sup{ (Z’f(xl:)
k=1

The set Hp[E] of positively homogeneous functions f: E* — R with | f|lpprmp < o0

n
p) :neN z],...,x; € E*, sup Z’xi(m)‘p < 1}.

can be checked to be a Banach lattice with respect to the pointwise operations and this
norm. Moreover, as we will show, FBL®)|[E] is simply the closure in H,[E] of the sublattice
generated by the set {0, : = € E}, where ¢,: E* — R is the evaluation map given by
0. (z*) = x*(x), together with the linear isometry ¢p: F — FBL[E] defined by ¢g(z) = d,.
Using this representation, in Chapter 6 we provide a comprehensive analysis of the fine
structure of FBL®[E], as well as the correspondence E — FBL®[E]. Moreover, we apply

our knowledge to solve problems that are a priori unrelated to free Banach lattices.
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Chapter 2

Derivative nonlinear Schrodinger

equations

2.1 Introduction

In this chapter - based on the joint work [277] with Ben Pineau - we consider the generalized

derivative nonlinear Schrodinger equation:

i0yu + 0*u = i|u|*?O,u,

w(0) = o, (gDNLS)

where v : R x R — C and ¢ > 0. We will be particularly interested in the case o < 1, as
this is where H? local well-posedness is most difficult. We begin with a brief history of this

family of equations, and some of its closely related analogues.

The (gDNLS)) equations originate from the study of the so-called derivative nonlinear

Schréodinger equation:
i0pu + 02u = i|ul?0,u,
u(0) = uyp,
which corresponds to (gDNLS|)) with ¢ = 1. Physically, (DNLS|) derives from the one-
dimensional compressible magneto-hydrodynamic equation in the presence of the Hall effect,

(DNLS)

and the propagation of circular polarized nonlinear Alfvén waves in magnetized plasmas
[247, 249, |271]. It also appears as a model for ultrashort optical pulses |4} 250], as well as
in various other physical scenarios 78, |187, 296]. Mathematically, (DNLS|) also has many
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interesting features. For example, like the 1D cubic NLS, it is completely integrable [199].
However, it scales like the 1D quintic NLS, which makes it L? critical. Moreover, although
at first glance looks to be semilinear, it is known that uniform continuity of the
solution map fails in H* as long as s < % (see [52, 305]). Therefore, this PDE has a clear

quasilinear flavour.

In recent years, the family of equations has seen increasing interest, stemming
from the 2013 article of Liu, Simpson and Sulem [232]. One of the original motivations
of [232] was to shed light on the global well-posedness of in the energy space H',
which was an important open problem. However, in an interesting turn of events, Bahouri
and Perelman [39] managed to prove global well-posedness for the (DNLS|) equation before
the global well-posedness of could be established for any ¢ # 1. In this chapter
we make progress towards resolving one half of the program of Liu, Simpson and Sulem by
proving that is globally well-posed in H'! for o € (‘/73, 1). Note that, although
completed shortly after each other, our result for 0 < 1 and the o = 1 result of [39] are
completely independent, and the methods used differ quite dramatically. Indeed, for o =1,
local well-posedness in H! has been known for a long time [161], and can be established
by employing a suitable gauge transformation, and standard Strichartz estimates. In fact,
the smoothing properties of the equation are suitable to lower the well-posedness threshold
to H2 as in [306]. Global well-posedness, however, is considerably harder, as the problem
is L? critical. For this reason, Bahouri and Perelman (as well as Harrop-Griffiths, Killip,
Ntekoume and Vigan [154, 155, 206] in their subsequent work) crucially rely on the complete
integrability of . In the case o0 < 1, the main difficulties are reversed. Establishing
local well-posedness is difficult because of the lack of decay and roughness of the nonlinear-
ity. On the other hand, one expects to be able to easily propagate any reasonable H' local
well-posedness theory in time to obtain a global result. This is because when o < 1 the
problem becomes L? subcritical, and one expects to be able to use the conserved energy and

mass of the problem to control the H! norm of a solution.

Another motivation for is the rich family of soliton solutions, which is actually
where the majority of [232]’s efforts were focused. Assuming a suitable H! well-posedness
theory, the authors of [232] were able to use the abstract theory of Grillakis, Shatah and
Strauss [135), [136] to investigate the orbital stability of the solitons. However, an H' well-

posedness theory for o < 1 had not been known until now.
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When o < 1, one can view (gDNLS|) as a prototypical model for a quasilinear disper-
sive equation with a rough, low power nonlinearity (see [226] for a KdV analogue). Such
nonlinearities in the context of semilinear NLS type equations are becoming increasingly well-
understood [77,324], and at modest regularity local well-posedness can usually be proven by
a combination of regularization and perturbative arguments. However, the combination of
derivative and low power coefficient in the nonlinearity of causes many interesting
technical issues, several of which are yet to be fully understood. One issue for low regularity
well-posedness is that the coefficient |u|?** in the nonlinearity is less than quadratic in order.
Because of this, the smoothing properties of the linear part of the Schrodinger equation are
seemingly not strong enough to directly compensate for the apparent derivative loss which
occurs because of the u, term in the nonlinearity. Another tool to avoid derivative loss -
which has been successfully employed in the case o > 1 in [151} [160] - is a gauge transforma-
tion. This technique allows one to re-normalize the equation to effectively remove the worst
interactions in the derivative nonlinearity. However, again, it seems one can only directly
apply this method when o > 1 (i.e. |u|*? is of quadratic order or higher), as in the case 0 < 1
negative powers of |u| eventually appear in the analysis. This is related to the roughness

of the nonlinearity, and will be elaborated on further when we outline the proof of our results.

To contrast, the Benjamin-Ono equation,

U + Huzm = Uly,

(2.1.1)
u(0) = uy,

has a similar low power derivative nonlinearity uu,, and as with , the linear part
of the equation does not have strong enough smoothing properties to directly compensate
for the derivative loss in the nonlinearity. Nevertheless, H' well-posedness for this equation
was established several years ago in [312]. One should note, however, that the Benjamin-
Ono nonlinearity has a much nicer algebraic structure than that of (it is smooth
and multilinear), which makes the equation more amenable to normal form type techniques
(such as cubic corrections or a gauge transformation). Moreover, Christ [81] showed that
Schrodinger’s equation with Benjamin-Ono’s nonlinearity is ill-posed in any reasonable sense,
so the analogies between these equations are at best heuristic. For (gDNLS)), our solution to
the above difficulties will be to introduce a family of partial gauge transformation adapted
to each dyadic frequency scale and the corresponding paradifferential flow - which removes
the portion of the nonlinearity which is large in a pointwise sense, on a scale which is bal-

anced against the corresponding frequency localization scale of the nonlinearity. This will
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then be combined with smoothing and maximal function type arguments to attain the H}

well-posedness threshold.

Another novel issue in the study of is that the nonlinearity has only a finite
degree of Holder regularity, and so one does not expect to be able to construct smooth solu-
tions from regular data. In our case, the nonlinearity is only C?°~1 Holder continuous. We
expect therefore to only be able to differentiate the equation with respect to some parameter
“20 times” to obtain estimates. To maximize the potential regularity of solutions, we note
that the scaling of the Schrédinger equation suggests that we can convert L2 based estimates
for one time derivative of a solution to estimates for two spatial derivatives. Therefore, it is
advantageous to differentiate in time rather than in space, and then convert time
derivative estimates into estimates for spatial derivatives of a solution. After a single time
differentiation, we are left with 20 — 1 degrees of regularity on the nonlinearity. By working
with fractional space derivatives, one expects to be able to prove an energy estimate for the
H!*2? norm of a solution. However, working with fractional time derivatives (after suitably
localizing in time), one expects to improve this further, and prove well-posedness in H? up
tos=2-14+2-(20 —1) = 40. A similar heuristic argument applies to any dispersion gen-
eralized equation with rough nonlinearity, where one can convert time derivative estimates
into estimates on a certain number of spatial derivatives, perhaps modulo some perturbative
terms coming from the nonlinearity. In general, we expect this heuristic to give rather sharp
results, but this is not even known for semilinear NLS equations with rough nonlinearities

[77,1324], and is essentially unexplored in the quasilinear setting.

Finally, let us recall some basic symmetry properties of (gDNLS|) as well as some conser-
vation laws, which we will use to propagate our local well-posedness result to a global one.

First, we have the scaling transformation

u(t, ) — ur(t,z) == A u(\*, Ax), >0,

which makes the critical Sobolev index s. = % — % In particular, the problem is L?

subcritical when o < 1. Moreover, (gDNLS|) admits the following conserved quantities:
1 2
M(u) == [ |u|dx, (2.1.2)
2 Jr

P(u) = §R6/Riﬂuxdx, (2.1.3)
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1 1
E(u) = §/R|ux|2dx+ mRe/RﬂUFJﬂde% (2.1.4)

which are the mass, momentum and energy, respectively. Unlike the standard NLS, (DNLS))
doesn’t enjoy the Galilean invariance nor the pseudo-conformal invariance symmetries, the

latter being relevant for avoiding blowup. We also note that a simple change of variables
allows us to change the sign of the nonlinearity in (gDNLS|) and arrive at

i0pu + 02u + ilu|* Opu = 0. (2.1.5)

This latter equation is more common in the study of the solitary waves of (gDNLS)).

Results

The main result of this chapter is global well-posedness of (gDNLS)) in H*(R) when ‘/75 <
o < 1and s € [1,40). However, we divide this theorem into a “low-regularity” part and a

“high-regularity” part, to maximize the range of o. The high-regularity result is as follows:

Theorem 2.1.1. (High-Regularity) Let % <o <landlet2—o0 < s <4o. Then (gDNLS)
is locally well-posed in H*(R).

As mentioned, for a restricted range of o, we can lower the well-posedness threshold down

to H', where the conserved energy also gives global well-posedness:

Theorem 2.1.2. Let ‘/75 <o <landlet1l<s <4o. Then (gDNLYS) is globally well-posed
in H*(R).

Remark 2.1.3. As a special case, Theorem shows in particular that we have local
well-posedness in H?® for % < s < 2. Therefore, we recover the only previously known local
well-posedness results for when o < 1; namely, we recover the H? result of [160]
and improve the result of [297], which used weighted Sobolev spaces.

Remark 2.1.4. In both Theorem and Theorem [2.1.2] well-posedness is to be in-
terpreted in the usual quasilinear fashion, including existence, uniqueness and continuous
dependence on the data. More specifically, given an appropriate Sobolev index s and time
T > 0, we first build a function space X3 that continuously embeds into C'([-T,T]; H?). We
then show that for each uy € H; there exists a unique solution u to that lies in X7
and satisfies u(t = 0) = uy. Finally, we show that the data to solution map is continuous,
even as a map from H to the stronger topology X7.
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Remark 2.1.5. Since is known to be globally well-posed in H %, one may wonder
why we only consider H*® well-posedness when s > 1. This is, in fact, not necessary. For
each o € (‘/73, 1), we expect that technical modifications of our proof should establish H*
well-posedness of in a range s € [I(0),40) with [(0) < 1 and () — % as 0 — 1.

2
We avoid doing this for the sake of simplicity. It remains an open problem to prove well /ill-

posedness in H: for any % < o < 1, and to find the smallest o € (0, 1) such that (gDNLS)

is well-posed in H*!.

History on well-posedness and solitons

There is a vast literature devoted to the well-posedness of , as it took several decades
for the regularity to approach current thresholds, and for global results to emerge. We
begin our review with the work of Tsutsumi and Fukuda [322, [323] who studied the well-
posedness in H*(R) for s > % by classical energy methods and parabolic regularization. The
well-posedness in H'(R) was reached by Hayashi [161] by applying a gauge transformation
to overcome the derivative loss, and Strichartz estimates to close a-priori estimates. The
H'(R)-solution was shown to be global by Hayashi and Ozawa [162], as long as the initial
data satisfies ||ug||2, < 2. Later, Wu [331] improved this global result by relaxing the small-

ness condition to |Jug||3. < 4, which is natural in view of the soliton structure.

Below the energy space, there are also many results for . Takaoka [306] proved
local well-posedness in H*(R) when s > £ by the Fourier restriction method. This was com-
plemented by a result of Biagioni and Linares |52] which notes that the solution map from
H*(R) to C([-T,T]; H*(R)) cannot be locally uniformly continuous when s < 1. By using
the I-method, Colliander, Keel, Staffilani, Takaoka and Tao |84, 85| proved that the H*(R)-
solution is global if s > £ and |lug||7. < 2. Guo and Wu [148] were later able to strengthen
this result by proving that Hz (R)-solutions are global if luol|2. < 4. For an incomplete list
of well-posedness results for on the torus, see [159, 253 and references therein.

There are also many works that use the complete integrability of the equation.
The breakthrough result is [39], which establishes global well-posedness in H2(R). How-
ever, [39] was preceded by many results - see, e.g., [186] [274, 275] - highlights of which
include a global well-posedness result in the weighted Sobolev space H*?(R), and progress
towards the soliton resolution conjecture. Moreover, although H 2 regularity is necessary for

uniform continuity of the solution map, [154} 155, 206] are able to lower the global well-
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posedness threshold all the way to the critical Sobolev space L?, definitively resolving the
well-posedness theory for on the line. On the other hand, blowup for on
non-standard domains (for example, the half-line with the Dirichlet boundary condition) is
known to be possible [310, [330].

For , the literature on well-posedness is also quite large, though the results are
far less definitive. As mentioned, was popularized by [232], though well-posedness
was not considered in that article. Possibly the first well-posedness result was by Hao, who
in [151] was able to prove local well-posedness in H %(]R) intersected with an appropriate
Strichartz space for o > g Ambrose and Simpson [13] proved the existence and uniqueness
of solutions u € C([0,T); H*(T)) and the existence of solutions v € L*([0,T), H'(T)) for
o > 1. The uniqueness of H!(T)-solutions was left unresolved, as the proof uses a com-
pactness argument. Existence and uniqueness in H2(R) was proved by Santos in [297] for
o > 1, by utilizing global smoothing and maximal function estimates. A result in weighted
Sobolev spaces was also proved in [297] for the case % < 0 < 1, as adding weights helps com-
pensate for the low power in the nonlinearity. In terms of H*(R) spaces, |[160] proves local
well-posedness in H? when o > %, local well-posedness in H' when o > 1, existence of weak
solutions when o < 1, and certain unconditional uniqueness results at high regularity. See
[251] for more on unconditional uniqueness. The (gDNLS)) equation with extremely rough

nonlinearities 0 < o < 3 is studied in [225, 227], but not in standard Sobolev spaces H*.

We now turn to the history on stability of solitons. This is also a vast subject, and

(gDNLSJ) is not the only generalization of (DNLS)) whose solitons have been considered. For
the sake of unification, therefore, let us consider the equation

i0pu + 0%u + i|u* Opu + blu|*u = 0, v € R, (2.1.6)

which is just a Schrodinger equation with a scale-invariant combination of derivative and
power nonlinearities. Direct calculation verifies that the soliton solutions of (2.1.6)) are given
by

Uy e(t, ) = ei”tgbw,c(x —ct)

where

¢w,c($) = (I)w,c(x)ezew’C(x)a ew,c(x) = Ex / q)w,c<y)20.dy7

— 00
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and, using the notation v = 1+ %b, the function ®,, . is real valued with @MC(x)Q“ given
by
.
(0 + 1) (4w — ?)
>0, —2Vw <c< 2w,

V2 + v(4w — ) cosh (04w — 2x) — ¢ !

2(c + 1)c

—_— > 0, = 2vV/w,

(ocx)? + K =2

(0 +1)(4w — ?)
L/ + (4w — ) cosh (oV 4w — 2x) — ¢

These solitons are, of course, related to the Hamiltonian structure of (2.1.6)), as well as to
the conservation of mass, energy and momentum, which we leave to the reader to compute.

7<0, —2Vw <e< =2/ —y/(1 =)V

As expected, the story on soliton stability for (2.1.6)) begins with the (DNLS) equation.
Indeed, in [145], Guo and Wu proved that the soliton solutions of (DNLS|) are orbitally

stable when w > % and ¢ < 0 by applying the abstract theory of Grillakis, Shatah, and

Strauss [135] [136]. Colin and Ohta [83] removed the condition ¢ < 0 and proved that wu,, .

fead
4

in Shatah [301]. The endpoint case ¢ = 2y/w is only partially resolved; progress was made

is orbitally stable when w > < by applying the variational characterization of solitons as
by Kwon and Wu in [217], but with certain caveats, such as a non-standard definition of
orbital stability. For the study of periodic travelling waves, we refer to [79, 150, 156, |159)

and references therein.

For (gDNLS]), the story on soliton stability is much richer. In [232] it was shown that
the solitary waves u, . are orbitally stable if —2,/w < ¢ < 2z94/w, and orbitally unstable if
2z0y/w < ¢ < 2y/w when 1 < 0 < 2. Here the constant zy = zyp(o) € (—1,1) is the solution
to

2

Fy(2) = (0 — 1)? (/Ooo(coshy - z)idy)2 - </Ooo(coshy — 2) 7 Yz coshy — 1)dy) = 0.

Moreover, [232] proves that all solitary waves with w > % are orbitally unstable when o > 2
and orbitally stable when 0 < o < 1. As mentioned previously, these results are conditional
on an appropriate well-posedness theory; there is also a minor numerical portion to the proof.
In the borderline case when ¢ = 2zpy/w and 1 < o < 2, Fukaya ([119], see also [147]) proved
orbital instability of the solitons. This completes the study of orbital stability of the solitons
of , except in the case of the algebraic soliton, which requires special attention [146,



CHAPTER 2. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 20
224).

In the case ¢ = 1, b # 0, there are also many works on soliton stability for (2.1.6)),
e.g. [83] [120} (157, 158, |159, [258, 259, 261]. On the other hand, there are no results in the
case 0 # 1, b # 0, as it seems the explicit formulas for the solitons were not previously
known. We also mention that from the point of view of low regularity well-posedness, the
additional term b|u|* u in (2.1.6)) is both perturbative and maintains scaling, so in our usual
range \/75 < 0 < 1 our proof can easily be modified to establish global well-posedness in
H', regardless of the size or sign of b. To contrast, recall that the known proof of global
well-posedness in the case 0 = 1, b = 0 is rather delicate; global well-posedness could, in
principle, fail to persist once the effect of the focusing NLS is added. For state of the art
global results when o = 1, b # 0 we mention [159], which establishes global well-posedness
below the soliton thresholds. In particular, in the case 0 = 1, b < —% has been

known to be globally well-posed for some time now, as at this point the energy becomes

coercive, after a suitable gauge transformation.

Outline of the proofs

Here, we outline the key ideas in the proof of Theorem and Theorem [2.1.2 We begin
with a discussion of the low-regularity argument. Before describing the proof, however, it is
instructive to discuss why the gauge transformation used in [160] combined with standard
Strichartz estimates will not work. The following discussion is mostly heuristic and for the

purpose of motivation only.

Firstly, by a standard energy estimate, one obtains for (regular enough) solutions to (gDNLS)),

T
lullrms < lluolla exp ( / ||u||%f;.t1||uw||Lgo) . (2.1.7)
0

Therefore, one expects to be able to prove suitable H' bounds for solutions to
as long as one can estimate the Strichartz norm, ||u,|| ire- However, applying Strichartz
estimates directly to leads to a loss of a derivative. Therefore, one might naively
try to do some sort of gauge transformation to remove the |u|2"um term in the equation,

which is responsible for this loss. Indeed, if one (formally) defines

1 x
O(t,x) = —5/ |u| dy (2.1.8)
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and then
w = e®u, (2.1.9)

this leads to an equation for w of the form
iw, + 02w = (—9,® + i02P — (0,P)*)w. (2.1.10)

At first glance, it looks like one can prove Strichartz estimates for w, without losing deriva-
tives, to obtain the corresponding bound for ||u,|| L1 e~ Unfortunately, if we expand 0,9, we
get

0 = —a/ Re(|ul**uu,)dy
i » (2.1.11)
= —a/ Re(|u|* " *uidu)dy — a/ Re(|u|* *tu, )dy.

—00

The first term above is problematic. To avoid losing derivatives, we are forced to integrate

|20—2

by parts off one derivative. However, since |u % is not C'! when ¢ < 1, this will inevitably

introduce negative powers of u, so this approach will not work.

While the above calculations are not particularly useful for closing low-regularity estimates,
they do clearly identify the main enemies in trying to close Strichartz estimates for the gauge
transformed equation. That is, the portion of v which is small or vanishes will prevent us
from closing Strichartz estimates for w. Therefore, it is natural to try to somehow perform a
gauge transformation which only removes some portion of the derivative nonlinearity |u|**u,,
which corresponds to a part of u for which u is bounded away from zero. Doing this is some-
what subtle. We can’t simply fix a universal constant € > 0, and remove the portion of the
nonlinearity for which |u| > e. This is because when the wu, factor in |u|**u, is at very high
frequency (compared to ¢), we will still lose derivatives in the Strichartz estimate. To work
around this issue, we perform a paradifferential expansion of the equation. That is, for each

j > 0, we project onto frequencies of size ~ 27 and obtain
(i0; + 02) Pju = i Pj_4|ul* Pju, + g; (2.1.12)

where g; is a perturbative term. The idea now is to split the coefficient P_;_4|ul* =
P 4lus|®*® + P-j_4|w]*, where u; corresponds to the portion of v which is bounded away
from zero (where the lower bound depends on the frequency parameter j), and u, is the

remaining portion of v which is bounded above by some small j dependent parameter. We
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then try to do a gauge transformation by defining

1 x
D, = _5/ P_j_y|u|* dy (2.1.13)
and
w; = ' Pju. (2.1.14)

This leads to an equation for w; of the form,
(i0; + O w; = (—0p®; + 1020, — (0, P;)H)w; + "% g; + i€ Poj_g|us|* Pju,.  (2.1.15)

The point now is that the negative powers of u that arise in the 9;®; term are bounded
above by some parameter depending on the frequency scale 2/. To avoid derivative loss, we
would like this parameter to be as small as possible (i.e. w; should be bounded below by
a (j dependent) constant which is as large as possible). However, we still have to contend
with the remainder of the original derivative nonlinearity, ie’®’ P;_4|us|* Pju,, which is ex-
pected to cause derivative loss unless u; is sufficiently small (depending on j). Therefore, we
have to compromise between potential losses incurred by the 9,®; term, and the remaining
derivative nonlinearity. Unfortunately, by optimizing the appropriate splitting of u, it turns
out that we will still lose 1 — o derivatives in estimating the Strichartz norm [|uy|| 1 e, and
therefore, one only expects to be able to control [jus |11 by ||u||L%ngfo. As mentioned,
while this is certainly an improvement over previous results [160, 297], this method is not

quite robust enough to get well-posedness down to the energy space.

To get H' well-posedness, we combine this modified gauge transformation (and Strichartz
estimates) with smoothing and maximal function type estimates, as in Propositions
and . However, we modify these Strichartz and maximal function norms (see the defi-
nition of Y% below) to reflect the loss of 1 — o derivatives compared to the L H} norm, as
mentioned above. That is, we build this deficiency into the function spaces where we con-
struct solutions. In particular, the Strichartz (L}L:°) component of the norm involves no
more than o derivatives. Therefore, the energy estimate described above is no longer
appropriate to close a priori estimates in H'. Hence, the energy estimate has to be modified
accordingly so that the control parameter (i.e. the Strichartz component) does not lead to a
loss of derivatives (in excess of the H! norm) in the Strichartz/maximal function component
of the estimate. It is actually this part of the argument that leads to the restriction on o,

which we will elaborate on later.
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Next, we outline the proof of the high regularity well-posedness. As mentioned previously,
the C'129~1 Holder regularity of the function z — |z|? effectively limits the number of times
one can differentiate the equation to obtain H® estimates. A direct energy estimate, which
involves differentiating the equation s times in the spatial variable (i.e. applying D? to the
equation) limits the range for which one can obtain estimates to s < 20. In [160], the authors
managed to bypass this issue in the case s = 2 by instead obtaining an L2 energy estimate
for the time derivative d,u. The point is that doing this only requires one to differentiate the

nonlinearity a single time. Once an appropriate L2 estimate is obtained, H? energy estimates

for the solution can then be obtained by observing that up to an error of size O(||ul|3% 4, ),
T x
the equation gives,

1(@Zu) ()22 ~ [1(Orue) (£)]] 2. (2.1.16)

In this chapter, we generalize this approach to derivatives of fractional order. It turns out
that (after suitably localizing a solution in time), one can morally obtain an estimate (up to

a suitable error term) essentially of the form
||DEU||L§9L§. ~ ||Diu||L%°L§ (2.1.17)

where 1 < s < 40. The main idea for proving this estimate is a modulation type analysis.
Namely, when the space-time Fourier transform of a solution u (after suitably localizing in
time) is supported close to the characteristic hypersurface (or in the low modulation region),
T = —&2, one expects to be able to directly compare Dt% u and Dju. On the other hand,
when the space-time Fourier transform is supported far away from the hypersurface (or in
the high modulation region), one expects to be able to control Dt% w and Diu in L2 by a
lower order error term stemming from the nonlinearity of the equation. This latter high

modulation control can be loosely thought of as a space-time elliptic estimate.

With a method for suitably comparing space and time derivatives of a solution in hand,
it then essentially suffices to obtain an energy estimate for Dt% u when u is localized near
the characteristic hypersurface (which is precisely where one expects to be able to compare
Dtg u to Diu). Therefore, in light of the C1?°~! regularity of the nonlinearity, we should
be able to obtain Hj estimates for a solution as long as 5§ < 20. This explains the upper
threshold of 40 for our result. As hinted at earlier, the lower threshold of 2 — ¢ is explained
by the fact that such an energy estimate closes as long as one can control [Jug||z1 . Our
low regularity estimates allow us to control this term by the LF¥H? norm of u, as long as
s > 2 — o, where o lies in the full range (%, 1). This should be contrasted with the H*
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case where we employ a more complicated functional setting and only deal with a restricted
range of o. For clarity, we have chosen to present our high regularity results in the simplest

possible functional setting, which is why the lower bound of 2 — o appears in Theorem [2.1.1],

as it comes naturally from our previous estimates. Since 2 — o < % when o > %, this is

a reasonable lower threshold for the high regularity result (as it encompasses the range for
which [[ug |11 e can be controlled by Sobolev embedding). Nonetheless, we emphasize that
the main novelty in Theorem is the upper threshold s < 4o.

2.2 Preliminaries

In this section we settle notation and recall some standard tools.

Littlewood-Paley decomposition

First, we recall the standard Littlewood-Paley decomposition. For this, let ¢y be a radial
function in C§°(R) that satisfies

0S o<1, gol€)=Lhor [El S 1, 6(€) =0 forle] >
Let ¢(§) := ¢o(&) — ¢po(2£). For j € Z, define
Pif() = 4279 F(9).

Pif(§) = 6(277€) f(8).
We will denote P-; = I — P<;, where [ is the identity. Similarly, we define P = >, <j<b B
We will also use the notation pj, P s [5>j to denote a slightly enlarged or shrunken frequency

localization. For example, we may denote Pj;_3 ji3 by P]

Next, we recall a useful bookkeeping device. Following [176,|311], we denote by L(¢, ..., ¢n)

a translation invariant expression of the form

L1, (@) = / K(5)é1(x+ 1) dul + ya)dy,

where K € L'. Of interest is the following Leibniz type rule from [176} 311] which will make

certain commutator expressions simpler to estimate:

Lemma 2.2.1. (Leibniz rule for P;). We have the commutator identity

[P, flg = L(D.f,277g). (2.2.1)
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Frequency envelopes

One way we will employ the Littlewood-Paley projections is to define frequency envelopes,
which are another nice bookkeeping device introduced by Tao [311]. To define these, suppose

we are given a Sobolev type space X such that
Pl + 3 1Pl ~ 222
j=1
A frequency envelope for u in X is a positive sequence (a;);en, such that
[P<oullx S aollullx, [Pullx < ajllullx, iﬁ S (2.2.3)
j=0

We say that a frequency envelope is admissible if ag ~ 1 and it is slowly varying, meaning
that
a; <2007 Fg j k>0, 0<d< 1,

An admissible frequency envelope always exists, say by
a; = 27 4 [lullg* max 254 P . (2.2.4)

In (2.2.4)) - and in the definitions of the X7 and H} frequency envelope formulas defined

later - there is a slight notational conflict, and Fyu should really be interpreted as P<yu.

Remark 2.2.2. Frequency envelopes will be particularly convenient for expediting the proof

of continuous dependence later on.

Strichartz and maximal function estimates

Next we recall some standard linear estimates for the Schrodinger equation on the line,
which will play a key role in our analysis. We begin with the relevant maximal function and

Strichartz estimates for the linear Schrodinger flow:

Proposition 2.2.3. (Homogeneous Strichartz and maximal function estimates) For v €
S(R), 0 €10,1] and T" € (0, 1), we have for j > 0

02
|| 1 2y Slvllze,
$.2 (2.2.5)
' 1
HeltangUHLﬁL% Sj 2](2 9)||UHL2.
T T
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Proof. See [204, Lemma 3.1]. O

We will also need the inhomogeneous versions of these estimates. Here D2 := |0,%,
(D,)* := (1 +0,]*)2, and |0,| := HO, where H is the Hilbert transform, Hu = —isgn(&)u.
We further note that both Propositions[2.2.3 and 2.2.4 hold for j = 0, with the interpretation
po — Pgo.

Proposition 2.2.4. (Inhomogeneous Strichartz and maximal function estimates) For f €
S(R?), 0 € [0,1) and T € (0, 1), we have for j > 0
4 7N||f|| ( )/ —/

t
/ 6i(t—s)82f(8)d8
LGLZ_

2
/etsa ds
0

t

D ¢"(t=9)% £ (s)ds Sl e@ a0, (2.2.6)
0 LeL2, o

g/ t582 )dS
0

/0 =99 P, f(5)ds

I\D\Qﬁ

S; HfHL’;(G)L%(g)’
L L2

S 28|11l o o1,
L2L cr

o SPEf s,

2 2
Ly L8
where
1 340 1 3—10
_ , - . 2.2.7
O RO R 220
Proof. See [204, Lemma 3.4 and Remark 3.7]. O

The following fractional Leibniz rules will also be useful for some of the following esti-

martes:

Proposition 2.2.5. Let o € (O 1), ay,as € [0,a], p,p1,P2, 4, q1, @2 € (1, 00) satisfy a;+ay =

1_ 1,1 1 1
aand;-pl—i—m,q_ —|— . Then
||Dg(fg) Difg— fDg 9||L1’L ||Dglf||L£1LqT1||Dg29||L£2LqT2- (2-2-8)

The endpoint cases ¢ = 00, a1 = 0 as well as (p,q) = (1,2) are also allowed.
Proof. See [202, Lemma 2.6] or [204, Lemma 3.8]. O

Another variant of the fractional Leibniz rule for L? spaces is as follows:
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Proposition 2.2.6. Let a € (0,1), ag,a2 € (0,a) and p € [1,00), 1 < p1,ps < 00 satisfy

1 1 1
«Q a9 =« and = = — + =. Then
1+ 2 p p1+P2

1Dz (f9) — D3 fg — fDZglle S 1DZ fllen D229l o= (2.2.9)
The endpoint case ay =0, 1 < ps < 00 is also allowed if p > 1.
Proof. See [202, Lemma 2.6]. O

Next, we need a vector-valued Moser type estimate which will be convenient when deriva-

tives fall on |u|?.

Proposition 2.2.7. Let F € C'(C). Let a € (0,1), p,q,p1,p2,¢2 € (1,00) and ¢, € (1, 00]

with
1 1 1 1 1 1
- S (2.2.10)
p Pt P2 9 @ 92
Then
1D F ()l gy, S IE ()l s o [| DG ull 22 o2 (2.2.11)
Proof. See Theorem A.6 of [203]. O

We also recall the scalar version of the above estimate,

Proposition 2.2.8. Let F € C'(C), u € L*(R), a € (0,1), 1 <p,q,r < 00, and + = i+ é,
Then

1D F@)ler S 1F )l D 212
Proof. See [80], Proposition 3.1. ]

We will also make use of not only the standard Bernstein estimates (see, for example,
[313, (A.2)-(A.6), page 333]) but the following vector-valued version:

Proposition 2.2.9. Let 1 < p,qg <00, j >0 and s € R. Then we have
D5 Pyul| pp g, ~ 27°|| Pyul| g pa.. (2.2.13)

Proof. Let ]5j have corresponding multiplier gzgj, where, as in the preliminaries on Littlewood-
Paley theory, we have ¢;(£) = ¢(277¢). Notice that

D;(PjPyu) = (D3F ;) * Pyu.
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For each z, we have the inequality
1D3 Pyull g, < [DF 650 # || Pyull s -
Hence, applying LP and Young’s inequality, we have
1D; Pyullrzg. < IDF 651l eyl Pyull ore S 2| Pyl pz s
On the other hand,

27| Pyullpprg, = 27° |1 D3 Dy Pyull pzpg. S 1Dz Pl e g,

A useful lemma

Finally, we need a Holder estimate, which we will use to extract all of the C12°~1-regularity

that our nonlinearity offers. We will use this lemma, e.g., when derivatives fall on |u|?*~?a,
or more generally on terms with regularity C%® for 0 < o < 1.
To set notation, for v € (0,1] and 1 < p < oo define the Holder space AZ(R) by
u(- + h) — u(- P
lull iz, = sup lul+ R) = ul)llze. (2.2.14)

IB|>0 Al
This is just the usual homogeneous Holder space C%* when p = oc.

Lemma 2.2.10. Suppose that F' € C%*(C). Then for every 0 < 8 < a < 1, p € [1, 00] with

ap > 1, we have
1F )l S I Flgollul® s .. (2.2.15)

Proof. We have

|F(u(z + 1)) = F(u(@))] _ [F(u(z + h)) = Fu(z))] (IU(w+h) —u(x)|>a

- B

|}? u(z + h) —u(z)]* ||

< 1Pl <|u(x +|Z)|§_ u(x)|)

(2.2.16)
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Hence,
jula+h) ()| \"
1), < [[Fll¢o.a sup | 7 [z
p |h|>0 e
< 1Pl llull (22.17)
<P lenellul? s,
where the last line follows from a standard embedding (c.f. [313, Exercise A.21]). O

We also have the following very useful corollary of the above lemma which we will use

extensively.

Corollary 2.2.11. Suppose that F' € C%*(C) with F(0) = 0. Then for every 0 < § < a < 1,
p € [1,00] with ap > 1 and ¢ € (0, — ), we have

1E ) lwer Se [1Fleoallull? .. .- (2.2.18)
Proof. This follows from the embedding (c.f. [313, Exercise A.21]),
IE@llwsr Se [[F@)llze + 1 E(u)lliz, (2.2.19)
and Lemma 2.2.10 as well as the fact that
IE @)l S 1 F [l o llwlzra- (2.2.20)
[

Remark 2.2.12. Tt is easy to see that F(z) = Z|z|?? 2 meets the hypothesis of the above
corollary (c.f. [127, Lemma 2.4]). The price to pay when using Corollary [2.2.11]is that there
is a sort of “loss of regularity” when derivatives fall on F'(u) in the sense that a derivative

of order 0 < s < 20 — 1 will be amplified by a factor of ﬁ

2.3 Low regularity estimates

Now, we proceed with the proof of Theorem By the scaling symmetry uy (¢, x) =
/\iu()\Qt, Ax), we see that the L2 norm is subcritical with respect to scaling. Hence, we will
assume without loss of generality throughout that for some small 0 < ¢ < 1 the initial data

satisfies ||ug||ms < e. We then will obtain local well-posedness on the time interval [T, 7]
where T < 1 is fixed.
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Function spaces

We now define the spaces where we seek solutions. To begin, we define our baseline Strichartz

type space Y} via

[ullyg - = (Z ||PjDZ_1u||2L4TLg°>

j>0

ol

1
2
o1
T (} |17, u||oo)

j>0

. (2.3.1)
o3 ’
+ <Z | P; D UH%;@&) + | P<oul| 2 L5 -
7>0
Then we define the space X2 by:
2
[l x = (ZHHUIIZLM) + | P<oull gz + llullye. (2.3.2)
7>0
For higher Sobolev indices, s > 0, we define the spaces X7 and Y} by
[ullvg == (D) ullye,  llullxg = [[(Daz)*ullxg.- (2.3.3)

One should observe that we trivially have ||ullc—rz;ms) < [|ullxs.-

Remark 2.3.1. One might wonder why the above Y space is not defined in a more standard
way, where one replaces o with 1. Indeed, one can see from the proof of the following
estimates that by using this stronger norm, one will incur a loss of 1 — ¢ derivatives in excess

of the L3 H; norm. The function spaces defined above account for this loss.

Finally, it will be convenient to define the weaker norm S4 which just involves the purely

Strichartz components of the X7 norm. Namely,

N

% 1
lullsg = | Peoul 2 + (Zn&wamni%) + (Z ||1%<Dx>s-1+”u||iw> . (23.4)

7>0 Jj>0

The behavior of the St norm will be relevant for continuing a local solution to a global one

V3

when o € (%5°,1) in both the low and high regularity regimes.

X7 frequency envelopes

It is easy to see that for s > 0, we have

s T 1Pl

j=1

| P<ou]

X~ llullks - (2.3.5)
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Hence, for u € X7, we use b; to denote the X7 frequency envelope for u defined by
—55 —1 —5|j—k
by = 27 -+ [l 2y maax 204 P ;. 2.3.6)

where 0 is some small, but fixed, positive parameter. Similarly, for v € H;, we use a; to

denote the H} frequency envelope for v defined by

—68j -1 —8|j—k
a; =27 + Jvll; max 27| Pro|

. (2.3.7)

Unless otherwise stated, X7 and H frequency envelopes will always be defined by the above

formulae.
Remark 2.3.2. In an identical fashion, one can also define S7. frequency envelopes.

Next, we state a technical lemma which will be useful for tracking the contributions of
the rough part of the nonlinearity in (gDNLS|) when derivatives fall on it.

Lemma 2.3.3. (Moser type estimate) Let s € [1,3], 0 € (3,1), 0 <T < 1 and let b; be a
X3 frequency envelope for u. Write « = s — 14 0 < 20. For j > 0, we have the following

Moser type estimate,

1D Pylul® |l pa.nee S bllullE [lul

o lullxg. (2.3.8)

Proof. There are two cases to consider. First assume a > 1. We have
102 Pi([ul* )z ree S I1P2D5 ™ (lul* s )| 12,120
SIP Dy (Pejma(ul® @)ue) |2 ree + 125D (Pojma(ul® ™ 0)us) || 2 poe-
(2.3.9)

For the first term, we have by Bernstein,
125D (Pejeallul**@)ue) | 12 1o = 1P D5 " (Pejma(ul* 1) Pjuy) || 1210
S PO |ul| P Lo 1P 2 e
< o 111 ey (2.3.10)
S llullsy 1105 Prullz 1

< bllullg " lul

X5
For the second term, we have for § > 0 small (under the additional assumption that
27 < b))

1P D2 (Poja(ul* W) us) | 2 e

~Y

< 2OV Pojoa(Jul W) a1 150
S PN Py (D) g n a1
S DY (P2 ) | g e el e

S il DY (%) | g el

(2.3.11)

X3.-
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It now suffices to show that
1D~ ([ul? W) | 1 100 S IIUIIQ(’ g
For this we fix ¢ > 0 small and invoke Corollary [2.2.11] and the fact that 20 — 1 < 1
a— o— a—ltote o—
1D ([u*?u) | g 10 S {D2) 21 w135 o
. (2.3.12)
S Ilullgr
[1 5] and
o€ (3,1).

This handles the case a@ > 1. Next, we assume 0 < a < 1. For this, we write

Pjlul*” = Py P<jul® + Pj(|u** — |P<jul*). (2.3.13)

We have for the first term,

| D8 Py Pejul* || e S 20V Py(| Pyl PojuPejuy) || oo
<2 06_1)HPj<P<jf4(‘P<ju|2‘7_2P<J'“)Pjuac)HLS;o

+ 27D Py(Psj_a(| Peju Poju) Pejugy) || oo
S ull 3% P Dy ul e + 27 D2 (| Pejul > Peju) | e | Dy ™ Pt | e
(2.3.14)

Hence, by taking ¢ small enough, using Corollary [2.2.11], and the fact that 2779 < b., we
obtain

1D Pyl Pejul* iz poe S byllullsy llullxs-

(2.3.15)
Next, we estimate
1P D ([ul*” = [Pejul*) Iz ree S 2 Nulli%te Y 1 Peullrz e
k>j
xo y 27y, (2.3.16)
k>j
< billullg " llullx;

where in the last line, we used the slowly varying property of b;. This completes the proof. [
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Remark 2.3.4. By repeating the proof almost verbatim, and taking b; instead to be a S%

frequency envelope for u, we can modify the conclusion of the lemma to

||D§Pj|u|20||L§FLgo S bJHUHZ(;_lHU

5. (2.3.17)

Remark 2.3.5. The |u| Z‘{_l coefficient in the estimate (2.3.8) could be optimized in terms
T

of the parameters s and . We do not pursue this, for the sake of simplicity and also because

it does not improve any of the later estimates in an important way.

Uniform bounds

In this subsection, we prove a priori estimates for solutions to (gDNLS|). First, we prove

uniform X7 bounds:

Proposition 2.3.6. Let 0 < e < 1,s € [1,3], 0 € (‘/73, 1) and let ug € H; with [Jug]
Let T" < 1. Suppose u € X solves the equation,

Hs S €.

(i0; + 02)u = i|u|** O, u,

(2.3.18)
u(0) = up.

Furthermore, let a; and b; be a H? and X7 frequency envelope for u and u (on the time
interval [0, T'), respectively, as defined in Section [2.3] Then we have the following X3 esti-
mates for 7 > 0,

a) (Frequency localized X% bound)
1 - 1o -
1Pjullxs Siuigy aslluollig +T2b;(1+ Tullsllullxg + T2 billul%y lullx;.— (2.3.19)

b) (Uniform X3 bound)

[Jwll s, §||uux% [uolls < e. (2.3.20)

We will also need the following result:

Proposition 2.3.7. Let 0 < ¢ < 1 and o, T and s be as in Proposition [2.3.6l Suppose

v € X? is a solution to the equation,

(i0; + 0*)v = i|w|** v + gOpav + GO,.av,

(2.3.21)
v(0) = vy,
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for some w € X1 solving (gDNLS) (with possibly different initial data), g € Z := Zp :=
2 3 ‘
L7 LE N LPWe

—%—4—&,00 —0+€,00

3
N LAW2
Then v satisfies the bound

and a € X}, all with sufficiently small norm < 1.

[v]lxg. < llvoll 2 (2.3.22)

Remark 2.3.8. In practice g will correspond to terms which are of similar regularity to

|20’—1

the term |u . For such terms to lie in Z (specifically the latter two components of this

norm), we will need o > ‘/75 This will be elaborated on later in the proof.

Remark 2.3.9. Proposition will be useful for establishing difference estimates for
solutions in the weaker topology, X?. This will allow us to show uniqueness for X1 solutions,

and to prove a weak Lipschitz type bound for the solution map.

We begin with the proof of Proposition [2.3.61 We divide the relevant estimates into two
parts. First, we control the Y7 component of the norm. Then we do an energy type estimate

to control the L7 H; component. For this purpose, we have the following lemmas:

Lemma 2.3.10. (Y; estimate) Let s € [1,3], 0 € (3,1) and let u, T, a; and b; be as in

Proposition [2.3.6 Then for j > 0 we have

1Pl

1 g
e + T, (1+ [lull %)

X5 (2.3.23)

Vi Slhllgy a;||uol

Lemma 2.3.11. (L¥ H? estimate) Let s,0,T, a;,b; and u be as in Proposition m Then
for 7 > 0 we have

1-0
g + T2l %y

1 Pjull g ry S ajlluol X3 (2.3.24)

Proof. We begin with the proof of Lemma[2.3.10, For this purpose, let us apply P; to (2.3.18))

and write

(i0; + 02)uj = iP—j_4|ul* Opu; + g; (2.3.25)
where
g; = in(PZj_4|u|2“8zu) + i[Pj, P<j_4|u|2“]8xu. (2326)
The term
iPj_g|u* 0pu; (2.3.27)

which corresponds to the worst interactions between d,u and |u|? is non-perturbative, and

can lead to loss of derivatives in the Y} estimates for u;. It is desirable to remove as much
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of this bad interaction as possible. As mentioned earlier, one might try to remove it entirely
with a gauge transformation, but this will not work, because the function z — |2|? is not
smooth enough. Fortunately, in some sense, formally, the worst terms introduced by a gauge
transformation are only poorly behaved when w is small (i.e. sufficiently close to 0). On the
other hand, if u is sufficiently small (on a scale depending on j), then we expect to be able to
treat the associated part of the term perturbatively. One then expects to be able to
remove the other part (in which u is bounded away from zero) with a gauge transformation,

and gain some mileage.

With this strategy in mind, let ¢ be a smooth compactly supported function on R with
¢ = 1 on the unit interval and zero outside (—2,2). Likewise, define y = 1 — . We want to
tailor these functions to a particular frequency, which we do by defining the rescaled func-
tions ¢;(z) = p(2/z) and x;(z) = x(2/z). Next, we further rewrite as the following

equation,
(i, + 02)u; = i Py sl (uf) )0 + 0Py alips ()l )0y + g5 (2:3.28)

Remark 2.3.12. One might wonder whether one can modify the 27 scale in the definition
of p; to 2% for some a > 0. It turns out that @ = 1 is the optimal choice, as one can
ascertain from repeating the estimates below with this new parameter o. This optimization

is obtained by balancing the contributions from the terms I ]1 and [ J3 in the below estimates.

Now, we do a partial gauge transformation to remove iP;_4[x;(|ul?)|u|*?]0,u;, which
corresponds to the part of (2.3.27)) for which the coefficient |u|** is bounded below by 2777,
Indeed, define

B,(t,7) = — 5 Peyoady Dy (el ] (2.3.29)
where .
0 1)) = [ 1wy (2330
and then define
w; = uje®. (2.3.31)

Before proceeding, we need the following technical estimate which relates u; to w;.

Lemma 2.3.13. Let S refer to any of the four spaces, L L2, L°L2, L2L%, or LLL®. Let
B € (—1,1)and 0 < ¢ < 1. Then for j > 0, we have

(D) ujlls e (1+ Nullsy)* (IKD2)? Piwjlls + 1{Da)”wjlls)- (2.3.32)
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Remark 2.3.14. As a brief remark, the range on § accounts for (more than) the greatest
range of derivatives allowed in any component of the X7 norm, which will correspond to
the situation in which we apply the estimate. Strictly speaking, this is overkill, but it lets
us avoid dealing with several individual cases. Also, the § — ¢ factor in the second term in
the above estimate is to compensate for terms in which w; is not frequency localized. In
particular, later when applying Proposition [2.2.4] the ¢ will allow us to sum up the individual

frequency dyadic contributions of wj.
Proof. We have using the fact that u; is frequency localized to frequency ~ 27,

{Da) ujlls = [KDa) " Py (e 7)) s

85 . 55 e (2.3.33)
S DL (Pejae™ Pywj)l[s + | Dy By (Psjae™ w;)|s.
For the first term, we have by the (vector-valued) Bernstein’s inequality
| DBy (Pejae™® Prwy)|s < DS Byl (2.3.34)

For the second term, we have from Bernstein’s inequality (and since j > 0),
IDZP;(Psjse™"1w))|ls S 27| Py(Psjae™ ;)|

S 28| Pojae™ || pe oo || Pejowylls + 27 Y (| Pre ™ || e oo || Pows | s
k>

Se || Psjoa D265 oo oo | (D) P~ || 5

(2.3.35)

where € > 0 is small enough so that for instance, |3| + 2e < 1. Then we have by Bernstein,
1Psj—a D™ | e e S 1|00 Pojoe™ " |rgeree S Ilull - (2.3.36)
Combining the above estimates completes the proof. O

Given Lemma [2.3.13] we are in a position to convert estimates for w; into estimates for

u;j. A direct computation shows that w; satisfies the following equation:

(10, + 0F)w; = 1€"® Pej 4] (|ul?)[ul*]0pu; 4 (=0, ®; + i02®; — (9,®5)%)w; + € Pig;,
w;(0) = e®iu(0).
(2.3.37)

The goal is to prove a priori estimates for w; - and hence u; - in Y. We observe a cou-

ple of useful facts. First, by Bernstein, we have |lu;|y: < 2j(0+s_1)]|ujHY%fo. Secondly, we



CHAPTER 2. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 37

obviously have ||gw;||z1 2 = [|gullL1 2 for measurable functions, g. Using these observa-
tions, Lemma [2.3.13] the maximal function estimates and the usual Strichartz estimates

from Propositions and we have that

[J][ vz
————— < [|u;(0)]
(L4 flulls ) ’

az + 2N Pl ([ul) [l 100wl e + 27 Dlg e

+ 200,005 12 + 27TV 020u | 1 e + 27TV [(0095) w11 1

= || (0) || s + I + I3 + I, + I} + I2.
(2.3.38)
We now estimate each of the above terms.
Estimate for [/
By Bernstein and the fact that |u| < 2-% on the support of ¢;,
2N Py gl ([ul®)|u* 100wl 1 r2 S 27Vl ([ul®)u* || oy 1oe 10005 | Lo 12
S Tl g s (2.3.39)
S Thjllullxs.-
Estimate for IJ
We have
95 = iPj(Psja|ul*0yu) + i[ P}, Peja|ul*]0, Pju (2.3.40)

where }5] is a “fattened” projection to frequency ~ 2. By the standard Littlewood-Paley
trichotomy, we write
Py(Pxj—alul**0;u) = Pi(Pj|ul* 0, P<ju) + Pi(Fj|ul* P;0,u)
+ZP](Pk|U|2Upkamu> (2341)

k>j
For the first term, we have by the Moser estimate and Bernstein’s inequality;,
2N Py (Pl 0, Peju) | 1z S 27V Byl || g, 1o |00t e 12
<1 B;D5 M| oy o 10sta] e 2 (2.3.42)

1
S T2 ullg [l x;.
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The second term is dealt with similarly. For the third term, we have by Bernstein’s

inequality

2O Y (Bl Pudew) gz

k>j
3 ~ . B ~
STV N Brallg 1 2702 Pifu* | ez
k>j
3 - -~ - B
<Ts ZQ(J k)(o+s 1)HDg+s 1pkuHL%LgoHPM?IIUPUHL%OL%
- (2.3.43)
3 _ T
ST“HUH?;HUHX;ZQ (o+s=D)lk—jlp,
k>j
S Tk |lullxz ul3g, Do 27Ok
k>j
S Tibgllull; |l
~Y J u XT Uu S,%,

For the commutator term, we have by Lemma
lets=VIp P |0, Pju = 22D L(0, Pej_y|ul*, Pj0,u) (2.3.44)

for some appropriate translation invariant expression L.

This term is easily estimated by
2D L(0, Pejoalul*, Pdyu)ll s 12 S 2200 Pejalul® || e 2 | PyOrull 1 10
< Mulli% e 100wl pge 2 | Py DTl g e
3
S O T |ullg flullx;.

(2.3.45)

Hence, we have
1 S T%b;ul

X, u||§‘; (2.3.46)

Estimate for IJ

We expand

1 o 1
0®; = =5 Pl (X (Z[ul)Ohlul[uf] = 5 Pejma0y D ([ul)Oulul*] =: Jy + .
(2.3.47)
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We have

1 . .
Ty = =5 Pl (20 (2 )y |

= — Py a0 (22X (2 uf?) Re(au, )l
= —Pcj 107 (27X (27 [ul*)Re(iTuqy) [u*] — Pejoa0y ' [27X (27|ul*) Re(@lul* u, ) [u*]
= —Pcj a0, (27X (27 |u*)O:Re(iTu, ) [ul*’] — Pejma07 " (27X (27 [uf*)Re(@ul*"u, ) [ul*’]
= K + K.
(2.3.48)
For the first term, K7, in (2.3.48) we write

—Pja0; (22X (2 [uf*)0: Re(iTiug ) [u|*] = —Peja[ 27X/ (27 [uf* ) Re(itug) [ul*]
+ Pejea0y (29X (2 [uf*) Ou[ul*Re(iTus ) ul*]
+ Pejma0y 27X (27 |ul*) Re(itiug) O ul*7].

(2.3.49)
We have for the first term in ([2.3.49))
| Peja27x (27 [ul)Re(itiug ) [ul* V| g r2 S 27[IX (27 |ul*) Re(iwus ) [ul** || g 12 (2.3.50)
< Mull 75 e el e 22
where we used the fact that
I (27 ul) a7 g pge = 11" (27 [ul) [l g re S 277 lull7% e (2.3.51)

Now, for the second term in (2.3.49)), we have

2| Pejs0y X" (27ul*) O |u*Re(itiug ) [ul* W pg e S 2% X" (27 [ul®) O [u*Re(itiua) [ul*” || e 1

< 929" (27 U 2 Re(uu,)Re(tuu, ) |u 20 Lol
= ¥ T

S Qj(l_U)HUxH%%OLg-
(2.3.52)
The third term in ([2.3.49) is estimated similarly to the second term.
Hence, we obtain that 2/ "*~D|| Kyu|| 11 12 is estimated by
j(0+s— (1—0o j(0+5— o— 3
20+ g || oo 1 | e rz + 277D [l 12 o T k| e 22 s 4 10 (23,59

3 _ _
S TllualZee 21 D3ullngez + T ull 7% oo 1t g 22 (1D g 2 oo
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Next, we estimate K3. We have by Cauchy Schwarz, and Sobolev embedding,
1Pejma0 (27X (27 [ul*) Re(@lu* o) Jul* | g oo S 2711 (27|l Re(@lul* s ) [ul* || g
S 26 ull¥ o [l 22212
< 2707 [l [l |z 1
< Null2g e

(2.3.54)

where we used the fact that o > %

Hence, we finally obtain the estimate,
T 3 _ _
2 Ny || S TlluallZoe e | Diusllngere + Tol|ull 2 foe el g 22 1105 g | e
+ TH“H?;Hua:HL%"L%’|Dg+s_1uj||L%°L§

3 loa
ST+ Jlullg) sl x.

T

(2.3.55)
Next, we turn to the estimate for J,. We have
1 — ag
Jo = =5 Peja0y Dy ([ul) O]

= —0Peja0; [ (Jul*) [u*"~*Re(u, )]
— 0Py 10 G () [0 Re(iT)] — 0 Pej107 [ (ful?) [ul2~2Re(alul2u,)
= K3+ K.
(2.3.56)
For the first term, we have
Ky = 0Py _als(u)ulRe(itu,)] + 0 Py 10; [x;([uf?)0ulul*Re(imn, )]
— 270 P_j 40, ¢ (27|u)®) 0, [ul?|u|* —*Re(itu, )] (2.3.57)
= K31+ K32+ K33
We now must estimate each of the above terms. For the first two terms, we have
[ K3allzeerz < HUH%‘EngoH%HL?L; (2.3.58)
and
1K 2l rse < 1 (uf*)O:lul* " *Re(itiug )| e s

S o () 7 Re (s )Re(iTus) [ 5 1 (2.3.59)

S Qj(l_a)Hux”%%oLg
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where we used the fact that
X ([ul)ul 72 < 27079, (2.3.60)

Remark 2.3.15. It should be emphasized that the main point of the partial gauge trans-
formation is to be able to estimate the term K32 above, which involves negative powers of
|l
Now, we turn to the estimate for K33. We have
IKoslizue 21 @l R Retimaligs: -,
S 2/01=) ||Ua:||L°°L2

Hence, we have

(s 3 _ _
2i(7ts 1)||K3UJHL1TL3 S T4HUH%U%OngoH%|’L§9L§”Dg+s 1UJHL‘;Lgo +T\|ux||%§.9L%||D;uj||L§9L%.

(2.3.62)
Finally, we estimate K. We have
IKallzgree S 1P<j-a05 D (Jul™)[ul* ~*Re(@lul* ua)] | g 20
< I () [~ Re(@lul* ) || g 11 (2.3.63)

S ull 75 e 1wl pge 2 Nl pge 2.
Hence, combining with the estimate for K3, we obtain
T 3 _ _
D g ol 1z S Tl el 22102 sl g e + Tl ezl Dl 2
Da+s—1
X

+ Tllull 7% o 1l pge 2 el pge 2 |

3 o
Sr T+ [lull$h) luy]

Uj||L;9L§

X3.-
(2.3.64)
Now combining this with the estimate for J; finally yields the desired estimate for I g . Namely,
we have
S T ull §)uslx;
, I (2.3.65)
<1+ Jull )l
Estimate for I}
This term is straightforward to deal with. Indeed, after expanding 92®; we have
10725l L2z S 27 Ml (27 Jul*) Re(@ua ) [ul* || ez + I (Jul) Re(|ul**Tus) || g 12 (2:3.66)

Sl e luallgers-
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Hence,
I S T\l B e el ez |1 DT g g oo
3
S Tilullgd llugllx; (2.3.67)
3
< T )12 flullx;.

Estimate for Ig

The estimate for Ig is also straightforward as it doesn’t involve any differentiated terms.
Indeed, we have
4
Ham(ij%%OLgo S Ml 23 pee- (2.3.68)

Hence, by Sobolev embedding,
IERS TH“H%%’L;;O||Dg+s_1uj||L§'9L§,
S T||U||if;||uj| X, (2.3.69)

S Tby”“”é?”“”x;

Now, combining all the estimates above completes the proof of Lemma [2.3.10]

Remark 2.3.16. By taking b; to instead be a S} frequency envelope for u, and repeating
the proof almost verbatim with Remark in place of (2.3.8)), we instead obtain

1 o
IPullvy Spuigy @illuollms +T2b;(1+ ulls] ) lulls;. (2.3.70)

This will be relevant for when we later establish local well-posedness in the high regularity
regime 2 — o < s < 4o for the full range of % < o < 1. Specifically, this will be important
for establishing a priori bounds in the range 2 — 0 < s < % when Sobolev embedding is
not suitable for controlling the term ||u,|| 4ree- The reason the proof of (2.3.70) is almost
identical to the current proof is that we have not yet used the maximal function part of the

norm of X7; we will begin using this part of the norm in the proof of Lemma [2.3.11

Remark 2.3.17. As a second important remark, the estimate also holds for T" <
1 if the nonlinearity i|u|?*?u, is replaced by the spatially regularized and time-truncated
nonlinearity inP-y|u|*u,, where k € N and n = n(t) is a time-dependent cutoff function
supported in (—2,2) and equal to 1 on [—1,1]. This fact won’t be relevant for the low
regularity construction, but will be important for the high regularity construction in Sections

5 and 6 where the cutoff 7 is needed for estimating (fractional order) time derivatives of a
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solution u to (gDNLSY|). Since the proof of this estimate is nearly identical to Lemma [2.3.10),
we omit the details. Nevertheless, for the sake of completeness, we state this observation in

the following lemma.

Lemma 2.3.18. Let k € N, 0 € (3,1), s € [1,2], and T < 1. Let 1) be a time-dependent

cutoff function supported in (—2,2) with n = 1 on [—1,1]. Let v,w € S5 with |jv

S
[wl|ss. S 1. Assume that u,v € 7 solve the equations
10y + 02)u = inPk|v|*? Oy,
(10, ) nPx|v] (2.3.71)
u(0) = uo,
and
i0; + 0%)v = inP_i|w|* O,
(10 + 0c)u = inPaul (2.3.72)
v(0) = uy,
respectively. Then u satisfies the estimate

As mentioned, the proof of Lemma [2.3.18] proceeds in a nearly identical fashion to
Lemma [2.3.10], so we omit the details. The main difference is that ®; is replaced by

1 _ o
¢; = —§U(t)P<j—4P<kax " (v (2.3.74)

The requirement (2.3.72) that v solves an additional (gDNLS)) type equation is merely rel-

evant for the ]g estimate when time derivatives fall on ®;, and hence on v. In practice,
Lemma [2.3.18 will be used in the construction of solutions at high regularity in Sections 5,
6 and 7.

Next, we turn to proving Lemma [2.3.11}

Proof. Again, we begin by writing the equation in a paradifferential fashion,

z'c‘?tuj + (‘ﬁu] = iP<j_4|U|208$Uj + ’in(PZj_4|U|208xU) + Z[P], P<j_4|u|2”]6xu. (2375)
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A simple energy estimate (i.e. multiplying by —i2%*%;, taking real part and integrating),

T
+ 22j8 /
0

and Bernstein’s inequality gives

T
Hs + 22]5/ /P<j_4|U|208x|Uj|2
0 R
[P P02
R

e+ 1+ 14

sl Zeorry S Nl (0)113

T
4 22js /
0

= [lu; (0)]

/ TP, (Payaluf*B,0)
R

(2.3.76)

Estimate for [J

For the first term, we integrate by parts and estimate using standard interpolation inequal-

ities, Bernstein’s inequality, Holder’s inequality and Proposition

T
225 / / 45[2Py a8l | S 2 Py sl g PO gl
0 R L, T
; 1
S X o A P
Lz T LzLT
-3 +2 -+
SIPaa(DE P, D0 D
z T z T
2.3.77)
(1—0)(1—e) , o3¢ 120 12 (
ST ||P<]—4(Dx 2 |u| )||L§L;ﬁ|’u3|X%
_1_
< Tl 102 g
S T a2 s 3

ST "bQIIUH A

XS

where ¢y, ¢y are fixed positive constants, and € > 0 is sufficiently small. Observe that going

from line 3 to line 4 uses the fact that o > f since S+——— < 8—1—0—— precisely when o > f
Estimate for IJ

We have by the Littlewood-Paley trichotomy

290 [ Py(Pasauf 00 = 24 [ By(Ju) oo, + 203 / Py Pel[u”) Prds)
R R

k>j

(2.3.78)
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for appropriate “fattened” Littlewood-Paley projections ]5] For the first term, using Bern-

stein’s inequality and Holder’s inequality, and that 279 < b; we have,

T
22j8 /
0

[ B,
R

‘(§_U+5) D. D. 20—1 2(1—0) O'Jrs
S 277 Pilu 1Bjull ez I Prullyy 27 | PejDa “ull s (23.79)
—o 0—20243 P o
ST D2 P (jul )| e " 1Pyl xz. el
STV b|| D3R (|U|2”)|| Bl llullx.
T
Note that the first line follows since s € [1,3]. The next step is to estimate the term
| D2+o-20"+20 p. (|u|2")|| ,- For notational convenience, write 2 + o — 202 4+ 20 = a.
7712,
We employ the thtlewood Paley trichotomy and then Holder’s and Bernstein’s inequality
to obtain
[ (\UIQU)H SIDE Byl au )| 2y
L7112 L2 T2
S IDE Py(Poj(|ul* %) Pyuy) | L7 + IIDﬁ‘le(P»(IuIQ"‘Qﬂ)ux)||L§%_1L2T
S ull?s 2 1 D5 Pl ez + |1 D5~ (Jul ™ )HLOOLOOHUQCHL%LQT'
(2.3.80)
Observe that || Dful[per2 < |lully; since o < o+ 3 L when o > ‘[ Furthermore, by Corol-
lary [2.2.11] and Sobolev embedding, we have
a— o— a—lte o o—
1D~ (ul* D)l ree S D) 7 ull e e < llulls (2.3.81)

where the last inequality again follows because o > \/75 Furthermore, by interpolating

HUIHLE%TL? between L2L% and LL32, we see that ||ugg||L30%I S llullxz. Hence, we can

control (2.3.79)) by

T

THb3 ull 3y [l

% (2.3.82)
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For the other term in (2.3.78]), we have

T
2 113 [ w0
0 - JR

S z“zﬂlC’nfﬁz@anLaHzfzguizfzjiizkHF%\uF”MlQa Lo 1Peulliz e
k>j
S YOOI > 2Bl Brllzzos
k>j
(o l(1—920 s 3_g5—s S o S_HT
S ATy ;52T DBy IBDE s
k>j ’
5_7 o o—20 o S+U
ST xip 3 20T BT )y 1PDS Fulizss
k>j
—0 o | — s—1(1-20)2)—
S T8 ulli ulg, 2070730720
k>j
S TR ulld, lul3
(2.3.83)

where we estimated || P, (D727 |u|>7) in essentially the same way as we did with

||L20' I L
the previous term.

Estimate for I]

We have
[Py, Pejalul*)0,u = [P}, Py alul*’]0, Pyu

y . 5 (2.3.84)
=2 K(y)0y Pej_s|ul™ (x4 y1) 0, Pyu(x 4 y2)dy
R2

for some kernel K € L' with || K1 < 1 (with a bound independent of j), see Lemma [2.2.1]
Hence,

r

This is estimated analogously to Ijl. Indeed, we obtain by Cauchy Schwarz, Bernstein’s

T
s2isup [ [ 0Pl (et 0Bt + )l
R

yeR2 Jo

/ TPy, Peyalu7)0, Pyu
R

(2.3.85)
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inequality and Proposition [2.2.7],

T
22js /
0

[P Pey a0, Py
R

. ~ 3 1 ~ — —3-
S 2| By DF Tl | Pl Il DT ey (2.3.86)

g AT
< TRl ully;.
where ¢y, ¢y are positive constants depending on o, s. The second line follows from the fact

that%—%<o—%aslongasa>‘/7§.

Hence, we obtain

oo o
1Pjull g ry S ajlluollag + 177 bjl[ull % llullxs., (2.3.87)
thus completing the proof of the L H? estimate. O
Proof of Proposition [2.3.6
We combine the energy estimate and the Y* estimate to obtain
1 o l1-o o
1Pyl Sputgy, asllwollms +T20;(1+ [lullG)llullx; +T = billull%y el (2.3.88)

This proves part a) of Proposition m
Now we move to part b). Let us first assume 7' < 1 (but independent of €). There are
two components to consider. For high frequency, square summing over j > 0 shows
1 o 1o o
1Psoullxs Spuigy lwollms + 721+ llull ) ullx + 772 lull%y lullx;.- (2.3.89)

On the other hand, directly applying the maximal function/Strichartz estimates in Proposi-
tion and Proposition and Bernstein’s inequality to P<ou, we easily obtain

| P<ou|

x5 S uollzz + 1 Peo(ul o)l 2 < lluollzz + Tllulls (2.3.90)

From the above bounds, we see that the X3 norm of u converges to the H} norm of the

initial data as 7' — 0F. Let us now make the bootstrap assumption [lul/x; < 2. We then

obtain from the above estimates,

lells. Sl Nluollms < € (2.3.91)
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where T' < 1 (but independent of ¢) and 1 < s < % To obtain the estimate for 7' ~ 1, we
iterate the above procedure O(7T~!) many times (after suitable translating the initial data).
This proves part b) of Proposition [2.3.6}

Next, we turn to the proof of Proposition We proceed in a similar manner to Proposi-
tion [2.3.6 and prove separate estimates for the Y and L L2 components of the X% norm.

For this purpose, we have the following two lemmas:

Lemma 2.3.19. (Y} estimate) Let v, o, T, w, g and a be as in Proposition m Then we

have the Y, estimate,
1 g —0
Wlive < lvollzz + T2 (1 + [[wll ) vl xg + T llgllzllal g vl xo. (2.3.92)

Lemma 2.3.20. (L L? estimate) Let v, o, T, w, g and a be as in Proposition m Then

we have the estimate,
1Pulliepers < llvollze + T llgllzllallxpllvllkg + T llwll s vl e - (2.3.93)

We begin with Lemma [2.3.19, The proof is almost the same as Lemma [2.3.10] with a

couple of small differences. As in (2.3.28]), we consider a similar paradifferential truncation

of (2.3.21)),
(160 + 0205 = 1Py 4 (s () wl)0u0; + 1Py a5 (W) w)Opv; + f; + g5 (2:3.99)
where ¢; and x; are as in (2.3.28)) and
fi 1= iPj(Psj-a|w|* 9,v) + i[ P}, Pj_alw]*] 0,0, (2.3.95)
gj := 2P;(0,aRe(gv)). (2.3.96)
Analogously to the proof of Proposition [2.3.6] we define
1 — o
(@) = =5 Pejady [ ([ ) [l *] (2.3.97)

and consider the new variable
;= e’ (2.3.98)

By direct computation, v; solves the equation,
(10 + 07); = ie"9 Pej_a[p;(|w]*) w[*7]0pv; + (=0, ¥, + 107 — (0,F;)%)7;
+2¢™i Pj(0,aRe(gv)) + €™ f;, (2.3.99)
’lN)](O) = e“’fvj(O).
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Now, Proposition [2.2.3] Proposition and a similar argument to Proposition yields

the estimate

1
lwllve St llvollze + T2 [1+ [wllx]* o]l xg

(ZH )7~ Pi(90s av)HLle)

7>0

1

2 (2.3.100)

It remains to control the last term. Indeed, we have by Bernstein and Sobolev embedding,

(D27 Pi(90zav) | y12 S 27 V|| Pi(g0pav) |y 12

~

< 2j(0_1)||P<j_4(8xag)pjv||L1TLg + | Pj(P=j-4(0zag)v)

.
i3
(2.3.101)
For the first term, we have by Bernstein’s inequality,
21| p aang 12<T48aoozgooooPD‘Tlv 4 [0
| Pej-a(0zag) Pyvll Ly L 10zallree 2|9l g | L4 L2 (2:3102)

ST llallxp gl 212D 0l e
For the second term, we have by the usual Littlewood-Paley trichotomy;,

1P5(P2j-a(Gzag)o)ll | o2 S HPj(J':’j(@xag)qu)HL D NP(BGsag) Bo)ll |
T

1 3—20
IEWE:

3
Ls k>j

= K{ + Kg.
(2.3.103)

To estimate K7, we have

PPy 0ra0) P, 5 S 1P (0n0) | P,

THT

S IDS=7 R Py (90,0) || 1.2 || Pejoll s 1 1P DZ 7 0ll35 A

S T DYt Bi(gd,a) || 2.z 1ol o
(2.3.104)

where in the last line we used the fact that by Sobolev embedding,
1P<; D 0l g0 S lvllzgers + [1Poovllxg < llvllxg (2.3.105)

as well as [[Pjvllz2 < T%HUHX%. Now, setting a« = (1 — o + ¢)(20 — 1), we have by
Bernstein’s inequality, and a simple application of the Littlewood-Paley trichotomy,
1D Pi(90za)ll 1212 S 271 DS Pi(90:2a)| 12 12

S 27| D3 0sal +277|0all g2 1 D39 ra 1

T

et 191

(2.3.106)
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a+2e

Next, by interpolating ||D0“+‘58:,;(1||LﬁL2 between Dz°'a in L®L% and O,a in L2L32, for €

T
small enough, || D2*¢0, a|| < llallxs as long as o > 3 (because this corresponds to

L2

when ;%= < o — 3). Furthermore, clearly | Dg*¢gllr2 1o < llgllz- Hence,
1D Pi(90pa)ll 1212 S 27 Nlgllzllallxs. (2.3.107)
It is easy to see that a similar analysis works for Kg. Hence, we ultimately deduce that
K+ K3 S 27717 gllz )l all xpl|v]] xo.- (2.3.108)

Square summing now gives

2

(ZH )7 Pi(g0. av)l!pm) S T Ngllzllallxp vl xe. (2.3.109)

7>0

]

Next, we turn to the energy type L3¥L? estimate in Lemma [2.3.20, First, it is straight-
forward to verify by a simple energy estimate that P<qv is controlled in L L2 by the right
hand side of (2.3.93)). Hence, let us restrict to controlling P qv.

Proof. Let j > 0. Projecting onto frequency 2/, multiplying by —im, taking real
part and integrating from 0 to 1" gives
T
+ [ e oom
o IJr

(2.3.110)

T
1Pl s < [ Prooll3; + / / Py(g0,av)T + P;(G0,av)T;
0 R

= || Pywollis + 1 + I3.

Estimate for I/

For simplicity, we show how to deal with the first term,

/ P,(g,a0)7; (2.3.111)
R

as the other term (involving the complex conjugate of gv) is essentially identical.

We have by the Littlewood-Paley trichotomy,

[ Ptoduanyts = [ P(Peystammare)s + [ Peylytua) PPy (23.112)
R R R
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We expand the first term as
Py(Psj1(gua)0) = Py(Py(90,) Peyv) + 3 Py(Pulgdsa) Pov). (2:3.113)

k>j
We obtain by Bernstein’s inequality, Holder and a simple application of the Littlewood-Paley
trichotomy,

['| [ petsaapom

5 i+
SIPDem 27 (g0za)

_1 B _3_
HPD“" 20|37 || Py HLsz 1P<j (D) L2 50

LQU——I LgeL2

. L3 _ 1.9
S|P (gaxa)ll

2
g vl %o

3 19

143
<27t J(||D4" 2 EQHLOOLOOHa all ||D4U ’ 6a||LgoLzT)||v||§(%

"

LQU 1
S 27T lgllzllallxp vl
(2.3.114)

where in the last line, we used the assumption o > \/7§ The second term in (2.3.113)) is

similarly estimated by 27777 g[| z]lal| x3 [v]/%0 - Hence,
T
1P5(P=j-4(90:0)0)T5 | 1y 11 S 27T |lg zllall . [[v] %o - (2.3.115)
For the remaining term, we have
—g0.a = gD, Ha
%—o—i—a 0—%—5 %—0—1—5 o—1_¢

g

3 _o+e —i-¢ 3 ote o-l-¢
— D2 (9Dz ? Ha)+ D2 gD, * Ha+gD,Ha.
Now, we estimate each term, thinking of the second line as a single term for which we will
apply fractional Leibniz. For the first term in (2.3.116]), we have by Holder and Bernstein
inequalities,

r

~ 2 _ote o—1_—¢ ~
/P<jD§ gDy * “Ha)PuPjv
R

I 2o+ o—i-— ~ e
S 1P Di " (gDs > Ha)| P! >||L1L1 1Poll7% 1z
> S—ote o—3—¢ 2(1—c
S|IP;D2 " (gD: *  Ha) 3qu ol | Bl (2.3.117)

~ o—1-¢
ST \P(9Ds* “Ha)l| o [ Pjollg
T

STl ||DJ_2 “Hallazs | Prolls .
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where going from the second to the third line uses the fact that ¢ > \/75

Next, we estimate the second term in (2.3.116)),
/T o
0

—o+€e 0'—%—6 ~ §—U+€
/P<J(D gDz * “Ha)PoPp| S|Pl fera D2 " gllra e 1Dz * " Hallrz 10
R

< T lgllzllallxp | Poll3 o -
(2.3.118)

Using Sobolev embedding and the fractional Leibniz rule, the third term is estimated anal-

ogously to the second term.

Combining the estimates and square summing then shows
1E 0y S T lglizllallxp ol (2:3.119)
Estimate for J. A similar argument to Lemma [2.3.11| shows that
1By < T Mlwl* iz llwllxp ol . (2.3.120)
We now use the fact that for o > \/75, we have

w1l < lll25 (2.3.121)

2
To see (2.3.121)), first note that the Li°" L component is controlled by

w1 SlwllE e S lwli (2.3.122)

Lzo T L2 Ly ~
T

2+’

For the L°°W component, we have by Corollary [2.2.11) Sobolev embedding, and
the fact that (4" 2) <z
1
1D w2 e lwll e < lwll (2.3.123)
This easily gives
20—1 20—1
[ RO ) (2.3.124)

Flnally, for the L4TWx e component, we have by Corollary [2.2.11| and the fact that

2

3
S_o4 _ —
||D§ o 6|w|20 IHL%«L? rg ||w”ig‘1£V[}'§°o ~ |

]w||2” ! (2.3.125)
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which clearly gives

=)

| [w 2071, (2.3.126)

e S 01

Combining the above three estimates gives (2.3.121)).

Combining ([2.3.121)) and (2.3.120) gives

1Bl S Tl vl ko (2.3.127)

Combining the above estimates for I} and I3 completes the proof of Lemma [2.3.20]

Proof of Proposition [2.3.7] Now we complete the proof of Proposition

Proof. Combining Lemma [2.3.19| and Lemma [2.3.20] with an argument similar to what was
done in Propositionm gives for T~ 1 and ||g||z, [|w]|xz1, [lallx1 <1,

[vllxo < [lvollrz- (2.3.128)

]

2.4 Well-posedness at low regularity

In this section, we aim to prove local well-posedness in H? for s € [1, ] and o > i assuming
the conclusion of Theorem When 2 < s < 40, which will be justified in a later section
when we prove hlgh—regularlty estlmates. Given the estimates established in the previous
section, the scheme to prove well-posedness is relatively standard. We essentially follow the

approach of [240]. See also the recent preprint [173] for a more detailed overview.

Frequency envelope bounds

Proposition 2.4.1. Let \/75 < 0 < 1 and let u be as in Proposition [2.3.6 If a; is an

admissible frequency envelope for u, in H3, then a; is an admissible frequency envelope for
win Xi.

Indeed, let b; be a X7 frequency envelope for the solution u. Obviously by < ag, so let
us consider j > 0. By Proposition a), we have

[1Pyul

g + T2b;(1+ ull$) |yl

1-0
xp + T by llul %

x5 St ajl|uol X (2.4.1)
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Hence, by definition we have

by < a;(1+ [luo

— l1-0o o 1 g
ellull L) + T ulle + T0,(1+ Jlul). (24.2)

For T small enough, it follows from Proposition that
bj 5 aj. (243)

Iterating this procedure O(T~!) many times shows that this is true for 7' < 1. This completes
the proof.

Existence of H® solutions

Now, we construct local H® solutions to (gDNLS|) for 1 < s < % as limits of more regular

solutions.

Indeed, let ug € H*. Let u™ be the globally well-posed Ci,.(R; H2) solution (to be con-

structed in a later section) to the equation,

(10, + ?)ul™ = iju™|?9,u™,

(2.4.4)
U(()n) - P<nu0.
Let n > m. We see that v := u(® — (™ satisfies the equation
(10, -+ 2)umm) — [y 209, (mm) | jGinm) gy (m)yy(ma)
(2.4.5)
U(m,n) (O) = Pm§-<nu07
where 12 2

Using Corollary [2.2.11 Sobolev embedding, the fact that o > \/75 and Proposition [2.3.6, one
easily verifies that G(™™ satisfies the conditions of Proposition with |G| 2 <ol s
1 (with the implicit constant independent of n and m). One likewise checks using Proposi-
tion that u(™ satisfies ||u(”)||X% Slluollzs 1 uniformly in n. Hence, by Proposition ,

we obtain for 7" small enough (depending on the size of the H? norm of uy),

™|y S 1 Ps-<ntioll 2. (2.4.7)
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Hence, u(™ is Cauchy in X% and thus converges to some u € X%. We show that in fact

u™ — uin X3.

To see this, we let a} and a; be admissable frequency envelopes for P,ug and ug respec-
tively, in H3. Clearly (a}) — (a;) in I5(Ng) as n — oo. Now let ¢ > 0. Then thanks to

Proposition [2.4.1], we have

1P ™|

Hs- (2.4.8)

X5 S ||(a?)N>j||l§v(N)||u0|
Hence, for n > ny(e) large enough, we obtain the bound,

1P ™|

xS e+ ||(aj)N>j||z§V(N))||uo| H; (2.4.9)

where the implicit constant is independent of j and n. Hence, there is j = j(&) such that for

every nm > ng, we have
1P ju™ | x; S e (2.4.10)

On the other hand, since u(™ converges in X2, it follows that for m,n > ng large enough
that

™ =tz S 27 ™ —ut™ | xg + || Poju™)

g+ || P>ul™)|

Hence, u(™ is Cauchy in X3 and thus converges to u. It is clear at this regularity that u

solves the equation (gDNLSJ|) in the sense of distributions. This shows existence.

Uniqueness and Lipschitz dependence in X"

Here, we aim to show that solutions in X7. (and thus, also in X% for s > 1) are unique and
that they satisfy a weak Lipschitz type bound in X?. For this, consider the difference of two

solutions u' and u?, v := u! — u®. We see that v solves the equation,

(i0; + 0%)v = i|ul[* Ov + iGOu v,

(2.4.12)
v(0) = u'(0) — u*(0),
where il 2
ull?e — [y2]%e
G = R (2.4.13)
We see that Proposition [2.3.7| applies, and we obtain the weak Lipschitz bound
lut —w?|lx, < llu'(0) = u?(0)]| 2. (2.4.14)

In particular, this shows uniqueness.
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Continuous dependence in H?

Here, we aim to show that the solution map is continuous in H*. Specifically, we show that for
each R > 0, there is T'= T'(R) > 0 such that the solution map from {ug : ||ug||gs < R} to the
corresponding X 7. space is continuous. By rescaling the data and restricting to small enough
time, we may assume without loss of generality that the conditions of Proposition [2.4.1| are
satisfied.

Now, let u{"” be a sequence in H? converging to ug in H:. Let a; and ag»n) be the asso-

ciated frequency envelopes for uy and ugn) given by (2.3.7). We have (ag-n)) — (aj) in %
Now, let ¢ > 0. Let N = N(e) be such that ||a§Z)N||1? < . Using Proposition [2.4.1, we
have || Psyul™||x; < ¢ for all n. On the other hand, using the Lipschitz dependence at low

frequency, we have
1Pon (™ — )| x5 S 2V ul” — o) - (2.4.15)

Now, for n(N) large enough, we have
[ Poyul™ — Poyullx; Se. (2.4.16)

Hence, for such n, we have

™ = ullxs < I1Pen (@™ = w)||xs + [|Ponvu™] x5 + || Povullxs S e (2.4.17)
It follows that
lim sup [|u™ — xs Se (2.4.18)
n—oo
Taking ¢ — 0 then yields
lm [u®™ — ul|x; =0 (2.4.19)

n—o0

as desired. This completes the proof of continuous dependence and also concludes the local
well-posedness portion of the proof of Theorem when s < 3. O

Further discussion of the proofs
We now provide a brief discussion on how one can, in principle, go below the H! well-

posedness threshold, as well as justify some of the choices made in the proof.

It is instructive to discuss a version of this gauge transformation method which was suc-

cessfully implemented in Tao’s article [312] which established local well-posedness of the
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Benjamin-Ono equation,
up + Hugy = utiy,

(2.4.20)
u(0) = uo,

in H!. The idea in Tao’s paper was to do a type of gauge transformation by defining
essentially,
w = Pypi(e”F) (2.4.21)

where F(t,x) is a suitable spatial primitive of u(t,x) and P,p; is a projection onto large
positive frequencies. Then one proves a priori H? estimates for w (which can be translated
into H} estimates for ). While the coefficient v in the nonlinearity in Benjamin-Ono is
only of linear order (and so one might at first naively suspect that this equation behaves
similarly to (gDNLS|) when o = %), the spatial primitive F' still essentially solves a linear
Schrédinger equation (up to a perturbative error). A refinement of this gauge transformation
idea appeared in [176] in which L2 well-posedness (among other results) for Benjamin-Ono
was proven. Loosely speaking, in this latter paper, the authors performed a gauge trans-
formation on each frequency scale to remove the leading order paradifferential part of the
nonlinearity and then performed a quadratic normal form correction to remove the milder
terms in the nonlinearity. Our so-called partial gauge transformation is more analogous to
what was done in that paper. Specifically, the analogue of F' in our proof is essentially the
family of functions ®; as defined in (2.3.29)), which in addition to the frequency localization
scale, takes into account the pointwise size of u relative to the frequency scale. However, in
our case, there is no obvious cancellation arising in the term (i0,®; + 92®,), which forces
us to estimate each term 9,®; and 92®; separately. This is one of the major sources for the

losses in our low regularity estimates.

This issue actually also adds technical difficulty when trying to lower the local well-posedness
threshold below H.. For instance, when estimating 9,®; in Proposition there are ex-
pressions essentially of the form

P_;0, (gv1v2) (2.4.22)

that we bound in LY.L where g is some bounded function and v; and vy are linear ex-
pressions in u, or u,. Unfortunately, in these expressions, it doesn’t seem that typically
the output frequency of the product guvivy is comparable to the frequencies of the individ-
ual terms v; and vq, and so the 0, L can’t be “distributed” amongst these factors to obtain

expressions with lower order derivatives in place of u,. One workaround to this issue could
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be to place any factors of u, arising in such an expression in an appropriate maximal func-
tion/smoothing space as in Proposition Proceeding this way will likely lead to losses
worse than the 1 — o derivatives already observed in the current low regularity estimates.
However, this should work in principle to lower the well-posedness threshold below H! when
o is close to 1. We decided not to do this for the sake of simplicity, as our preliminary
calculations suggested that the dependence of the well-posedness threshold on ¢ would be

rather complicated when s < 1, at least without introducing some new tools.

2.5 High regularity estimates

In this section, we aim to prove a priori H2*-type bounds for a global solution u to a family

of regularizations of (gDNLS]),

i0pu + 0?u = inP_g|v|* uy,

w(0) = Pyt (2.5.1)

where k € N, v € C*(R; HZ®), 2s is in the range 2 — 0 < 2s < 40, 1 is a suitable time-
dependent cutoff function which is equal to 1 on the unit time interval [—1, 1] and supported
within (—2,2), and vy € H2* has sufficiently small norm. The key difficulty here is to ob-
tain estimates independent of the regularization parameter k. As mentioned earlier, this is
somewhat subtle because the nonlinearity is too rough to directly obtain an energy estimate
by simply applying D2 to the equation. Our overarching idea, morally, is to instead obtain
suitable estimates for time derivatives, Dju, of order s < 20 for solutions to . This
is one of the key technical reasons for truncating the nonlinearity with the time-dependent
cutoff 7 and working with global in-time solutions to ([2.5.1)). For small enough data, one
expects to be able to construct a solution u to this equation on the time interval [—2, 2], and
then extend it to a global solution using the fact that u should solve the linear Schrodinger
equation for |t| > 2. The idea of truncating the nonlinearity with a time-dependent cutoff
in order to obtain global in time solutions (to facilitate use of Fourier analysis in the time

variable) is not a new idea. See for instance, [59] and [60].

Before outlining our strategy in more detail, we give an overview of the functional setting
and relevant notation for this problem.
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Function spaces and notation

Here, we fix some basic notation and describe the function spaces used in our construction

of solutions at high regularity.

We will use Si, Scr and S>j; to denote the temporal variants of the spatial Littlewood-
Paley projections Py, P<j, and P> as defined in Section We write ¢(277€) to denote the
spatial Fourier multiplier for P; and ¥(27%7) to denote the temporal Fourier multiplier for Sj.

We will also need to sometimes distinguish between a compact time interval and the whole
space in our estimates. For this purpose, let us denote for a Banach space X, VX :=
LP(R; X) (that is, we use a lowercase ¢ to emphasize when the underlying time interval is
R). For T' > 0, we use L4 X := LP([-T,T]; X) when we want to emphasize that the time

interval is compact.

Next, for the range of 2s € (2 — 0,40) we are considering, the smoothing and maximal
function type norms from the low regularity estimates are not needed. We modify our
function spaces accordingly and only use standard L2 based Sobolev spaces and standard
Strichartz spaces (see below). Since both spatial and temporal regularity will be relevant in
our analysis, we make the convention from here on that a real number s will correspond to
the Sobolev regularity of a function in the time variable. In light of the scaling of the linear
Schrodinger equation, it is natural to use 2s to denote the corresponding spatial regularity.
With this in mind, for s > 0 and 7" > 0, we denote the relevant Strichartz type space by
825 .= LIW?2>° N L H2. We also define the energy type space X2* by the norm,

2
[ullxzs := | P<oul| g rrzs + [Pl o przs | - (2.5.2)
T

>0
Clearly this controls the C([—T,T]; H**) norm. The reason we opt for this slightly stronger

norm (as opposed to just ||ul[ s p2s) is because it will be slightly more convenient for proving

frequency envelope bounds. Furthermore, we have the trivial embedding
X2 C X% (2.5.3)

Finally, since estimates for time derivatives will play a key role in our analysis, it will

also be convenient to introduce the auxiliary norm

lullzg,, = (Do) ullzpra + (D) * ull s (2.5.4)
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When ¢ = 2, we will simply abbreviate this by Z;.

The reader should keep in mind that although we will often time-localize u (or the non-
linearity) to be compactly supported in time, some mild care must be taken in the estimates
when nonlocal operators such as D} are involved. This is especially relevant when comparing

L;X and L7 X type norms.

A frequency localized H?* bound

The key result for this section is the following frequency localized H?* a priori bound for
(2.5.1]).

Proposition 2.5.1. Let 2—0 < 2s < 40, T = 2 and ug € H?. Suppose that u € C?(R; H°)
solves . Furthermore, let a; be a H2° frequency envelope for ug and let b} and b3 be
X7 frequency envelopes for u and v, respectively. Let b; := max{b}, b?} Furthermore, let
0 < e < 1 and assume that for each 0 < § < 1

HU”S}” + [1(i0; + ai)”’ 755108, Ss € (2.5.5)

Then Pju satisfies the estimate,

1Pyullizs < ajlluollzzs + b5e™ (ullyzs + llullsy) + b5 lullspllull vz vl g

(2.5.6)

824l 2y ol e

Furthermore, by square summing, we also have

lulla < luollzzze + € (lullZz + lullsy) +* lullspllull vz lollags + 2 ull5y vl 3s-

(2.5.7)

Remark 2.5.2. Crucially, it should be noted that the implied constant in the bound above

does not depend on the regularization parameter k.

Remark 2.5.3. The reader should carefully observe the restriction 7' = 2 and not T' < 2
in Proposition [2.5.1] This is because 7 is localized in time to a unit scale. More work is

required to show that we have suitable bounds for 7" < 2. This will be studied further in
Section

Next, we give a brief outline for how we will obtain such an estimate. As mentioned
above, to minimize the number of derivatives which fall on the rough part of the inhomoge-

neous term, |v|??, we will prove what is essentially an energy type estimate for Diu instead
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of D%y and use the bounds for Dju to estimate D?*u. This is consistent with the scaling
symmetry of . There is one technical caveat however. Namely, one expects to be
able to convert estimates for Dfu to estimates for D*u when the time frequency 7 of a
solution u to (2.5.1)) is close to —&? where ¢ is the spatial frequency (i.e. in the so-called
low modulation region). However, this is not guaranteed due to the presence of the inho-
mogeneous term in the equation. Therefore, we need a suitable way of controlling D?*u
for the portion of u which has space-time Fourier support far away from the characteristic
hypersurface 7 = —£2. In other words, we also need an estimate for u in the so-called high

modulation region.

With this in mind, we split our analysis into two parts. First, we prove an elliptic type
estimate in the high modulation region for solutions to (2.5.1)) which will allow us to suitably
control D?u in terms of the portion of D?u localized near the characteristic hypersurface,
as well as a lower order term stemming from the nonlinearity. To control D?*v in the low
modulation region, we essentially obtain an energy type estimate for Dju (the benefit being
that we only have to differentiate the nonlinearity s times in the time variable as opposed to
2s times in the spatial variable). When w is localized near the characteristic hypersurface,
this is precisely the regime in which we expect to be able to suitably control D?u by Dfu.

Proposition [2.5.1 will then follow from combining the low and high modulation analysis.

The high modulation estimate

We begin with the high modulation estimate, Lemma[2.5.4 This will be useful for estimating
the portion of a (time-localized) solution to (2.5.1) which has space-time Fourier support
away from the characteristic hypersurface. This can also be thought of as an elliptic space-

time estimate.

Lemma 2.5.4. Let ug € H> and suppose u € C*(R; H®) solves the equation,

(2.5.8)
u(0) = up.

Let 0 < s <1, 75,k>0,pq € [l,o0] and suppose |k — 2j| > 4. Then P;Siu satisfies the
estimate,
1Py Sk{Da)**ull o g + 1P Sk{De)*ull .z s S || PpSkDe) ™" fll o e (2.5.9)

The result also holds for k£ = 0, when S is replaced by S<q.
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Proof. We prove the estimate for (D,)?*u. The estimate for (D;)%u is similar. Notice that

[]:t,x(<Dac>288kP]u)](77 g) = <§>28¢(2_k7)¢(2_]§)[]:t,:v(gkpju)](Ta 5)

” o 2.5.10
—fz@w(ammfg)[ft,xsm(iat+a§>u]<ﬂf>- o

Hence, by Young’s inequality and (2.5.8)), we have (using that ¢(27%7)¢(279¢) is supported
away from 7 + &2 = 0),

(€)%
T+ &2
(€)%
T+ &2

KD2)* Sk Prullpprs < 1z [ Y27 )2 a1 160, + 02) SePyullp g

(2.5.11)

S 17 Y27 )2 Ly ISP f N e

It remains then to show that

(€)*

-1
H‘Ft,x [7_ 4 52

Y@ )o@y S 27070 (25.12)

A simple change of variables shows that

(&)*
T 4 &2

(27¢)>
2T 4 2252

[ V()o@ = |17 W(T)o(E)l sz (2.5.13)

Then we have

(2¢)*

(1) (27F 4257 ?)s
ohr t 2%g?

T 4 22-kg2

w(r)e(8) = 2* V(r)o(&) = 2TV Ek(r€). (25.14)
It is easy to see that for multi-indices 0 < || < 3,
0 Fip] S 1 (2.5.15)
so that (since ¢ is supported on [—2,2] x [—2,2])
02 Fills, S 1 (25.16)
with bound independent of j and k. It follows that

”]:-—1[ <2j£>2s

L 2k7- + 22j§2¢(7)¢(§)]||L%Li S Qk(8—1)||(1 + |IE| + |t|)_3||L%Li ,S 2k(s—1) (2517)

which is what we wanted to show. The case for (D;)%u is similar. O
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From this lemma, we obtain a very useful corollary which will allow us to control deriva-
tives of u in the high modulation region with convenience and reduce matters to proving a
suitable low modulation bound.

Corollary 2.5.5. Let u € C*(R; H), and let the notation be as in Lemma [2.5.4. Then for
every 0 > 0 and 5 > 0, we have

a) If0<s <1,

1P (Do) ull s + 1Py (Do) ull s So 1152 P5 (D) **ull pppg + |1 P{De)* ™ fllprs (2.5.18)
and
b)If 1< s < 20,

1P DY ull prz + P30 Da)* ullprz Ss 1182, P5(Da)*ull prz + |15 f|

zi5 (2.5.19)
ps
Proof. For a), this follows from the Bernstein type estimate

| D2 o Pjull pus ~ 11D Sos Pl cpis

and from Lemma by summing over k > 0, |k — 27| > 4 (which is where the requirement
of having § > 0 comes in to play). Then b) follows from part a) with u replaced by dyu and
s replaced by s — 1, and then by expanding 9,D* 2Pju = i0? D> 2Pju — iD* 2P, f. O

Remark 2.5.6. We remark that in part b), if f takes the form of f = inP.;|u|*"u, as in
then if 0 is sufficiently small, we expect to be able to control the last term on the
right as long as 2s — 2 < 20 which is satisfied automatically, because 2s < 40 < 20 4+ 2 in
the range % < o < 1. If we were looking at the case o > 1, this would present a new limiting

threshold for which we expect to obtain estimates for u, c.f. [324].

In light of the above remark, one should observe at this point that the high modulation
estimate above essentially reduces proving Proposition to obtaining an estimate for the
L3 H?* norm of a solution u to in the low modulation region, as well as controlling
an essentially perturbative source term stemming from the nonlinearity in . With this
in mind, we now turn to the low modulation estimate, which is essentially the heart of the

martter.
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Low modulation estimates

Next we prove suitable bounds for the L H?* norm of a solution u to (2.5.1)) in the low
modulation region. Specifically, we prove the following energy type bound to control the

portion of u which is localized near the characteristic hypersurface.

Lemma 2.5.7. Let ug € H?* and suppose that u € C%*(R; H°) solves (2.5.1). Let T = 2,
2 — 0 < 25 < 40, a; be an admissible H2® frequency envelope for ug, and b;, b7 be A7°
frequency envelopes for u and v, respectively. Take b; := max{b}, b?} Let 0 < e <1 and
suppose v satisfies the estimates,

lollsses + 118, + 82)ol

Z;O’H‘;ﬂ&fp S(; e (2.5.20)
for each 0 < 0 < 1. Then for every j > 0, we have

152 Py D3 ull 5o 12 S af ol e + b3 (lullZze + Ilull3y) + 03 Hlullsp lullage lv]lazs

Y
020l ol

(2.5.21)

Remark 2.5.8. As a brief but important remark, it should be noted that for o > 0 there is
no need to distinguish between |[u[| oo and ||ul|Lsome. This is because outside of [-2,2], u

solves a linear Schrodinger equation, and so the HS norms are constant on both (—oo, —2]
and [2, 00).

It will also be convenient to introduce the notation v := nv where 7 is a time-dependent
cutoff supported in (—2,2) which is equal to 1 on the support of 7. For notational conve-
|20'

nience, we also write [v|2} to denote P;|v|**. Now, we begin with the proof of the energy

type bound in Lemma [2.5.7]

Proof. Note that we can write 1|v|%, = 1|9]|%%. Next, we apply So;Pj := Spj_42;14P; to the

equation and see that ngPju solves the equation,
(Zat -+ 82)5’2]-Pju = ZngPj(n’ﬁ’ial-cum)a (2522)

with initial data (Sy;Pju)(0). Next, we do a paradifferential expansion of the “nonlinear”
term z'S’Qij(n]@ 29 u;), in both the space and time variable, which splits this term into five

interactions. Indeed, first by commuting the spatial projection P;, we have

So; P; (1|0 uz) = Soj (inPej_a|0]2%05 Pju) + Sa;(in] Py, Pej_a|8|%3)05u)

o X (2.5.23)
+ SQij(ZT]PZj_4|U|2<26xU).
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Then by commuting the temporal projection ggj in the first term, we obtain

S Pi(in]01%ua) = S<ajs(inPe;ja0|%3)02P;Saju + [Saj, S<aj—s(inPe;al0|%,)]0, Pyu
+ Sy;(Ss0j-s(inPej-a|0]25,)0x Pu) + Sa;(in[ Py, Pej_a|0]23]0:u)
+ 855 P (1P j-a[0|%,0,0).
(2.5.24)

We label these terms in the order they appear above as Ay, ..., As.

We make a brief remark about each of the above interactions before proceeding with the
estimates. The first term, A;, which corresponds to the low-high interaction (in spatial
frequency) between the coefficient in|0]%, and d,u reacts well to a standard energy type
estimate for P;S;;u since the single spatial derivative 0, on P;Syju can be integrated by
parts onto the coefficient in|0]25,. The terms A,, A3 and A, are expected to be treated per-
turbatively. These in a very loose sense correspond to more balanced frequency interactions
for which (space or time) derivatives can be distributed somewhat evenly between the terms
dyu and in|0]2%,. The most serious issue comes from Ajs, which is the situation in which the
coefficient in|0|%%, is at high spatial frequency compared to d,u. Some care must be taken
here to ensure that this term is not “differentiated” 2s times in the spatial variable, but

instead “differentiated” at most only s times in the time variable.

Now, we continue with the proof. We begin with a standard energy type estimate. In-

deed, multiplying (2.5.22)) by —i24j8§2iju, taking real part and integrating over R in the

spatial variable and from 0 to T with |T'| < 2 gives,
) i 5
1D 8o Pyull e 2 S 29 (So; Pyu) (O)72 + Y I} (2.5.25)
k=1

where .
It = 24ﬂ'5/ |Re/—¢Ak§2iju|. (2.5.26)
=T R

Now, we estimate each term. We need to deal with both the initial data term given by
2475 (Sy; Pju)(0) |2, and the I¥ terms for k = 1,...,5. First we deal with the latter terms.

Estimate for Ijl
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We integrate by parts and use Bernstein’s inequality to obtain

T ~
I; = 24]5/ (Re/ S<aj-8(11Pxj-4|0]23,) 0052 PjuSs; Pyul
R

-T

T
S 2438/ |Re/5<2j8a:c(77p<j4’77|2<6k)’52jpju’2|
R

-T
S 2Vl Ze oo lva | g noe 1 Pyl 7o 2 (2.5.27)
< B0l ulls

< b3 ||ulFeas-

Estimate for 1]2

As mentioned above, this term can be treated perturbatively. For simplicity, we denote
g :=inP-;j_4|0|%,. Then Lemma gives

[Saj, S<aj—s(inPeja|0|2))0p Pyu = 27 | K(5)[0S<2j-sg](t + 51, 2)[0u Pyul(t + 55, 2)ds

RQ
(2.5.28)
for some K € L'(R?). Hoélder’s inequality, Minkowski’s inequality, Bernstein’s inequality

and the fact that || Pjul[zerz = || Pjul|per2 then gives

T
2929 [ KO [ [ [0St + su0)0uPul(t + sa,0)|[(5yPyu) ¢, )| dodeds
R2 —-T JR

S 2’j24j8|’3t5<2j789HL?L3° HPJu”%%OL%

S 202050y gll  x Pl

t T

l_i_‘il _
SIDET? (nP<j_a|0)2%) ||

2 2
s PP

(2.5.29)

where gy < ¢§ is some small positive constant. From the fractional Leibniz rule and then the
vector valued Moser bound Proposition [2.2.7 Sobolev embedding and then Corollary [2.5.5]

we obtain

D%+%J P . ~|20 < |ls]|20 ~1120—1 D%+570~
1D (nP<j-a|0[Z) | i ||U||311,+||U||L§°Lg°|| ;oo o

L2L; LiL:® (2.5.30)
g%,

N
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Hence,
I3 < b3e*||ul 3 (2.5.31)

Estimate for IJ?’

This term can also be dealt with perturbatively. Indeed, we can use Holder and then Bern-
1

stein’s inequality to shift a factor of D? onto the rough part of the nonlinearity,

I} < 299|805 (S>0;-8(nPej-a|025) 0 Pu)[| 12 2 || Pyull 12 2

S 218508 (1P<j-a|01Z) | 1200 |1 P D3| 70 12

i -2 (2.5.32
< 1852-s D (1Pesalt50) ez | P D2l e )
21z ts ~12 2
< ijDt2 > (nP<j_a|v <J’“)HL%L§0 Hu”xq%s
By a similar argument to the estimate for I ]2, we then obtain,
I} < b7 ||| %z (2.5.33)

Estimate for IJ‘.1

This term is also straightforward to deal with directly. The estimate is somewhat analo-
gous to I7. We have by Lemma [2.2.1}

[P, Pejalt]2]0pu = 277 ) [Pejmadu02) (x + y0) [P0pu) (x + yo)dy  (2.5.34)
R
for some integrable kernel K € L!'(R?). Hence, by Minkowski’s inequality, Holder’s inequality
and Bernstein’s inequality,
I} S 10015 Ly e 1 D2 P e 2

< b3 ||ul R

(2.5.35)

Estimate for I;’

As remarked on earlier, this is the most troublesome term to deal with since the rough
coefficient |0]%9, is at high spatial frequency. To deal with this, first write w = nu. We
expand using the Littlewood-Paley trichotomy,

S Py (nPsj-a|01%500u) =Y S Py(Po|#[25,0, Pruw) + S5 Py (Py[5[25,0, P<jw).  (2.5.36)

m2j
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The first term above, where the frequency interactions between 9,w and |0]%, are balanced,

is relatively straightforward to estimate. Indeed,

T
24js/ |/Sszju Z S Pj( Py |0]25,05 Prw))|
-7 JR

m2j

S 1D 85; Pyull e 122 Y Sy Py (Pon|0]230 Brtw) | 3 12

m>j
S 1102 Prullugsnz Y 21 Pl 0250 Pl 122
m>j
S billullaz > 29| Pl 625,00 P 11 12 (2.5.37)
m>j

< b3 10u1912 g el e S 2207 By D2 51
~ Uil Oz [V <kll LL Loo [ W] 2028 m 3 Ul Lger2

m>j
S by llullge > 207 b,

m>j

< 0% |l %

where in the last line we used the slowly varying property of b;.

For the second term in ([2.5.36)), we distribute the temporal projection to obtain

So; Py (P;|5]%5,05 Pejw) = Soj Py (D] 0]25,05 PejS52j—sw) + Sa;j Pj(P; 5551|2305 Pej S<aj_sw).
(2.5.38)

For the first term in (2.5.38)), we use Bernstein’s inequality and then Corollary [2.5.5, which
yields

2%9°(| 8o Py (P;15]25,00 P S2j—sw) | 11 12 S 2790 | D0 (0] || 1 e | S52j—s D w]| o2

5 2—jaoHDglc+ao‘U|26||L1TLgoHP§0522J’—8D5wHL?°L3

2
+ 27j5°HDi+EOIUPUHL1TLgC (Z HPmewH?:;x’Lg)

m>0
S 27| D00l 1 oo ([l azs + gl a1)
(2.5.39)
where g := (i0; + (93)11} and 0 < g9 < ¢ is some small positive constant. If gy is small

enough, then Corollary [2.2.11| gives || D" [v[*|| 11 e S [[v]|%3;5 < €. Then finally by
T

~Y
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taking 2770 < b;, it follows that
2%9°| Sy Py (P[0123,0; PejSza-sw)llirz S 0™ (lullage + llgll goo1+9)- (2.5.40)

Now we look at controlling the second term in (2.5.38). We use Bernstein’s inequality and
the fact that w = nu is time-localized to obtain

2%9%|| S0 Py (P80 8|23,00 Pej S <ajmsw) || a2 S 2%9°(| PS50 23,00 Pej Scajmswl 13 12

P (2.5.41)
S lullsy D7 PiSa; |07 | 2z -

Here we crucially ensured that the time derivative D;, rather than the spatial derivative D2

fell on the rough part of the nonlinearity.

To control || D;P;Sy;|0]%| r2r2 we will need the following low modulation Moser type es-

timate.

Lemma 2.5.9. Given the conditions of Lemma [2.5.7] the following estimate holds:
Hpjg%DfW%HL%Lg N bjé?%_l(é“ + HU||X%) (2.5.42)

We will postpone the proof of this technical lemma until the end of the section.

Combining Lemma and the estimate (2.5.37) allows us to estimate I? by

7 S 07 (lullgs + lullsy + 1905 500) + 056 Nullsy lullags [0 - (2.5.43)
Finally, combining the estimates for [ jl, o d ;’ now yields

1D% S Pyullserz S 29 (Sa; Pu) ()72 + b3 (ullas + lully, + gl Zs-ves)

(2.5.44)

2 fullsy e ol

Next, we need to control (Sy; Pju)(0) in terms of Pjug. To accomplish this, we use the high
modulation estimate Lemma [2.5.4, Namely,

2%9%||(Sa; Pyu)(0) |22 < 1D Pyuolz2 + ||(1 — S;) Py D2l pee 2
SIDZ Pl + 1S<oPs D2 ullere + Y I1BSmDz ullipers
m>0,lm—2j|>4
S ID2 Piul| 2 + [1(De)* 0 Py (025 || ger2-
(2.5.45)
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In light of (2.5.44]) and (2.5.45)), to complete the proof of Lemma it remains to estimate
the latter term on the right hand side of (2.5.45) as well as [|g[| ;s-1+s. This is done in the

following lemma.

Lemma 2.5.10. Let s,0,T, up,u,a; and b; be as in Proposition [2.5.1, Let v also be as in
Proposition [2.5.1], but with (2.5.5)) replaced by the weaker assumption that for all 0 < ¢ < 1
and 0 < 0 < 1,

Jollsges + 11+ ol

4us So €. (2.5.46)

5—
')

Then we have

1Bl s S b2 (ullsy + Nullyzsees) + by ullgyloll gorsves — (25.47)
and

1(i0; + 0wl g5 = llgll garvs S Null gzomrves + llullsy, + lullspl[vllgzs-rees,  (2.5.48)

for some constant ¢ > 0.

Remark 2.5.11. The reader may wonder why we estimate the full Z571*° norm in the
above lemma. Although the argument up until this point only requires us to estimate the
component of the Z5- % norm involving the time derivative, we will need to also estimate the
component involving spatial derivatives in the next section when we establish well-posedness

for the full equation in A2

Proof. We begin with . For the purpose of not having to track all the factors of ¢§
that appear throughout the proof, we will denote by ¢ > 0 some positive constant which is
allowed to grow from line to line. First we study the component of the Z7 1% norm which
involves the time derivative. By considering separately temporal frequencies larger than 2%
and smaller than 2%/ we obtain (using the vector valued Bernstein inequality),
1BHD) ™ (0|2 ua) | ooz S 277 || Py(Da)** > (0|62 ) | 1o 12

9=20|| P. S (DN~ 1H (512 (2.5.49)
+ [1P5:S>2(Dr) (M0 Zwa) ez

Hence,
125 (520 ) || gz r00 S 27| P D) 224 (00 21z )| e 12

o * (2.5.50)
+ 2780 PySsa (Dy)* 0 (0]025ua) || e 2.

We now look at the first term in (2.5.50). The bound

27| Py (D, )2 ()0|Zua) | oz S bi€™ lull yas-sves + b3 Hulsplloll gzs-1ves (2.5.51)
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is a straightforward consequence of 272 < b; and the fractional Leibniz rule if 2s — 2 < 1.
If 2s — 2 > 1, then for the homogeneous component, we have
| D274 (inPeg|v*ug || rge 2 S D252 (inPa 0> g ) || £go 12

(2.5.52)
+ [nDZ =2+ (RePeg(|0]*" D0y )ua) | o2

By the fractional Leibniz rule and Sobolev embedding, clearly the first term above can be
controlled by &2 ||ul| xz—1+es. Using the fact that 25 —3 < 20 —1 and applying the fractional
Leibniz rule, Corollary (when D273+ falls on |v]|??~?D) and interpolation, we can
control the second term by

52U||u||X%s—1+c6 + 520—1 ||U||S% ||U||X721571+c§ (2.5.53)
to obtain the desired bound ([2.5.51)).

Now, to estimate the second term on the right hand side of (2.5.50]), we use that 2=%% < b;
and estimate

2720 BSsgy (D) 0| Zun) o1z S bl PiS2i (D)™ (0|2 )l e 22

N Z ||ﬁ)jSm<Dt>s_1+C6(77|@|2<(2uw>”L;’OL%

m>2j
Sbi > 1PSm{ D) (S s (0]0]25) St | 1o 12
m>2j
+0; > BSm(De)* ™ (Soma (001250 | e 12
m>2j
(2.5.54)
For the first term in (2.5.54)), we have by Bernstein’s inequality,
bi Y 1PS (D) (Scpma(nl#[25,) St | o 12
m>2j
D s—ite ~120 \ Q
S b Y I1PSm (D)2 (S a (08125 Smte) | 112 (2.5.55)
m>2j

+05 > I1PSm (D)™ (Scm-a(ndel125) Stt) || e 12

m>2j
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Using Bernstein’s inequality and Corollary [2.5.5] we may control the first term by

b > 1S (D) ™5 (S o a(n]525) ) ooz S by l[0l|% (D) 2P| oo

m>2j
_1
S bie [(Dy)? 2+C§UHL§°L%

< by (lull qze-rves + [[mlv]Zus |

Z;?%«H:é)‘

(2.5.56)

For the second term in ([2.5.55)), we obtain also

b D I1BSu{De)* (S cona(nOu|0125) Sutt) | oz S O3B e s D)™ Pt e 1

m>2j
~ _ 1
S billloP N oo (D) 4 (Do) 20| oo 12
_1 _1
S 0, (D) 2 ul| ez + [(Da)* 2 ul| o 2)

S b ([[ull xze-rees + [l Zyue|

s %«k 6)'
Zoo

(2.5.57)

For the second term in ([2.5.54]), we obtain

bj D IBSm (Do) (Szmoa (0125 1) o1z S bylluall ez 1{D) ™ (0] 25) | e e

m>2j

S bjllullsy (D)~ (o)) | e e
(2.5.58)

We have by Sobolev embedding, the fractional Leibniz rule and the Moser bound Proposi-

tion [2.2.8]

(D) = o2 e ree S (D)~ (D25

S el

L L%
2 + (Do) Pl o

I

SWorl 5+ 18P0 T4 (25.59)
t z

x z t

§€2"+H|ﬂ\2"*1HLg (D) +C‘“H
t

LwL5

S < 1 ol (D Sy,
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Now, notice that by Corollary [2.5.5]

—14cb ~ “14ed o ~
(D)5 4 S D DR g

LOO
3>0 ’
_1+ 6 l ~
S Z [{(Dy)*~ 7 <D$>2Pjv||L§L%
Jj=0
1 - _1 ~
SO IND) TR 4+ Y ID) TP g
>0 T g20 Y

. s 1S T ~ ~ s—31cs, - .
S ol + 3 (DD Pl g, + 1D 50+ 3Ryl )

720
r _3 . ~
S vllaz-rses + > IBH{D)* 2 (i, + Nl 4,
720 ‘

(2.5.60)

To control the latter term above, there are two cases. If s — % < 0, then this term can be
easily controlled by ¢ by commuting (i0; + 9%) with 7j and applying Holder’s inequality. If
s — % > 0, then we have (after possibly enlarging cd)
D s—34chy; ~
S IBADYE i, + )7 4

t x

Jj=0
S IO, + )l 5, + (D) =@ 3,
s—34c . 2 s—21¢8 ~
S DY H S ntide+ Sl g, + D) HIS @Ay
(2.5.61)

By doing a paraproduct expansion of
Sk(n(id, + 82)v) = Sp(S<k-an(id, + 87)Sv) + Sp(Szk-an(idy + 82)v),

using Bernstein and Hoélder’s inequality, summing over k, and possibly enlarging the factor

of ¢d, we obtain

<e. (2.5.62)

3
s—3+cd
Zoo 270

_34. . .
> IDYF S0+ 2ol s S N1+ 02l

k>0

A similar argument involving a paraproduct expansion of Si(d;nv) can be used to show

H<Dt>s_%+065k(8t77”)”L%L2 Se. (2.5.63)

t
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Therefore, the second term in ([2.5.54) can be controlled by
bjEQUHuHS% + bjez"*lHuHS%HvHX%S_Hca. (2.5.64)

Combining this and (2.5.55)) with (2.5.51]) yields the estimate,

1B (6|20
S i (lullgzerves + lullsy, + Inlo|Getall jo-goes) + 058" lullsy [0llzores.

(2.5.65)

By square summing ([2.5.65)) and applying (2.5.65) with s — 1 replaced by s — %, we obtain

Z§<,_1+5

ot —gcs S €2l gsies + ullsy + [lefZhnall zses) + €27 ul sy ol zroos
(2.5.66)

and since s < 2, it follows that if ¢ is small enough, then
In|v 2<Ukux“Zgo—2+c5 < 52"Hu|])(qgs_1+ca. (2.5.67)

Therefore, the bound

15 (]2

o S 0E% ([Jull yas-vves + lullsy) + b Hlullsyl|vll yzs-vees  (2.5.68)

follows.

For the estimate (2.5.48]), we have

‘20

I o5 S 10umul ass + Pl ores. (25.69)

The first term above is controlled using Corollary by

||8mu\ Z571+6 < HUH/"(%S*HC‘S + H<Dt>871+6(aﬂ7u)”[ltooLg

< HUHX%S—I-&-C(S + |’8t277uHZgo—2+c5 + ”8t77(np<k”0’20u93)HZgO_2+06 (2.5.70)

< ull o1

where in the last line, we used that s < 2. The second term in (2.5.69) can be estimated by
square summing (12.5.68)). This completes the proof of Lemma [2.5.10] O

Finally, we complete the proof of Lemma [2.5.7 This simply follows by combining

Lemma [2.5.10| with the estimates ([2.5.44]) and (2.5.45)). [
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Proof of Proposition [2.5.1
Finally, we prove the main estimate of the section, Proposition [2.5.1]

Proof. Let 0 < 6 < 1. From Corollary [2.5.5 we have

1Pl oo rze S 11925 Pl e sz + 175 (9] )|

By Lemma [2.5.7, we have

Yetts: (2.5.71)

150 Pyul 7o prae S 3 lluol|Frae + 037 (Il iz + lullZy) + 056 ullsa [full xzs 0] ze
B2 2y ol
(2.5.72)
Furthermore, by Lemma [2.5.10, we have
1By 02000 e S B2 (ullese + Il ) + 822l ol 0575
<022 (lullyge + luly) + 022l 1ol %
This completes the proof. O

Proof of Lemma [2.5.9

It remains to prove the technical estimate Lemma [2.5.9] This will follow from the slightly

more general estimate:

Lemma 2.5.12. Let T =2, 1 < 0 < 1 and u be a C*(R; H°) solution to the inhomogeneous

Schrodinger equation,
(10, + OP)u = f (2.5.74)

supported in the time interval [—2,2]. Furthermore, let b; be an admissible X7* frequency
envelope for u (here we don’t assume that the formula is necessarily given explicitly by
(2.2.4)). Then for j > 0 we have,

a) If 0 < s <1, then

1P, S0 (Ju*) 222 < billullZ ™" (ullage + 11 £1ls)- (2.5.75)

b)If 1 <s <20 and 0 <0< 1, then

125 S0, D5 ([l 22 S biA(llullxgs + 1 f llsg. + 1]

Z;Ha) (2.5.76)
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where

A= (Jlullsies + 11 fllss)* ™ Ao (2.5.77)
and Ag is some polynomial in HuHS%H + [ fllss -
Remark 2.5.13. We only prove the above estimate for P;Sy;Di(|ul*?) in L?L2. Although

the estimate is almost certainly true for a suitable range of p > 1 in LY L2, we do not pursue

this here, so as not to further complicate the argument (specifically, the proof of b)).

Remark 2.5.14. We do not claim that the factors of || f||so, || f]|

the estimate are in any way optimal (in fact, in many instances in the below estimates, they

zs-1+s and A that appear in

arise in relatively crude ways). We opted not to carefully optimize the inequality because
it will not affect the range of s for which Lemma holds, and also because the current
form of Lemma [2.5.12 can be more easily applied to establish Proposition [2.5.1]

Proof. a) For notational convenience, we will sometimes write F(z) = |2[** 2z and P-ju =

U;. Now, for each j > 0, we write

D; 52 Pilul* = D§ 89, Pj| Pejul® — Dy Sa; Py(| Pojul® — |uf*’)

_ ) 1 (2.5.78)
= DiSyPPeyul’” + 20Re | PSa, Di(F(y(6)) Poyu)dt
0
where
y(0) :==0u+ (1 —0)Pju. (2.5.79)
For the first term, interpolating gives
||ng2ij|P<ju|20||L%L% S_, ||§2ij|P<ju|20||1L§zi||SQJ‘P](F(U<])P<]ut)||i?L?E (2580)
By expanding u,; in the second factor, we obtain
155 P (F (uei) Pejue) 212 S 1152, P (F (uey) Pejias )| 1212 (2.5.81)

+ 1|82 Py (F (ue) Pej )l 1212
We expand the first term in (2.5.81)) using the Littlewood-Paley trichotomy. Then Bernstein’s
inequality and Corollary [2.2.11] yields

152 P (F (<) Pejtta)l| 212
S 1PejoaF (uss) Pytigs || 212 + | PsjaF (<) Pjtisell 212

< b2 |l lullage + 22709279 DR F (usj) | o nee | D2l o2

< 0,207 a2 e

(2.5.82)



CHAPTER 2. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 7

For the second term in (22.5.81)), we obtain (by taking 22/(=1) < b;)
||‘§2]P]( (u<])P<]f>||L2L2 S b 2%01= 5)H ||20 1||f||L§°Lg (2.5.83)

and so by Bernstein, the estimate (2.5.80)) becomes

1D; So; P;| Pejuu* || 212

< 2ol 5 lullage + bllll 1l 2l |2y Pi Pajul® 1 27

< llull lllage + 031l e 211D So Py | Pyl | 7
(2.5.84)
Hence,
105 82 Py Pejul ™l 2z < byllullg lullage + byllull 3 1 fll ez (2.5.85)

For the second term in (2.5.78), using that 227°||Psjull;212 S 1D Psjull 2.2 and Corol-
lary [2.2.11] leads to the estimate,

1P S2; D (F (y(0)) P ju)l| 1212

< 27| By (F (y(0)) P=ju)ll 1212

(2.5.86)
S 0 l{D2)° F(y(0)) 5o e llull xzs
< byl g
Hence, by Minkowski’s inequality,
1 ~
20 Re [ P,SuDiF (@) Posu)dbl s SHllal Nulg (2587
0
Combining everything shows that
1D 82 Pilul* [l 2z S Osllullgy ™ lullage + bllullE 1 fll gz (2.5.88)

This proves part a).

Next, we prove part b). By commuting through the temporal projection, we obtain

1525 P D3 (Jul*7) | 122 S 11525 D5~ (S<a ([ul*~*0) 0pSoju) | 212

. b (2.5.89)
+ (199,057 (S ([ul ™ ~*0) Oy | 212
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The first term in (2.5.89) can be estimated by Bernstein’s inequality to obtain
152 D (S ([l 2 0)0pS2ju) 202 < Nullg 1105 0uSazull 2z (2.5.90)

Then writing

2
I1D; = 0 Sajull a2 ~ I1D;™ 9uSa; Peoul| 212 + (Z ||Dflat52jpku||ing> (2.5.91)

k>0

and requiring b; > 279% applying Lemma and then square summing over k yields

105 0y Sajull 212 S 1D Sy Pyl pare + 277 [ (De)* 085, fllpars

(2.5.92)
S bjllullazs + byl £l goorvs
To estimate the second term in (2.5.89)), we have two cases:
f1<s<o+ %, we obtain from the equation,
Sy D~ (Ssa;([u*~*0)0pu) | 12
192037 (S (2 0)000) 312 05

S 182, D5 (s (|ul* 20 02u) || 1212 + 152,05 (s (Jul*20) £) | 212

By Holder and Bernstein’s inequality, Sobolev embedding and Corollary[2.2.11}], the first term

can be estimated by

Q -1/a o—2— —j —14+3 o—2—
155, D57 (S5 ([ 2@) 020 | 22 S 270D 2 (Juf*~m)| | Ol

| 2
L57 LSTI LOOLETE

i s—1+9 _
S 27 |(Dy) w uHQ"zQ 2o [0
L P LT

S2 j6||<Dt> = UH%%% %”U”me“

2
coT 3—2s
LeL3

L 'L’
(2.5.94)
Applying Corollary gives
s—146 2s—2+45 s— 1+25_ o
KD 7 ul ity sy S I{D2) T ul*its sy + (1) > 1f\22011 st (2.5.95)
L7 LS LS~ pst T T

222 <1 — (35— =), when s < 0 + £, we have by Sobolev embedding in the spatial

variable,

20 11L2cr 1 ||U||L°<>HS+1 S vl ‘2;;15

t T

2s—2+446
i | 20—1

[{Dq) 27~
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for some fixed constant ¢ > 0.

Next, applying Sobolev embedding in the time variable, and using the inequality ||g||zz.2 S

|9/l Loz when p > g, we also obtain

s— 1+25 1

[{D¢) = f|| 2021 200 S 2o SIS
T LT L e (2.5.97)
S fllse
and so, the first term in (2.5.93)) can be controlled by (after possibly relabelling ¢),
27 (Jull szres + 1 llsg)* ™ Hlull e rrze S O Jull e rrze S DAl e (2.5.98)

For the second term in ([2.5.93)), we simply have by Bernstein, and Corollary [2.2.11] and

Corollary [2.5.5]

~ s—1 o—2—
180, D57 (S (02 ~20) )| g2z < 27701 D72 (fuf2~2m) | /]

L2a’ 1L20' 1 L4Lz37%
i 1.8 95—
S 2‘]“5(IIUII‘2;;IF+51 + ||f||2" 1)Ilfllsg
S A fllsg.-
This handles the case 1 < s <o + %
Next, suppose o + % < s < 20. By Bernstein’s inequality,
~ 1~ o . _1_|_§ o
152,05 (S5, (|ul* 2 u) D) |22 S 270D, 2 ([ul* )| ztr , gty 10l Lot
t x
—143 _9_
S s PR 1
t
(2.5.100)

Using Corollary [2.2.11] and then Corollary we estimate,

sfl+é _9__
1D (P ey S D) T uli

5(20-1)
s— 146 1496
S || P<o(Dy) = ull 7572 + (Z (D) = PUHL2L2>
7>0
25—2426 20—1

S D) =l 5 + 115

~Y

(2.5.101)
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Furthermore, we have by Sobolev embedding and the equation,

1010
T

ot d ol
[Opul] 2 S IKD) " 2ullgerz + (D)2 fllzgerz- (2.5.102)

Hence, we obtain

s—142 o9
bl Dy ()| e R o o
o432 o—1 252425 o
S b5 ((D2) " 2ull ez + (D)2 fllrer2) 1{D2) 51 ull 35,3 (2.5.103)

+ A ([[ull e rze + 1 Fll 75 10)-

To control the first term, interpolating each factor between L°H?* and L°H} shows that

25—2425 o 3 _
(D2 S wlP A D) bl rpons S Nl 2 el ey (2.5.104)

—2+426

For the second term, interpolating the (Dx>232v—1 u factor between L{°H} and L{°H?* and
the (D)% f factor between Li°L? and L° H?*~?*% and using that s > o + 1 leads to

(D)2

23 2+25

ull7 2 (s )77 flugerz S Allullsemze + 111l gorv0)- (2.5.105)

Now, collecting all of the estimates and using that ||u[| g p2s S [[ullxzs completes the proof.
[l

Finally, we use Lemma [2.5.12] to establish Lemma [2.5.9|

Proof. First, it is straightforward to verify that b? is a X2* frequency envelope for ¥ in the
sense that b7 satisfies property (2.2.3)) and is slowly varying. Next, we expand

(i0; + 02)0 = i0yijv + (i, + O2)v = f. (2.5.106)

Using an argument similar to what was done to estimate (2.5.61)) and applying Corol-
lary[2.5.5] it is straightforward to verify || f||ss +|| f]
immediately follows from Lemma [2.5.12] [

25140 S €+ ||v] xzs, and so the conclusion

2.6  Well-posedness at high regularity

In this section, we aim to prove Theorem [2.1.1 We begin by studying a suitable regularized

equation.
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Well-posedness of a regularized equation

Since there is an apparent limit to the possible regularity of solutions to , we con-
struct H?* solutions as limits of smooth solutions to an appropriate regularized approximate
equation. Like in the previous section 7 will denote a time-dependent cutoff with n = 1 on
[—1, 1] with support in (—2,2). To construct the requisite solutions, we need the following

lemma:

Lemma 2.6.1. Let 2 — 0 < 2s < 40. Let 2s > a > max{2 — 0,2s — 1}. Then there is
an € > 0 such that for every ug € H2® with |jug||ge < € and for all j > 0, the regularized
equation

(10; + 02)u = inP;|u|*’ O,u,

4(0) = P, (2.6.1)

admits a global solution u € C*(R; H°). Moreover, we have the following bounds for 7' = 2,

”u”)cgms}“ Se,

e (2.6.2)
(30 + am)uHsgngglﬂ Se,

where the implicit constant in the above inequality is independent of the parameter j and

where 0 < 6 < 1 is any small positive constant.

Remark 2.6.2. The smallness assumption on the H¢ norm of u will turn out to be incon-
sequential (by L2 subcriticality for (gDNLS])). This assumption is made for convenience to

guarantee (2.6.2)).

Let us now construct solutions to (2.6.1)). The first step is to construct solutions to an

appropriate linear equation. For this, we have the following lemma.

Lemma 2.6.3. Let n = n(t) be a smooth time-dependent cutoff with n = 1 on [—1, 1] and
with support in (—2,2). Let 7> 0 and v € L¥ L>®. Let ug € H2*. Then for each j > 0,

there exists a unique solution w € C([=T,T|; H.°) solving the equation

dw = 102w + nP;|v|*? 0w,

0(0)— P (2.6.3)

Proof. First, observe that for each n > j a simple (iterated) application of the contraction
mapping theorem in the closed subspace of C([—T, T]; L?) consisting of functions whose spa-

tial Fourier transform is supported on [—2", 2"] gives rise to a solution w™ € C([~T,T]; H)
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to the following regularized linear equation,

Ow™ = i0%w™ 4+ P, (P<i|v]*0,w™),

(2.6.4)
w(")(O) = P<jU0.

We show that the sequence w(™ converges as n — oo to some w € C([~T,T]; H®) which
solves ([2.6.3]). This follows in two stages, but is standard. First, for each integer k£ > 0, a
standard energy estimate and Bernstein’s inequality shows that w™ satisfies the bound

1™ Nl S exp(@ ™ 0l|Z o)l Pejuol| (2.6.5)

where importantly, the bound is independent of n (but can depend on j). Furthermore, a
simple energy estimate in L? for differences of solutions w™ —w(™ to shows that the
sequence w™ is Cauchy in C([ T,T]; L?) and thus converges to some w € C([-T,T}]; L?).
Interpolating against (2 shows that in fact w™ converges to some w in C([~T,T]; H®)
and that w solves in the sense of distributions, and furthermore that w satisfies the
bound for each k£ > 0. ]

The next step in the proof of Lemma is to construct the corresponding C?*(R; H°)
solution to . For this purpose, consider the following iteration scheme,

(Zat + 8g>u(n+1) — Z'np<j|u(n)|208£u(n+1)’

(2.6.6)
u("+1) (O) = P<jU0,

with the initialization ©(® = 0. Thanks to Lemma it follows that for each n, there
is a solution u™*Y ¢ C([-2,2]; HX) to the above equation. In particular, u™*!) can be

extended globally in time because for [t| > 2, u("*V) solves the linear Schrodinger equation.

Next, we have the following lemma concerning the convergence of this iteration scheme,

from which Lemma [2.6.1] is immediate.

Lemma 2.6.4. Let 2—0 < 2s < 4o. Let 2s > o > max{2—a 2s—1}. Let ug € H2® and let

u™*Y be the corresponding C(R; H, °°) solution to . Then there is € > 0 mdependent
of j such that if [|ug|lse < e, then u™ converges to some u € C(R; H) solving ({2 .
Furthermore, we have u € C*(R; H°) and the bounds

H“Hx;*ms;“ Se,

(2.6.7)
160, + 02)ull gz 100 S e
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Proof. We begin by showing that u(™*! satisfies the bounds

[u™ V| pagres S e,
M0y (2.6.8)
3

~Y

(60, + S20u™ V| g5y 110

for T = 2 uniformly in n. Given the initialization () = 0, we may make the inductive
hypothesis that (2.6.8) holds with n+ 1 replaced by n. Now, we prove the above two bounds
for w1,

We begin by showing ||“(n+1)||xgms;+5 < e. Indeed, it follows from the modification of
the low regularity bounds outlined in Lemma [2.3.18| that for 2s > a > 2 — o,

n+1 n+1

HU( )||qu,zng;+5§||u( )||X§- (2.6.9)

Then Proposition and the inductive hypothesis gives

™ % < Mluollfzg + 2 (a3 + IuV1E) + 2 ™ Dlsy ™ [lag ™|

R a2 [0

(2.6.10)
and so,
[u™ D% S luollFre + e lu® |3 (2.6.11)
From this, we deduce
[ | xa S e (2.6.12)
Next, we aim to verify the bound,
1(i8: + ) u" V| g5 p100 S & (2.6.13)
For this, we use the equation,
(10, + 02)u™ Y = inP_;|u™ |2 9,u" D). (2.6.14)
From Lemma [2.5.10 and (2.6.9)), we have
inPs 0™ P20, D gy e vss S € Ju™H D Ly S (2.6.15)

This verifies the uniform in n bound (2.6.8)).
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Next, we show that that u(™ converges to u € C(R;L?). Clearly it suffices to show (by
the localization properties of 1) that u(™ converges to u € C([-2,2]; L?).

We begin by estimating the L2 norm of u™1(¢t) — u(™(t) for |[t| < 2. Indeed, we see

that u(™t1) — (™ satisfies the equation,

(10, + 02) (u™ ™) — u™) = inP_;|u™ 270, (u™ T — ™) 4 inP;(|u™]* — [u" "V 9)0,ul™,
(2.6.16)
with (u™1) —4(™)(0) = 0. A simple energy estimate shows that for each —2 < T < 2

20—1

mH) U(n)”%;%g S ”U(n)||s;||u(n)||L39Lg°”u

Ju D = g

(n) (n)||20—1 (n—1)[|20—1 (n) (n—1) (n+1) (n) (2.6.17)
+ ([t ] s (™ | 73 Lo + llu e ne0) [ut™ —u [FPA — ™ 2

where all the implicit constants are independent of j. Using ([2.6.8)) and Cauchy Schwarz,

we obtain

n+1l) n+l) _

' u|[Fee s < ;LIIU( U | ez + ZHU( =Y s (2.6.18)

From this, one obtains
1 _
R ) (2.6.19)

Hence, we see that u(™ converges to u in C([~2,2]; L2). By a simple energy estimate, and
Bernstein’s inequality, it is straightforward to verify that for each integer £ > 0, we have the

uniform (in n) bound
||U(n+1)||c([—2,2];H£) < exp(2j(’“+1)Hu(")Hi%TaLgo)HPqUOHHé S ||u0||H35. (2.6.20)

Hence, by interpolating against (2.6.20]), we see that u(™ converges to u in C([~2,2]; H).
By differentiating the equation in time, we find u € C?([-2,2]; H).

It remains to show (2.6.7). Since u™ — w in C([-2,2]; HX), the X& N SL™ bound fol-

lows immediately from (2.6.8)). For the remaining estimate, we may clearly control
(i0; + 02)u = inP;|ul* dOu (2.6.21)
in 8 N Z514° by (after possibly slightly enlarging §)

%, yss + Pl Oyl gores S &+ [Pl Oyl yss (2.6.22)
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From Lemma [2.5.10] we have

llinP;|u|> d,ul g Se. (2.6.23)
Then applying Lemma again, using then gives

[inPej|ul* Oyul| ys-14s S . (2.6.24)
This completes the proof. O

Remark 2.6.5. Note that at this point, we haven’t said anything about the behavior of
(2.6.1]) as j — oo. For this, we will again need the uniform bounds from Proposition m

Well-posedness for the full equation

In this section, we prove the local well-posedness of (gDNLS)) in H?® for 2 — o < 2s < 40.

Indeed, let uy € H?* and let 2 — 0 < a < 2s. By rescaling (recalling the problem is L?
subcritical), we may assume without loss of generality that |ug||ge < € for some € > 0
sufficiently small, and construct the corresponding H? solution on the time interval [—1,1].
For 2— ¢ < 2s < 3, we construct the solution in the Strichartz type space X2° NS, where
0 < § < 1is any sufficiently small positive constant. When s > %, the extra S%J”S component

is, of course, redundant, thanks to Sobolev embedding.

We will realize H2 well-posed solutions as (restrictions to the interval [—1,1] of) limits of
smooth solutions to the regularized equation (2.6.1]). To establish this, we have the following

lemma.

Lemma 2.6.6. Let 2 — 0 < 25 < 40. Let 2s > a > max{2 — 0,25 — 1}. Then there is an

e > 0 such that for every ug € H2® with ||ug|/ge < ¢, the time-truncated equation,

(i0; + 02)u = in|u|** O, u,

(2.6.25)
u(0) = uyg,

admits a global solution u € C*(R; H°). Moreover, we have the following bounds for T' = 2,

H“Hx;*ms}“ Se, (2.6.26)
10, + 2)ull gz 100 S e,
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and also
1

lullZz: < Wﬂuonggu (2.6.27)
where C' > 0 is some universal constant.
Proof. 1f € is small enough, thanks to Lemma |2.6.1] for each 7 > 0, there is a smooth solution
ul) € C?*(R; HX) to the equation,

(i, + 02)ul) = inP;luuf,

. (2.6.28)
u(j)(O) = P<jU0,

satisfying
||u(])||X%nS%+5 + (i, + ai)“(])”s%nggl“ <e (2.6.29)

uniformly in j. Now, define for k& > j, v := u®) — () Then v*7) satisfies the equation,
(10, 4+ 02w = inP_p |u® 22 0,0 %) Lin P (ju®]* — uD)?)0,u) +inPjc. o |u? | 0,uP,

(2.6.30)
with v*7)(0) = Pj< -u. Multiplying by —iv(¥4) taking real part and integrating over R and

from 0 to ¢ with |¢t| < T leads to the simple energy estimate

lo* N e 12 S I1Pj<cnuollze + (a5 + Iu™ S 1@ lsy 0 Fge 2

1 1
(k) |12 k.g) |2 N €) 2ST ) (.3) (26.31)
N 0" 2 12 + 1Pkl 1P g r JuD sy [0 e 2.
Using the uniform in j bound
[ g1es S & (2.6.32)
from Lemma [2.6.1] and Cauchy Schwarz gives
Loz S I1P<rtiollZz + I1Ps<eculu PN oo 2 015, (2.6.33)
Furthermore,
1P <kl 7152 S 277 3 (2.6.34)

Hence, the right hand side of (2.6.33) goes to zero as j, k — oo. Therefore, u¥) converges to
some u in C([—2,2]; L?). On the other hand, thanks to the uniform (in k) bounds from the

energy estimate Proposition [2.5.1] we obtain

1Pu® | 3a0 S a2 lluollFra: + [B57126% [0 s (2.6.35)

~
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where bg-k) is a X2* frequency envelope for u®). Using that ||u(®|| gl < €, an argument similar
to the low regularity well-posedness shows that for € small enough, a; is a X?* frequency
envelope for u®). Analogously to the low regularity argument, this can be used to show that
u® — u in X2° and that a; is a X2 frequency envelope for u and that u solves the time
truncated equation,
100U + Uy = in|ul?®
u(0) = o,
in the sense of distributions. Moreover, by square summing over j and passing to the limit
in , we obtain the uniform bound

ul"

(2.6.36)

1
H’“ch% S 1_—0620““0”%{35- (2.6.37)
[

Next, we establish local well-posedness for the full equation (gDNLS]).

For existence, we may rescale (using the L2 subcriticality of the equation) to assume uy € H?2*
has sufficiently small data. Then we may construct a X#* solution to (gDNLS]) on the time
interval [—1, 1] by applying Lemma and restricting to |t| < 1.

For uniqueness, we consider the difference of two H?2* solutions uy, us to (gDNLS)) and obtain,
by a standard energy estimate, the weak Lipschitz bound,

lur = tzllzgers Spuligy uailgy, 141(0) = u2(0)ll s (2.6.38)

for T > 0. Among other things, this shows uniqueness in C([—1,1]; H*) N S}

For continuous dependence, again assume without loss of generality that ug has sufficiently
small H% norm. To show continuous dependence for the full equation (gDNLS)), it clearly
suffices (by restricting to T < 1) to show that the data to solution map ug € H2 +— u €
X2, NS for the time-truncated equation is continuous. For this, let u? € H2*
be a sequence of initial data converging to some wug in H2*. Let u" and u denote the corre-
sponding X2, N SLE solutions to the time-truncated equation , respectively. From
the frequency envelope bound and an argument almost identical to the proof of

continuous dependence at low regularity, it follows that
nh_g)lo |lu™ — u”x%;ms}i‘; = 0. (2.6.39)

We omit the details. This finally completes the proof of Theorem [2.1.1]
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2.7 Global well-posedness

Here, we complete the proof of Theorem [2.1.2 That is, we show that for \/75 <o <1and
1 < 2s < 40, (gDNLS)) is globally well-posed in H2*. The proof of local well-posedness in H>*
for 1 <2s < % and o > ‘/73 established in Section relied on having global well-posedness
when % < 2s < 40, so we establish this first. Ultimately, global well-posedness will follow

from the conservation laws, which we use in the next lemma to establish uniform control of

the H! norm of solutions:

Lemma 2.7.1. (H; norm remains bounded) Let ug € H2*, 1 < 2s < 40 and ‘/75 <o <1
Let T > 0 be sufficiently small. If 25 < %, suppose that there is a corresponding well-posed
solution u € X7* to (gDNLS)). Likewise, if 40 > 2s > 2, let u € X2 be the corresponding
well-posed solution to . Then for 0 < |t| < T, we have

(@)l Siiuol,y 1 (2.7.1)

where the implied constant depends only on the size of ||ug|/g:. In particular, the H} norm

of u cannot blow up in finite time.

Remark 2.7.2. There is one small technical caveat to be aware of. Namely, in Lemma [2.7.],
it is assumed for 1 < 2s < % that the equation (gDNLSJ) is locally well-posed X%S. As men-
tioned above, this will follow from the results proven in Section [2.4] once we have established
global well-posedness in the range % < 2s < 40 (where we already have local well-posedness

from Section 6).

Proof. Recall that we have the conserved mass and energy, respectively

M(u) := %/R|u|2dx = M (uyp), (2.7.2)
E(u) := %/R|ur|2dx + ﬁRe/Ri\uP”ﬂuxdx = E(uy). (2.7.3)

It is also straightforward to verify that any well-posed solution in X7* (when 2 < 2s < 40)
or X2 (when 1 < 2s < %) satisfies these conservation laws. By interpolation, we have the

following lower bound for the energy (where C' is some constant that may change from line
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to line)
1 (o2
B(u) > ¢ uell?, — Ol 12
> Laallz, — Cllull (2.7.4)

1 o
> S lluallfs — OM ()=,
Hence, for 0 < |t| < T, we have

(Ol < Eluo) + Mug) + M{uo) 75 <

~lluoll g1

1. (2.7.5)

[]

Corollary 2.7.3. Let ug € H?, 0 < T* < oo, % < 258 < 40 and \/75 < 0 < 1. Suppose that
for each T' < T*, there is a corresponding well-posed solution u € X?* with initial data ug.
Then for each 0 < § < 1, we have

lim sup ||u|| gi+sy2-o+26 < 00. (2.7.6)
T T+ r T

In particular, the S}” N X%"’”‘S norm of a solution cannot blow up in finite time.
Proof. Lemma shows that for all 0 < T < T*, the norm |[ul|zs 1 is bounded by a

constant depending on the initial data |lug|z1. Therefore, iterating (after appropriately
translating and rescaling the initial data) Proposition shows that

limsup [Jul[x1 Sjpuoll,,, 1- (2.7.7)
T T+ @

By virtue of (2.7.7) and iterating Proposition we find that

lim sup [Ju|| y2-o+26 < 00. (2.7.8)
T /T* T
It follows that
limsup ||u|| gi+s < limsup ||uf] y2-o+25 < 00. (2.7.9)
* T T AT* T
[

Next, we use Corollary and Lemma to establish global well-posedness in the
high regularity regime % < 25 < 40. Indeed, for ug € H2® let T* > 0 be the maximal time

for which there is a corresponding well-posed solution u € X2* for each T' < T*. If T* = oo,
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then we are done. We can therefore assume for the sake of contradiction that T* < co. Then
we have

lim sup ||ul| xzs = oco. (2.7.10)
T )T+

We show that this is impossible. By rescaling and translation, we may without loss of gen-
erality take T = 1.
3

We begin with the case § < 2s < 2. Set @ = 2 — 0 + 20 where ¢ is some small posi-

tive constant.

Let 0 < ¢ < 1. Define now the rescaled solution uy(t, z) = Azeu(A2t, Az) to (gDNLS),
where \ satisfies k := A2 € N and where ) is small enough so that for each T' < 72,

e S AT ull g e S e (2.7.11)

[l e Fals S

T<A—2

By assumption uy is a X2* solution to ([gDNLS)) for 7' < A~2 with

lim sup ||uy || y2s = 0. (2.7.12)
T /a-2 r

Now, we iterate Lemmal[2.6.6l We consider the initial value problem for each natural number
n <k,

(i0; + 07 )wn = in|wn|** O,

W, (0) = ur(n).
By Lemmaby taking o = 2—o+24, and there is a global solution w € C(R; H*)

to the above equation satisfying

(2.7.13)

1
||wn\|§(%s:2 S WHUA(H)H?{% (2.7.14)

from which we deduce (by restricting w to times in [—1, 1]),

1
lun(n+ )3es | S WHUA(TL)H?{;& (2.7.15)
[terating this k£ times gives the bound
] K
sl S (=g ) 1O 27.16)

This contradicts (2.7.12). Therefore T* = oo and the X?* norm cannot blow up in finite
time when 3 < 25 < 2.
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Next, we proceed with the case 2 < 25 < 40. If 2 < 25 < 3, then if we assume a max-
imal time of existence T* < oo for a X#* solution, then the previous case shows that for
0 > 0 sufficiently small,

lim sup ||| p2s-1+s < 0. (2.7.17)
T T+ T

Replacing « in the previous case with max{2s — 1+ §,2 — o + 25} and repeating the proof
verbatim shows once again that T* = oo. Iterating once more shows that in the case

3 < 2s < 40, we also have the same conclusion. Thus, (gDNLS]|) is globally well-posed in
H?$ when % < 25 < 4o.

We finally turn to the last case. Namely, we show that (gDNLS) is globally well-posed
when 1 < 2s < %

Indeed, at this point, we know from Section 4 and the previous two cases that we have
a locally well-posed X?¢ solution. Iterating the low regularity bounds Proposition and
using Lemma shows that such a solution can be continued for all time. This finally
completes the proof of Theorem [2.1.2]
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Chapter 3

No pure capillary solitary water waves

exist in 2D

3.1 Introduction

Solitary water waves are localized disturbances of a fluid surface which travel at constant
speed and with a fixed profile. Such waves were first observed by Russell in the mid-19th
century [293], and are fundamental features of many water wave models. The objective of
this chapter is to settle the existence/non-existence problem for the full irrotational water
wave system in 2D, with the physical parameters being gravity, surface tension, and the
fluid depth. Five of the six combinations have already been dealt with, and the results are
summarized in Table — it is our intent to fill in the missing case. The results in this
chapter are based on the article [177], which is joint work with Mihaela Ifrim, Ben Pineau

and Daniel Tataru.

Gravity Capillarity Depth Existence
Yes Yes Infinite Yes
Yes No Infinite No
No Yes Infinite No
Yes Yes Finite Yes
Yes No Finite Yes
No Yes Finite Unknown

Table 3.1: Existence of 2D solitary waves in irrotational fluids
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Our main result can be loosely formulated as follows:

Theorem 3.1.1. No solitary waves exist in finite depth for the pure capillary irrotational

water wave problem in 2D, even without the assumption that the free surface is a graph.

A more precise formulation of the result is given later, in Theorem [3.4.1]

Historical perspectives

The mathematical study of travelling waves has been a fundamental — and longstanding —
problem in fluid dynamics. Perhaps the first rigorous construction of 2D finite depth pure
gravity solitary waves occurred in [118, 221]; further refinements can be found in [44, 246].
Solitary waves with large amplitudes were first constructed by Amick and Toland [16] in
1981 using global bifurcation techniques, leading to the existence of a limiting extreme wave
with an angled crest [14]; see also [15, 45, |318]. By now, a vast literature exists on this
subject, including both results for gravity and for gravity-capillary waves (|17, |66} 67, |86],
141} 142, 270, 283]). For water waves in deep water, solitary waves have been proved to exist
provided that both gravity and surface tension are present, see |64} 65, [143} [179], following
numerical work in [233, 234]. The forefront of current research on the mathematical theory

of steady water waves is surveyed in [163].

The non-existence of 2D pure gravity solitary waves in infinite depth was originally proved
in [172], under certain decay assumptions. The proof uses conformal mapping techniques,
and the decay assumptions ultimately stem from difficulties in estimating commutators in-
volving the Hilbert transform. The decay assumptions were completely removed in [174], as
the authors were able to effectively deal with the aforementioned commutator issues — see
(174, Lemma 3.1].

The proof of our result is loosely based on the ideas of [174]. The key difference is that
the Tilbert transform (see Section for the definition) does not enjoy the same commu-
tator structure as the Hilbert transform. More precisely, we cannot simply replace Hilbert
transforms with Tilbert transforms in [174, Lemma 3.1]. To circumvent this, we morally
view the Tilbert transform as the Hilbert transform at high frequency, and a derivative at

low frequency, and use these distinct regimes to close our argument.
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For context, we mention that the problem we are considering in this chapter goes at least
as far back as [37]. More specifically, in [37] it is noted that the systematic existence meth-
ods developed in 118} 194} 201] for the pure gravity problem in shallow water are unable
to produce pure capillary solitary waves, but can be modified to produce gravity-capillary
solitary waves. One may contrast the question of existence of solitary waves with that of the
existence of periodic travelling waves. Indeed, for pure capillary irrotational waves in both
finite and infinite depth, periodic travelling waves are known to exist. Most notably, one has
the Crapper waves, which are quite explicit; see [88, [207] for the original results of Crapper
and Kinnersley, and also the survey in [266]. Interestingly, the free surfaces of the Crapper
waves need not be graphs, which makes the lack of graph assumption in Theorem es-
sential. The reader is referred to |5} 94, 238, 239, 326 for further literature on pure capillary

waves, as well as gravity-capillary perturbations of these waves.

Finally, we mention a few recent directions that are somewhat outside the scope of this
chapter. The first is the study of steady water waves with vorticity, for which we refer the
interested reader to the surveys [140, 304]. As mentioned, our non-existence proof utilizes
holomorphic coordinates, a technique which is not compatible with variable vorticity. How-
ever, such a restriction is quite natural, as heuristics dictate that one should expect solitary
waves in problems with, say, constant non-zero vorticity. The other interesting direction —
in situations where solitary waves are known to exist — is to determine which speeds are
capable of sustaining solitary waves. Recently, it was shown in [211] that all finite depth,
irrotational, pure gravity solitary waves must obey the inequality ¢ > gh. Here c is the
speed, g the gravitational constant, and h the asymptotic depth. Heuristically, this result
says that speeds that are precluded by the linearized problem are also precluded in the non-
linear problem. As a loose guideline, one expects solitary waves to travel at different speeds
than the linear dispersive waves; the situations in Table|3.1| where solitary waves do not exist

are exactly those in which the dispersion relation contains all speeds.

Our discussion above is fully confined to the 2D case, and that is for a good reason. All
non-existence results discussed above in 2D are essentially open problems in 3D, so the 3D
case is left for the future.
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3.2 The equations in Eulerian coordinates

We consider the incompressible, finite depth water wave equations in two space dimensions.
The motion of the water is governed by the incompressible Euler equations, with boundary
conditions on the water surface and the flat, finite bottom. We emphasize that this section
is purely for motivational purposes, and is not the formulation we will use to prove our
non-existence result. In particular, for simplicity, this section assumes that I'(¢) is a graph,

but we will not assume this when working with the holomorphic formulation of our problem.

To describe the equations, denote the water domain at time ¢ by Q(t) C R?; we assume
that €(¢) has a flat finite bottom {y = —h}, and let n(z,t) denote the height of the free

surface as a function of the horizontal coordinate:
AUt) = {(v,y) €R*: —h <y <n(z,t)}. (3.2.1)

The free surface of the water at time ¢ will be denoted by I'(t). As we are interested in
solitary waves, we think of I'(t) as being asymptotically flat at infinity to y ~ 0. Since
the 2D finite depth capillary water wave equations do permit periodic travelling waves, this
decay at infinity will factor heavily into our proof, even though we do not impose any specific

rate of decay.

Figure 3.1: The fluid domain
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We denote by u the fluid velocity and by p the pressure. The vector field u solves Euler’s
equations inside €(t),
U +u-Vu=—Vp — ges,
div u = 0, (3.2.2)
u(0, ) = uo(z),

and the bottom boundary is impenetrable:
u-ey =0 when y= —h. (3.2.3)

On the upper boundary the atmospheric pressure is normalized to zero and we have the
dynamic boundary condition
p=—cH(n) on ['(t), (3.2.4)

and the kinematic boundary condition
Oy +u-V is tangent to U (). (3.2.5)

Here g > 0 represents the gravity,

_ s
H(n) = 9, < m) (3.2.6)

is the mean curvature of the free boundary, and ¢ > 0 represents the surface tension coeffi-

clent.

We adhere to the classical assumption that the flow is irrotational, so we can write u in
terms of a velocity potential ¢ as u = V¢. It is easy to see that ¢ is a harmonic function
whose normal derivative is zero on the bottom. Thus, ¢ is determined by its trace ¢ = ¢|p)
on the free boundary I'(¢). Under these assumptions, it is well-known that the fluid dynamics

can be expressed in terms of a one-dimensional evolution of the pair of variables (1, 1) via:

~ 2 (3.2.7)
o + gn — oH(n) + %vaﬁ _1(Vn- VY + Gn)y)

= ~0.
2 1+ |Vnl?

Here GG denotes the Dirichlet to Neumann map associated to the fluid domain. This operator
is one of the main analytical obstacles in this formulation of the problem, and in the next

subsection we briefly discuss a change of coordinates that somewhat simplifies the analysis.
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We now write down the solitary wave equations. We begin with the equations —
as well as the irrotationality condition, and assume that the profile is uniformly trans-
lating in the horizontal direction with velocity c¢, i.e., ¢(z,y,t) = ¢o(z — ct,y), n(x,y,t) =
no(x — ct,y), and p(z,y,t) = po(x — ct,y). This gives the steady water wave equations. To
get to solitary waves (as opposed to, say, periodic waves), we impose some averaged decay
on 1y and ug, so that in the far-field the water levels out and is essentially still. Contrary
to many works which use a frame of reference travelling with the localized disturbance, we
choose a frame so that the fluid is at rest near infinity. This allows us to set to zero the
integration constant in the Bernoulli equation; the price to pay is that there are terms with

¢ in the equations below.
We are thus interested in states (7, ¢) satisfying the following equations:
Ap=0 inQ={(z,y) ER*: —h <y < nx)}, (3.2.8)

—coy + %\ngﬁ]Q + g0 — 00, (”—x) =0 onl={(z,y) eR*:y=n(x)}, (3.2.9)

V142

¢y =0 wheny=—h, (3.2.10)
—CNz + ¢xnx = (by on I'. (3211)

We prove that in the case ¢ = 0 and ¢ > 0, the above equations admit no non-trivial
solutions, with appropriate (averaged) decay at infinity. Such a claim, of course, presupposes
certain regularity requirements on the solutions, but this will not play a major role due to
ellipticity. Indeed, the above system can be shown to be locally elliptic whenever (7, ¢) is

3
" : : 3+
above critical regularity, which corresponds ton € Hp_ .

3.3 The equations in holomorphic coordinates

As mentioned, one of the main difficulties of is the presence of the Dirichlet to
Neumann operator G(n), which depends on the free boundary. For this reason, we will
reformulate the equations in holomorphic coordinates, which, in some sense, diagonalizes
G(n). We will only highlight briefly the procedure of changing coordinates; full details can
be found in [153]. Moreover, although assumes that I'(¢) is a graph, the formulation

below does not require this, which is another advantage of this approach. As we will see,
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making the solitary wave ansatz in holomorphic coordinates leads to remarkable simplifica-
tions, ultimately allowing us to derive (3.4.5]), which we show admits no non-trivial solutions
in appropriate function spaces. is very similar to the equation analyzed in the original
paper of Crapper, |88, Equation (15)], though in that paper they are viewed in infinite depth

and in different function spaces.

The conditions we require on I'(¢) are the same (or weaker, see the discussion below) as
those listed in Section 2.3 of [153]; namely, that I'(¢) can be parametrized to have sufficient
Sobolev regularity, has no degeneracies or self-intersections, and never touches the bottom
boundary. These assumptions are used in [153, Theorem 3] to justify the existence of the

conformal map we refer to below.

In the holomorphic setting, the coordinates are denoted by a + i € S := R x (—h,0),

and the fluid domain is parameterized by the conformal map
28— Qt),

which takes the bottom R — ih into the bottom, and the top R into the top I'(¢). The
restriction of this map to the real line is denoted by Z, i.e., Z(a) := z(a — i0), and can
be viewed as a parametrization of the free boundary I'(¢). We will work with the variables
W(a) = Z(a) — o, and the trace Q(«) of the holomorphic velocity potential on the free
surface. W and @) are traditionally called holomorphic functions, which in this terminology
means that they can be realized as the trace on the upper boundary g = 0 of holomorphic
functions in the strip .S which are purely real on the lower boundary g = —h. The space of

holomorphic functions is a real algebra, but is not a complex algebra.

In terms of regularity, we note that the existence of the conformal map is guaranteed by
the Riemann Mapping Theorem for any simply connected fluid domain. In order to have an
equivalence between Sobolev norms, it suffices to assume that the free surface I' has critical
Besov regularity Bi 1- This, in particular, guarantees that I' is a graph outside of a compact
set. The conformal map, then, has the matching property (W) € BQ%, 1, and in particular
S(W) and W, are bounded. For more details we refer the reader to both [153 Section 2]

and the stronger results in [§], as well as the more general local results of [248].

The two-dimensional finite depth gravity-capillary water wave equations in holomorphic
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coordinates can be written as follows:

W+ F(1+W,) =0,

: | - (33.1)
Qi+ FQo — gTu[W] + Py, [\Q;I ] +oPy, [z (Jl/ZV(VlffWa) - JWV(‘;TW&)H —0,

where
J =1+ W,|? (3.3.2)

and

F_p, {Qa%@] ‘ (3.3.3)

As before, g and ¢ are non-negative parameters, at least one of which is non-zero. 7, denotes
the Tilbert transform, which is the Fourier multiplier with symbol —itanh(h¢), and arises
in order to characterize what it means to be a holomorphic function. Precisely, holomorphic

functions are described by the relation
X(u) = =TpR(u). (3.3.4)

It is important to note that the Tilbert transform takes real-valued functions to real-valued
functions, and satisfies the following product rule:

uTn[v] + Trlulv = Tpluv — Tylu]Th[v]]. (3.3.5)

Finally, P}, is the projection onto the space of holomorphic functions. In terms of 7y, it

can be written as

1
Phu =3 (1= iTn)R(u) +i(1+4iT, HS(w)] - (3.3.6)
In the case of no surface tension, equations (3.3.1)) were derived in [153]. We begin with

a brief outline of how the surface tension term arises, as we are particularly interested in the

case when g =0 and o > 0.

Following [153], we arrive at the Bernoulli equation

1
b+ 5V +gy+p=0. (3.3.7)

We then evaluate this equation on the top boundary and apply the dynamic boundary
condition to replace p by —ocH. We then pass to the strip S — so the equations are now
defined on {# = 0} — rewrite the equations in terms of the holomorphic variables, clear

common factors of 2, and project. Running this procedure explicitly for the term with o,



CHAPTER 3. NO PURE CAPILLARY SOLITARY WATER WAVES EXIST IN 2D 100

we begin by parameterizing I'(t) by, say, s — (71(s),72(s)) and write —oH in the standard

parametric way. We then use the relations

n(s) =R(Z(a)),  7(s) = 3(Z(e))

and formal calculations to write the capillary expression in terms of the holomorphic variables

as:

: Waa Waa
ai - —
JU2(14+W,)  JV2(1+W,))’
which after projecting gives us the capillary term in ((3.3.1]).

Remark 3.3.1. Before proceeding, we would like to point out some inherent ambiguities
of the above equations, which have to be properly interpreted. The first stems from the
horizontal translation symmetry of the strip, which causes some arbitrariness in the choice
of conformal mapping; precisely, (W) is only determined up to constants. A related issue
is in the definition of the inverse Tilbert transform, as the Tilbert transform does not see
constants. These ambiguities are built into the function spaces of [153], and play a much less
significant role in our analysis than in the dynamic problem. Of course, a related, but easily

resolved, ambiguity is that @ (and ¢) are only defined up to addition of a real constant.

Remark 3.3.2. There are a few additional properties of z that we will note, all of which
have been essentially verified in the proof of [153, Theorem 3|. The first is that the param-
eterization essentially moves “from left to right” or, more specifically, the parameterization
on top satisfies fl—‘; > 0. This was implicitly used above in the derivation of the capillary
term. Next, since z is holomorphic and a diffeomorphism, |z,| > 0 on .S, which combined
with the asymptotics at infinity implies that there is a § > 0 such that |1 + W,| = |Z,| > ¢
on top. Note that we only require positivity conditions on |1 + W,|; the boundary being a

graph would assume positivity of 1 + R(W,,).

The solitary wave equations

In search for solitary wave solutions we fix a speed ¢ and make the ansatz (Q(a, t), W(a,t)) =

(Q(av — ct), W(aw — ct)). The first equation in (3.3.1) then becomes

—Wat F(1+W,) =0 (3.3.8)
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while the second equation becomes

|Qo¢|2 . Wococ Woza
—cQq + FQ, — Wi+ P P — — = 0.
Qo+ FQa = gTu W]+ P { 7| T I\ T W) T R
(3.3.9)
We rewrite the first equation as
Qa - @ CWa
F=P = : 3.1
h [ J 1+ W, (3.3.10)

This gives that
Qa Qa Wa & C Wa — Wa
S|P = = =8 (Wo(1+ W, -, 3.3.11
\s{ h|: b S\ S (Wa(1+W,)) = T ( )
Recalling (3.3.6) and that the Tilbert transform maps real-valued functions to real-valued

functions, we have

K‘

[S(u) — TaR(w)] . (3.3.12)

Cx Qa Qa _1@ Qa_@ _Qa_@
N (R R (A T A

The equation we end up with is, then,

Qa_@ C(Wa_m)

Therefore,

= - 3.14
2J 2 J ’ (3:3.14)
which simplifies to
Qo) = (W), (3.3.15)
so that
Qo =W, (3.3.16)

because () and W are holomorphic. Note that, formally, this argument only tells us that
Qo = cW, up to addition of a real constant. However, the decay properties of (W,, Q,) at

infinity require the constant to vanish.

We now begin to simplify the second water wave equation. Beginning with (3.3.9),
substituting (3.3.16|) and the definition of F' gives:

W2 W, |? W, W,
—*W, — Py | —— | +0Py |i e - )| =0.
Cc +1+Wa QT[ ]+C h i +oby |1 J1/2(1+Wa) J1/2(1+Wa>
(3.3.17)
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Before continuing, we note a few things. First, we have

W, |? 1 , W, |?
Phl| J|}:§[(1—z7ﬁ)| J|} (3.3.18)
This implies that
W, |? 1 |W,|?

Therefore, taking real part of (3.3.17)) and then using the fact that holomorphic functions
satisfy T [R(u)] = —(u) we obtain:

2

W, Wl o W W
—PR(W,) + & S(W)+ ——— 4 —i " - )
CR(Wa)+ R <1+Wa> TSt Ty <J1/2(1 +Wa) (1 +Wa)> !

(3.3.20)

which can be re-written as

2 2 " 2 . 1 .
_ER(W,) +c2%< Wa ) T gsw) 4+ el i (!11% |> —0. (3.3.21)

1+ W, 2 J 1+w, @
After straightforward manipulation of the terms with ¢? we arrive at

2 o |
G (W + W + Walla) io ( L+ W, > _o. (3.3.22)

_ (\’W
> nrme TSI e

As it turns out, these are exactly the same equations as the infinite-depth case considered
in [174]. However, the function spaces are different, which plays a key role. In particular, as
mentioned in the introduction, there are no infinite depth pure gravity solitary waves, but

there are finite depth pure gravity solitary waves.

As a consistency check, we leave it as an exercise to show that (3.2.8)—(3.2.11]) imply
3.3.22).

Notation for function spaces

The function spaces we use are standard, and similar to [175]. However, to set notation, we

recall a few facts. Consider a standard dyadic Littlewood-Paley decomposition

1=) P,

keZ
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where the projectors P, select functions with frequencies ~ 2%. We will place our (hypothet-

1
ical) solutions in the critical Besov space By, defined via

k
lull 3 = > 22| Paulle + || Peoul] -

2,1 >1

3 1
Our proof also makes use of the space Bj, which has the same norm as B, but with 23

1
replaced by 2% Finally, we note the embedding of By, into L*, and the following Moser

estimate:

Lemma 3.3.3. Let u € B;l, and suppose G is a smooth function with G(0) = 0. Then we
have the Moser estimate

G 3 S Cllullzee)lull - (3.3.23)

1
B2?,1 2.1
Proof. This is a standard result. For example, it follows from [175, Lemma 2.2] together

with the analagous Moser estimate on the level of L2 O]

3.4 No solitary waves when only surface tension is

present

We are now able to state our main theorem. The result is stated in the low regularity
function space Bé , defined above. However, part of the proof involves upgrading potential
solutions to sufficient regularity to justify basic computations. Comparing with the infinite
depth results in [174], our function space requires more regularity for W, at low frequency,
but this is to be expected, as the same happens in the dynamic problem [153]. From a
technical standpoint, the issue is that 7;;1 does not have good mapping properties (it is not
even bounded on L?) compared to the Hilbert transform, which satisfies H~! = —H. For
justification of the other assumption — and conclusion — of Theorem [3.4.1] recall Remark [3.3.1]
and Remark [3.3.2

1
Theorem 3.4.1. Suppose W,, € B3, is holomorphic, solves (3.3.22)) with g =0 and o > 0,
|1+ Wa| > 6 >0 on the top, and its extension does not vanish on S. Then W, = 0.

Proof. We work with the equation

1+ W, w,
00, | ———= ) =2 |W, + ”‘_] 3.4.1
" (|1+Wa|) C{ 11w, (3:4.1)
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which holds on the top and is just a rescaling of (3.3.22)) with g = 0.

For what follows we slightly abuse notation by not distinguishing, notationally, between
1+ W, and its extension to the strip. First note that since 1 4+ W, is non-vanishing on the
simply connected domain S, it admits a holomorphic logarithm. However, one has to be a
little careful, to ensure that it is real on the bottom boundary. To see this, note that since,
on the bottom, 14 W, is real, non-vanishing and has limit 1 at infinity, it is positive on the

bottom.

Define
T :=log(l1+W,) :=U+iV. (3.4.2)

The unknowns U + iV are closely related to the unknowns 7 + i in [88]. It is easy to see
that T" can be chosen to be holomorphic; in particular, it can be chosen to be real on the
bottom. Plugging into (3.4.1)) we see that

—oV, eV = ¢? {Wa + WO‘_] = (VT — UV . (3.4.3)
14+ W,
This implies that
—oV, = 2¢*sinh(U). (3.4.4)

Now, we u?grade regularity. By , 1+ Wy > 9, angl Lemma m, it follows that
U,V € Bg,. Again by Moser, we obtain sinh(U) € By, which in turn implies that
Vo, € 32%,1 C L% From this we get PogU, = —P>0771_1Va € Bzé,r But since U € L2, it
follows that U, € BQ%’ ;- This will be enough regularity to justify the calculations below,
though H* regularity for U and V,, could be obtained by reiteration.

Rescaling again and using that —V,, = T,U,, it suffices to show that the equation
ThU, = 2¢° sinh U (3.4.5)

3
admits no non-zero By, solutions. For this, we let x be a smooth function with y = 0 on

(—o0,—1] and x =1 on [1,00) with X' ~ 1 on (=3, 3). Define x,(a) = x(2).

Next, we multiply (3.4.5) by —x,U,, and obtain

o UaThUs = =26, Uy sinh U = —2¢*x,.0,, (cosh(U) — 1) . (3.4.6)
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An integration by parts yields the following identity:
2c? o

— / XrUaThUsda = — | x'(=)(cosh(U) — 1)da. (3.4.7)
R rJr T

Now, we treat the term on the left hand side of (3.4.7)). From the product rule for the Tilbert

transform we have
XT,];IUQ = E(XTUG) - 7;L(771X7‘771Ua) - Uaﬁer- (348)

Hence, using that the Tilbert transform is skew-adjoint and maps real-valued functions to

real-valued functions,
- [ UTUwda = [ UTTTilada+ [ VP Toeda~ [ UTi(oUa)da
R R R R
:/Uaﬁ(ﬁxrﬁUa)da+/ |Ua|27ﬁxrda+/era771Uada (3.4.9)
R R R
= —/ IThUa\QTthdOHL/ !Ua\zﬁdeaJr/eraﬁUadoz.
R R R
Hence, we obtain
1
- [ XUaTilada = 5 [ (Va2 = [T0 ) Tixoda: (3.4.10)
R R

Combining this with (3.4.7)), we get

2—02 X’(g)(cosh(U) — 1)da = !

r Jr T 2

/(\Ua|2 — | TaUa*) Taxrdav. (3.4.11)
R

The idea now is to use the fact that at low frequency, the Tilbert transform agrees with the

multiplier £ — —hi€ to third order. With this in mind, we rewrite the above equation as

follows:
2¢ , 1 N )
— [ X'(2)(eosh(U) = Dda = 5 | (|Va]” = [TiUal")(Th + ha)xrda
R Y R N (3.4.12)
— — [ (UL = |ThUP) X (=) da.
ey AR AR
Equivalently, we have
h
26 [ W(Seosh(U) = Dda+ 5 [ (Ul = [TUN(H)do
L & " (3.4.13)

= 2 (U = 10T + ho)de
R
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We are now in a position to estimate the right-hand side of (3.4.13). Indeed, by Cauchy

Schwarz and Sobolev embedding, we have,

5 | (Vs = ITUaP)(Ta + hu)xede] < CrQIUal + I TUR) (T + )l
(3.4.14)
<cr|ul? 5, I(Th + hda)xr |2
Using Plancherel’s Theorem we then obtain the simple estimate,
7“IIUIIJQBZ%1 1(Th + hOa)xr |2 = Cr||U||22% [(tanh(h&) — h&) X2
< %uuuzél PR Gk )
< im HUHQQg X" [2-
Hence, we obtain
2C2AX'(%)(cosh(U> ~Vda+ /R(|Ua|2 ~ [T (o = Oy o 12y (3.4.16)
Letting » — 0o, dominated convergence gives
2 [ (cosh(U) = Dda =~ [ (W = [T P)da = 5 [ 16PI0Psec(re) <

Therefore, since cosh(U) — 1 > 0, we have
cosh(U) =1,

so that U = 0. Note that taking the limit is justified because cosh(U) — 1 is integrable. This
is thanks to the fact that U is bounded, vanishes at infinity, and belongs to L.

We remark that if one assumes instead some stronger decay at infinity for U, then the
above argument proving non-existence of solutions for can be simplified somewhat
by working directly with the choice x(a) = a. This of course leads to a weaker result; the
details are left for the reader. m
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Chapter 4

Stable phase retrieval in function

spaces

4.1 Introduction

There are many situations in mathematics, science, and engineering where the goal is to
recover some vector f from |7 f|, where T is a linear transformation into a function space.
Note that if [A\| = 1 then it is impossible to distinguish f and Af in this way. The lin-
ear transformation 7' is said to do phase retrieval if this ambiguity is the only obstruction
to recovering f. That is, given a vector space H and function space X, a linear operator
T : H — X does phase retrieval if whenever f,g € H satisfy |T'f| = |Tg| then f = Ag for
some scalar A\ with |A| = 1. Phase retrieval naturally arises in situations where one is only
able to obtain the magnitude of linear measurements, and not the phase. Notable exam-
ples in physics and engineering which require phase retrieval include X-ray crystallography,
electron microscopy, quantum state tomography, and cepstrum analysis in speech recogni-
tion. The study of phase retrieval in mathematical physics dates back to at least 1933 when
in his seminal work Die allgemeinen Prinzipien der Wellenmechanik [272] W. Pauli asked
whether a wave function is uniquely determined by the probability densities of position and
momentum. In other words, Pauli asked whether |f| and |ﬂ determine f € Lo(R) up to
multiplication by a unimodular scalar. The mathematics of phase retrieval has since grown

to be an important and well-studied topic in applied harmonic analysis.

As any application of phase retrieval would involve error, it is of fundamental importance
that the recovery of f from |T'f| not only be possible, but also be stable. We say that T
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does stable phase retrieval if the recovery (up to a unimodular scalar) of f from |Tf] is
Lipschitz. If X is finite dimensional, then 7" does phase retrieval if and only if it does stable
phase retrieval |41} |69]. However, if X is infinite dimensional and 7" is the analysis operator
of a frame or a continuous frame, then 7" cannot do stable phase retrieval [7, [70]. Here, a
collection of vectors (¢y)ieq C H is a continuous frame of a Hilbert space H over a measure
space (€2,3, ) if the map f — ((f,4¥1))iecq is an embedding of H into Lo(p). One of the
main goals of this chapter is to use the theory of subspaces of Banach lattices to present
a unifying framework for stable phase retrieval which encompasses the previously studied

cases and allows for stable phase retrieval in infinite dimensions.

Let X = L,(p), or, more generally, a Banach lattice. Let £ C X be a subspace. We say
that E does phase retrieval as a subspace of X if whenever |f| = |g| for some f,g € E we
have that f = Ag for some scalar A\ with |[A\| = 1. Given a constant C' > 0, we say that E
does C-stable phase retrieval as a subspace of X if

l/i\?:lef—)\gH <C||If1 = gl for all f,g € E. (4.1.1)

We may define an equivalence relation ~ on E by f ~ g if f = Ag for some scalar A with
|A\| = 1. Then, E does phase retrieval as a subspace of X if and only if the map f +— |f| from
E/~ to X is injective. Furthermore, E does C-stable phase retrieval as a subspace of X if
and only if the map f +— |f] from E/~ to X is injective and the inverse is C-Lipschitz. By
introducing stable phase retrieval into the setting of Banach lattices, we are able to apply
established methods from the subject to attack problems in phase retrieval, and conversely
we hope that the ideas and questions in phase retrieval will inspire a new avenue of research
in the theory of Banach lattices. Before starting the meat of the chapter, we present some
additional motivation, give an outline of our major results, and state some of the important

ideas and theorems from Banach lattices which we will be applying.

Motivation and applications

The inequality (4.1.1)) arises in various circumstances. For instance, in crystallography and
optics, one seeks to recover an unknown function F' € Ly(R?) from the absolute value of its
Fourier transform F. If one also seeks stability, this translates into an inequality of the form

inf |F = AGllz, < CIlIF| = |6, (41.2)
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which one would want to be valid for F,G in a subspace E C Lo(R?) which incorporates
the additional constraints F,G are known to satisfy. Using Plancherel’s theorem to write
|F — AG||1, = |F — AG||L,, one sees that the inequality reduces to ([4.1.1), up to
passing to Fourier space and making the change of notation f = F and g = G. We refer
the reader to the surveys [138] [180] and references therein for a further explanation of the
importance of phase retrieval in optics, crystallography, and other areas. In particular, these
articles explains why, in practice, physical experiments are often able to measure the mag-

nitude of the Fourier transform, but are unable to measure the phase.

A second scenario where phase retrieval appears is quantum mechanics. In this case, one
wants to identify situations where |f| and |J/‘\| determine f € Ly(R) uniquely. As already
mentioned, Pauli asked whether this could true for all f € Ly(R). However, a counterexample
to this conjecture was given in 1944: There exists f,g € Lo(R) such that |f| = |g| and
|ﬂ = |g] but f is not a multiple of g. This leads to the natural question of whether one can
build “large” subspaces G C Ly(R) for which |f| and |f| determine f € G C Ly(R) uniquely.
By passing to the phase space La(R) x La(R), we see that G has the above property if and
only if £ = {(f, f) : [ € G} does phase retrieval as a subspace of Ly(R) x Ly(R), i.e.,
knowing h,k € E and |h| = |k| implies h is a unimodular multiple of k. This also naturally
leads to the question of stability of Pauli phase retrieval, by requiring hold on E.
In this case, using Plancherel’s theorem to return to G, (4.1.1) on E translates into the

inequality
inf [/ = 2glle. < C (111 = lgllles + 117l = Gllz.) for fig G (413)

For a non-exhaustive collection of results on Pauli phase retrieval and its generalizations, see
[18, 138, (182, |183] and references therein. To our knowledge, the question of stability in the
Pauli Problem is essentially unexplored. However, the results presented here in conjunction
with [82] give a relatively large class of subspaces of Lo(RY) satisfying (4.1.3).

Finally, we mention that phase retrieval has grown to become an exciting and important
topic of research in frame theory [41], 42, 43, [57, |76, (104, [138]. A frame for a separable
Hilbert space H is a sequence of vectors (¢;);cs in H such that there exists uniform bounds
A, B > 0 so that

AlFIP < Y 1F 00 < BIFIP for all f e H. (4.1.4)

jedJ
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The analysis operator of a frame (¢;)jc; of H is the map © : H — {5(J) given by O(f) =
((f,®;));es. Note that the uniform upper bound B in the frame inequality guarantees
that © : H — (5(J) is bounded, and the uniform lower bound A gives that © is an embedding
of H into ¢5(J). Given a frame (¢;);es of H, the canonical dual frame (ggj)jej is defined by
gj = (0*©)~'¢, for all j € J and satisfies

F=Y (L6005 = (f.6,)0; for all f € H. (4.1.5)

jeJ jeJ
Frames have many applications and play a fundamental role in signal processing and ap-
plied harmonic analysis. One important reason for this is that the analysis operator © is
an embedding of H into ¢5(.J), which allows for the application of filters, thresholding, and
other signal processing techniques. Another reason is that gives a linear, stable, and

unconditional reconstruction formula for a vector in terms of the frame coefficients.

A frame (¢;);es is said to do phase retrieval if whenever f,g € H and (|(f, ¢;)|)jes =
(1{g, ®j)|)jes, there exists a unimodular scalar A such that f = Ag. A frame is said to do
stable phase retrieval if there exists a constant C' > 1 such that for all f,g € H,

inf 1 = Mgl < 10| = 1©(9)] e (4.1.6)

Using the fact that the analysis operator © : H — /(5(J) is an embedding, we see that
a frame does stable phase retrieval if and only if the subspace ©(H) C ¢5(J) does stable
phase retrieval in the sense of . In finite dimensions, phase retrieval for frames is
automatically stable. However, in infinite dimensions, it is necessarily unstable. As we will
see, this is due to the fact that the ambient Hilbert lattice ¢5(J) is atomic, whereas the
construction of SPR subspaces from [71] is done in the non-atomic lattice Ly(R). For further
investigations on the instability of phase retrieval for frames - including generalizations to

continuous frames and frames in Banach spaces - see |7, |70].

As mentioned previously, phase retrieval problems arise in applications when considering
an operator T' : H — X, which embeds a Hilbert space H into a function space X. In
particular, the inequality arises by taking 7" to be the Fourier transform, and
arises by taking T to be the analysis operator of a frame. Another important choice for T is
the Gabor transform (see [6, [139] for recent advances in Gabor phase retrieval). As should
now be evident, the question of stability for each of these phase retrieval problems can be
translated into a special case of (4.1.1), by taking E := T'(H).
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An overview of the results

The examples from Section show that the inequality unifies various phase retrieval
problems. However, as mentioned previously, phase retrieval for frames is unstable in infi-
nite dimensions, and it was only recently that the first examples of infinite dimensional SPR
subspaces of real Ly(u) spaces were constructed |[71]. The purpose of this chapter is twofold.
First, we construct numerous examples of subspaces of L,(p) doing stable phase retrieval.
For this, we use various isometric Banach space techniques, modifications of the “almost
disjointness” methods in classical Banach lattice theory, random constructions, and ana-
logues of some constructions from harmonic analysis. Secondly, we prove several structural
results about SPR subspaces of L,(i), and even general Banach lattices. Notably, both the
characterization of real SPR in terms of almost disjoint pairs (Theorem , as well as the
equivalence of SPR and its Holder analogue (Corollary hold for all Banach lattices.
Our results also extend those in the recent article [82] (reviewed in Section [4.7 below), which
uses orthogonality and combinatorial arguments akin to Rudin’s work [292] on A(p)-sets to

produce examples of subspaces of (real or complex) L, () doing Hélder stable phase retrieval.

We now briefly overview the chapter. In Section [4.2] we recall some basic terminology
and results from Banach lattice theory in order to make the chapter accessible to a wider
audience. Most notably, in Section we collect basic facts related to the Kadec-Pelczynski
dichotomy. Such results give structural information about closed subspaces of Banach lat-
tices that are dispersed, i.e., that do not contain normalized almost disjoint sequences. As we
will show in Theorem , a subspace of a (real) Banach lattice does stable phase retrieval if
and only if it does not contain normalized almost disjoint pairs. In Theorem [4.2.1], we collect
various facts about dispersed subspaces; finding SPR analogues of these results will occupy
much of the chapter. In particular, although SPR is much stronger than being dispersed,
in Theorem we will show that every closed infinite dimensional dispersed subspace of
an order continuous Banach lattice contains a further closed infinite dimensional subspace
doing SPR. The preliminary section finishes with Section 4.2 which recalls basic facts about

complex Banach lattices.

Section [4.3] collects various results on stable phase retrieval that hold for general Banach
lattices. In particular, in Section 4.3| we make the aforementioned connection between stable
phase retrieval and almost disjoint pairs (see Theorem [4.3.4). In Section [4.3| we show that

if the phase recovery map is Holder continuous on the ball, then it is Lipschitz continuous
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on the whole space (Corollary [4.3.11). This follows from Theorem [£.3.9] which shows that
failure of stable phase retrieval can be witnessed by “well-separated” vectors. The equiva-
lence between stable phase retrieval and Holder stable phase retrieval allows us to improve
some results from [82], yielding the first examples of infinite dimensional closed subspaces of

complex Ly(u) doing stable phase retrieval.

In Section [4.4] we build infinite dimensional SPR subspaces using a variety of different
techniques. In particular, we prove in Corollary an analogue of statement (iii) of The-
orem ; namely, that for every dispersed subspace £ C L,[0,1] (1 < p < 00), we can
build a closed subspace E' C L,[0, 1] isomorphic to E, and doing stable phase retrieval.
Moreover, for p < 2 and ¢ € (p, 2], we will show that any closed subspace of L, (1) isometric
to L,(p) does SPR in L, (), see Proposition Regarding sequence spaces, in Section
we show that /., embeds into itself in an SPR way, while no infinite dimensional subspace
of £, does SPR when 1 < p < oo. Section @ constructs SPR subspaces of rearrangement
invariant spaces using random variables. This, in particular, tells us that subspaces spanned
by iid Gaussian and g¢-stable random variables will do SPR in a variety of spaces, including
all L,-spaces in which they can be found. Finally, Section provides some basic stability
properties of SPR subspaces.

Section contains a study of the structure of SPR subspaces of L, (1), for a finite mea-
sure pu. We begin with the aforementioned Theorem [4.5.1] which is applicable for general
order continuous Banach lattices, but for which much of the proof occurs in L;(px). Indeed,
we will show that the generalization to order continuous Banach lattices follows from the

result in L;(p) by arguing via the Kadec-Pelczynski dichotomy.

Note that from the classical results in Theorem (a)-(d) it follows that if F is dis-
persed in L,(p) and 1 < ¢ < p < oo, then E may be viewed as a closed subspace of Ly(p),
and it is dispersed in L,(x). In Theorem we show that if 2 < p < oo, there are closed
subspaces E C L,(u) which do SPR (and hence are dispersed in L,(u) for all 1 < g < p),
but fail to do SPR when viewed as a closed subspace of L,(u) for all 1 < ¢ < p. However, by
Theorem m, if p < 2, then any SPR subspace E C L,(u) also does SPR when viewed as a
closed subspace of L,() for any 1 < g < p. Whether there is an SPR analogue of statement
(v) of Theorem remains an open problem.

Section [4.6|is devoted to the study of infinite dimensional SPR subspaces of C(K). The
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main result is Theorem which states that for a compact Hausdorff space K, the space
C(K) of continuous functions over K admits a (closed) infinite dimensional SPR subspace

if and only if the Cantor-Bendixson derivative K’ of K is infinite.

The above sections are based on the joint work [115] with Dan Freeman, Timur Oikhberg
and Ben Pineau. Section which is joint with Michael Christ and Ben Pineau, gives

various natural examples of real and complex subspaces doing SPR.

4.2 Preliminaries

As many of our results hold in the generality of Banach lattices, we briefly summarize some
of the standard notations and conventions from this theory. For the most part, our con-
ventions align with the references |12} [231]. Moreover, the statements of our results require
minimal knowledge of Banach lattices to understand; it is simply the proofs that use the
technology and terminology from this theory. Unless otherwise mentioned, all L,-spaces,
C(K)-spaces and Banach lattices are real. When a result is applicable for complex scalars,
we will explicitly state this. The word “subspace” is to be interpreted in the vector space
sense. If a result requires the subspace to be closed or (in)finite dimensional, we will state
this.

Recall that a vector lattice is a vector space, equipped with a compatible lattice-ordering
(see [12] for a precise definition). For a vector lattice X, the positive cone of X is denoted
by X, :={f € X : f>0}. The infimum of f, g € X is denoted by f A g, and the supremum
is denoted by fV g. The modulus of f is defined as |f| := f V (—f), and elements f,g € X
are said to be disjoint if |f|A|g| = 0. A weak unit is an element e € X, for which |f|Ae =10
implies f = 0. For a net (f,) in X, the notation f, | 0 means that f, is decreasing and has
infimum 0. A subspace E C X is a sublattice if it is closed under finite lattice operations; it
is an ideal if f € E and |g| < |f| implies g € E.

A Banach lattice is a Banach space which is also a vector lattice, and for which one has
the compatibility condition || f|| < ||g|| whenever |f| < |g|. Note that the SPR inequality
remains well-defined when L,(u) is replaced by an arbitrary Banach lattice. As we
will see, several of our results on SPR are also valid in this level of generality. Common

examples of Banach lattices include L,-spaces, C'(K')-spaces, Orlicz spaces, and various se-
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quence spaces. In this case, the ordering is pointwise, i.e., f < g means f(t) < g(t) for all

(or almost all in the case of measurable functions) ¢ in the domain of f and g.

A Banach lattice X is order continuous if for each net (f,) satisfying f, | 0 we have
fa M 0. L,-spaces are order continuous for 1 < p < oo, but C(K)-spaces are not (unless
they are finite dimensional). To transfer results from L;(u) to more general Banach lattices,
we will make use of the AL-representation procedure. For this, let X be an order continuous
Banach lattice with a weak unit e. It is known that X can be represented as an order
and norm dense ideal in L; () for some finite measure p. That is, there is a vector lattice
isomorphism 7" : X — L;(p) such that RangeT is an order and norm dense ideal in Lq(p).
Note that T" need not be a norm isomorphism, though 7" may be chosen to be continuous
with Te = 1. Moreover, RangeT' contains L..(¢) as a norm and order dense ideal. It is
common to identify X with RangeT" and view X as an ideal of L;(u). Such an inclusion of
X into Ly (p) is called an A L-representation of X. We refer to [231, Theorem 1.b.14] or [121},

Section 4] for details on AL-representations.

The Kadec-Pelczynski dichotomy

Here, we briefly recap the literature on subspaces which do not contain almost disjoint
normalized sequences. Recall that a sequence (x,) in a Banach lattice X is said to be
a normalized almost disjoint sequence if ||x,||x = 1 for all n, and there exists a disjoint
sequence (d,) in X such that ||z, — d,||x — 0. Following [53} 133} [132], a closed subspace
of a Banach lattice that fails to contain normalized almost disjoint sequences will be called
dispersed. The classical Kadec-Pelczynski dichotomy (c.f. 231, Proposition 1.c.8]) states that

for a subspace E of an order continuous Banach lattice X with weak unit, either
(i) E fails to be dispersed, i.e., E contains an almost disjoint normalized sequence, or,
(ii) F is isomorphic to a closed subspace of Ly (2,3, u).

As we will see in Theorem for real scalars, a subspace does stable phase retrieval if and
only if it does not contain normalized almost disjoint pairs. Hence, the Kadec-Pelczynski

dichotomy will provide a tool to analyze such subspaces.

In L,(u) for 1 < p < oo and a probability measure p, the Kadec-Pelczynski dichotomy

can be improved. Indeed, we summarize the literature in the following theorem.
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Theorem 4.2.1. Let 1 < p < oo and p be a probability measure. For a closed subspace F
of L,(p), the following are equivalent:

(a) E is dispersed, i.e., E contains no almost disjoint normalized sequences;
(b) There exists 0 < ¢ < p such that ||- |z, ~ || - ||z, on E;
(c) Forall 0 <q<p, |-z, ~ |z, on E;

(d) E is strongly embedded in L,(u), i.e., convergence in measure coincides with norm

convergence on F.
Moreover,

(i) For p # 2, a closed subspace of L,[0, 1] is dispersed if and only if it contains no subspace

isomorphic to £,,.

(ii) For p > 2, a closed subspace of L,[0,1] is dispersed if and only if it is isomorphic to a
Hilbert space.

(iii) For p < 2 and any g € (p,2], there is a closed subspace of L,[0,1] which is both

dispersed and isometric to L0, 1].
(iv) For p # 2, L,[0,1] cannot be written as the direct sum of two dispersed subspaces.

(v) There exists an orthogonal decomposition L,[0,1] = E @ E+ with both F and E*
dispersed in L0, 1].

Proof. The equivalence of (b), (c) and (d) is [9, Proposition 6.4.5]. Other than the isometric
portion of statement (iii), the rest of the statements are neatly summarized in [132, Proposi-
tions 3.4 and 3.5], with references to various textbooks for proofs. An isometric embedding
of Ly[0, 1] into L,[0, 1] for ¢ € (p, 2) is given in [231, Corollary 2.£.5]. An isometric embedding
of {5 into L,[0,1] for 1 < p < oo is given in [9, Proposition 6.4.12]. O

Remark 4.2.2. One of the goals of this chapter is to find SPR analogues of the results in
Theorem |4.2.1 However, we should mention that the connection between Theorem and
SPR has already been implicitly made in [82]. Recall that a subset A C Z is called a A(p)-set
if the closed subspace generated by the set of exponentials {e*™* : n € A} C L,(T) satisfies
the equivalent conditions in Theorem . Such sets have been deeply studied |20, 61} [294],

and have many interesting properties. For example, Rudin [292] showed that for all integers
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n > 1, there are A(2n)-sets that are not A(q)-sets for every ¢ > 2n. Moreover, Bourgain
[58] extended Rudin’s theorem to all p > 2. On the other hand, when p < 2, and A is A(p),
then it is automatically A(p + €) for some € > 0 ([38, [152]). Since [e*™"*| = 1, complex
exponentials cannot do stable phase retrieval. However, by replacing e>™® by sin(27nz) or
other trigonometric polynomials with non-constant moduli, [82] is able to use combinatorial
arguments in the spirit of Rudin to produce SPR subpaces of L, (1) when the dilation set A

is sufficiently sparse.

Complex Banach lattices

Complex Banach lattices are defined as complexifications of real Banach lattices, and in the
case of complex function spaces like C'(K) and L,(u), agree with the standard definition.
More precisely, by a complex Banach lattice we mean the complexification X¢ = X & X
of a real Banach lattice, X, endowed with the norm ||z + iy||x. = |||z + iy|||x, where the

modulus |- | : X¢ — X, is the mapping given by

|z +iy| = sup {xcosh+ysinb}, for x + iy € Xc. (4.2.1)
0€[0,27]
We refer to |2, Section 3.2] and [298, Section 2.11] for a proof that the modulus function is

well-defined, and behaves as expected.

With the above definition, one can define complex sublattices, complex ideals, etc. How-
ever, we will not need this. We do, however, note that if T : X — Y is a real linear operator
between real Banach lattices, then we may define the complexification Te : X¢ — Yo of T
via Te(z +iy) = Tx +iTy. The map T¢ is C-linear, bounded, and if T is a lattice homomor-
phism then Tt preserves moduli, i.e., T'|z| = |T¢z| for z € X¢. When we work with complex
Banach lattices X¢, we will use these facts to identify X¢ as a space of measurable functions
on some measure space, and then work pointwise. How to do this will be explained later in

the chapter.

4.3 General theory

In this section, we present several results on (stable) phase retrieval that are valid in general
Banach lattices. We begin with the definitions:
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Definition 4.3.1. Let F be a subspace of a vector lattice X. We say that E does phase
retrieval if for each f,g € E with |f| = |g| there is a scalar A such that f = Ag.

Definition 4.3.2. Let E be a subspace of a real or complex Banach lattice X. We say that
E does C'-stable phase retrieval if for each f,g € F we have
inf [[f —Agll < CllIf] = lgll- (4.3.1)

IA=1

If E does C-stable phase retrieval for some C, we simply say that E does stable phase
retrieval (SPR for short).

Note that if a subspace F of a real or complex Banach lattice X does C-stable phase

retrieval, then so does its closure.

Connections with almost disjoint pairs and sequences

When considering whether a subspace £ C X does phase retrieval, there is one obvious
obstruction. If f, g € E are non-zero disjoint vectors, then |f — g| = |f + g| = | f| + |g], but
f — g cannot be a multiple of f 4+ g. Hence, if F is to do phase retrieval, then it cannot
contain disjoint pairs. Similarly, if £ is to do stable phase retrieval, then it cannot contain
“almost” disjoint pairs. As we will now see, in the real case, these are the only obstructions

to (stable) phase retrieval.

Definition 4.3.3. Let E be a subspace of a real or complex Banach lattice X. We say that
E contains e-almost disjoint pairs if there are f,g € Sg (here and below, S = {e € E :
le]| = 1} stands for the unit sphere of E) such that ||| f| A |g]|] < e. If E contains e-almost

disjoint pairs for all € > 0, we say that E contains almost disjoint pairs.

Theorem 4.3.4. Let E be a subspace of a Banach lattice X, C' > 1 and € > 0. Then,
(i) If E does C-stable phase retrieval, then it contains no %—almost disjoint pairs;
(ii) If E contains no e-almost disjoint pairs, then it does g—stable phase retrieval.

In particular, E does stable phase retrieval if and only if it does not contain almost disjoint

pairs.
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Proof. (i)=(ii): Suppose that E does C-stable phase retrieval, but there are f,g € E such
that [|f]| = |lgll = 1 but ||| Algl|| < &. Define hy = f + g and hy = f — g. Then since the
identity

ILf+ gl = 1f =gl =2(|f| Algl)

holds in any vector lattice by [12, Theorem 1.7], we have

2
1R =Thelll = 2[[IFT A lglll < &

On the other hand, hy + hy = 2f has norm 2, and h; — hy = 2¢ also has norm 2. This
contradicts that F does C-stable phase retrieval.

(ii)=-(i): A classical Banach lattice fact (see, e.g., [29, Remark after Lemma 3.3]) is that

every Banach lattice embeds lattice isometrically into some space of the form
(@ Ll(in i, Nz)) .
iel 0o
Since both stable phase retrieval and existence of almost disjoint pairs are invariant under

passing to and from closed sublattices, we may assume without loss of generality that X is

of this form.

Suppose E does not do 2-stable phase retrieval. Find f = (fi),9 = (g;) € E such that
1f =gl I1f + gll > 21 £ = |glll- For each i € I let

I = {t € Q; : sign (fi(t)) = sign (g;(t)), or one of f;(t),gi(t) is zero}.

Then
I7 =\ I = {t € Q :sign (f;(1)) = —sign (g:(1)) }-

We compute that

[f1 = lgl = (il = lgiDier = (1S,

= 19ii,Dier + ([ fijzel = 19izeier-

So, since the modulus is additive on disjoint vectors,
[1£1 =1l = (1 i, ier T (1

Now, by definition of I; we have

(1ol = 19z,

= lgir, = l9uzel ) e

Jier = (‘fz‘m — Yi, )z’EI
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and
(“fiug - |gz‘|1; ),-61 = (‘fi\[f +gz‘|1; )iel-

Notice next that d; := (fillg — giug)iel and dy := (fi\li + gim)ie[ are disjoint. Moreover,

If =9 = (fiize = Gipge)ier | = 1(fiyr, = g ier | = || (1 fiin] = 19051 ]) i |

€
< A =lglll < S1f =gl

Similarly,

I+ 9= (fur, + gy ierl = 1 Fagre + gagre)ierl = || (1 ozl = 1Gizel]) ses

€
< LA =gl < SILf + gl

By assumption, we have that both f + g and f — g are non-zero. Hence, by |12, Lemma
1.4], and the fact that |di| A |da| = 0 we have

=gl  1f+gl _|f—g—di] u+m_+|a| |f + 9]
1f=gll  If+gl = Nf—gl 1f+gll  Nf =gl If +gl
[f—g—df |f+g| | 1S+ g—dyf

1f=al Nf+gl  Wf=gl If+gll

It follows that

- —g—d —d
/ool by Mgl W ke

i =a " Tr=al! < 7 =4l 17+l

Thus, we have constructed normalized e-almost disjoint vectors

f+g f-g9 -
Trgr A0d pgpin £ L

Remark 4.3.5. Implication (i) of Theorem[4.3.4]holds when the Banach lattice X is replaced
by any vector lattice equipped with an absolute norm. Here, a norm on a vector lattice X is
absolute if |||f]|| = || f]] for all f € X; see [56} 214} 284] for more information. The proof of
Theorem |4.3.4] also shows that a subspace of a Banach lattice does phase retrieval if and only
if it does not contain disjoint non-zero vectors. A compactness argument then yields that
in finite dimensions, phase retrieval implies stable phase retrieval. Indeed, consider the map
Sg x Sg = R, (f,9) — |||fI Algll]- Then this map is continuous, so its image is compact,
which allows one to conclude that the existence of almost disjoint pairs implies the existence
of a disjoint pair. In infinite dimensions, it is relatively easy to construct subspaces doing

phase retrieval but failing stable phase retrieval.

Proposition 4.3.6. Every infinite dimensional Banach lattice has a closed subspace which

does phase retrieval but not stable phase retrieval.
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Proof. By |11, p. 46, Exercise 13], any infinite dimensional Banach lattice X contains a
normalized disjoint positive sequence, which we shall index as consisting of vectors (u;);en and
(vs)ses; here, S denotes the set of all two-element subsets of N (the order is not important).

We fix an injection ¢ : N2 — N and consider the vectors
fi = u; + Z 274¢(i’j)1}{i7j}.
J#i

The sum above converges, and we have

|lui — fill < e, where g; = Z 9—46(i.7)

J

Then Y e = Y., ;27%0) < 37 274 = 1/15, hence, by [9, Theorem 1.3.9], (f;) is a
Schauder basic sequence. Also, 1 < || f;|| < 16/15 for each i, so this basis is semi-normalized.

We shall show that E = span|[f; : i € N]| fails stable phase retrieval, but has phase retrieval.

To show the failure of SPR, let, for i # j, (i, ) = max{¢(i, 7), ¢(j,7)}. Clearly ¥ (i,j) =
¥(4,4), and lim; ¢ (i, j) = oo for any i. Note that f; A f; = 27Dy, 4 hence

I Ll =276 — o

1,]—00

Next we show that F does phase retrieval. Pick non-zero f,g € E, with |f| = |g|; we
have to show that f = £g¢. To this end, write f =, a;f; and g = >, b;f;. We can expand

f= amit Y (a2 0D 427000y,

( {i.j}es

and likewise for g. Comparing the coefficients with u;, we conclude that, for every i,
la;| = |b;|. By switching signs in front of f and g, and by re-indexing, we can assume
that a; = b; > 0. We have to show that the equality a; = b; holds for every ¢ > 1.

The preceding reasoning shows that a; = 0 iff b; = 0. Suppose both a; and b; are different

from 0. Comparing the coefficients with vy; ;3, we see that
|274¢(1,i)a1 4 274¢(i,1)ai‘ — ‘274(;5(1,7;)1)1 4 274¢(i,1)bi 7

which is only possible if sign a; = sign b;. O]
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Example 4.3.7. Theorem fails for complex spaces. Indeed, define F as the com-
plex span of {(1,1,1),(,1,—1)} € C? where we equip C* with the modulus |(a,b,c)| :=
(lal, 0], |¢]). Clearly, E contains vectors f, g with |f| = |g| but such that f —\g is not zero for
any A € C. Hence, F fails phase retrieval. However, one can easily compute that E contains
no disjoint vectors, which by compactness yields the non-existence of almost disjoint vectors.
Moreover, as observed in [82], a complex subspace that contains two linearly independent
real vectors cannot do complex phase retrieval. In particular, if £ C X is subspace of a
Banach lattice X with dim £ > 2, then the canonical subspace E¢c C X fails to do phase

retrieval.

Remark 4.3.8. Theorem [1.3.4] shows that for real scalars, the study of subspaces doing
stable phase retrieval is equivalent to the study of subspaces lacking almost disjoint pairs.
As mentioned in Section there is a vast literature on closed subspaces lacking almost
disjoint normalized sequences. Clearly, if E contains an almost disjoint normalized sequence,
then it fails to do stable phase retrieval. However, the converse is not true. For example,
the standard Rademacher sequence (r,,) in L,[0,1], 1 < p < oo, is dispersed by Khintchine’s
inequality, but |r,| = 1 for all n. Moreover, if one adds a single disjoint vector to a dis-

persed subspace, one produces a dispersed subspace failing phase retrieval. Nevertheless, as
mentioned in Section many of the results in Theorem have SPR analogues.

Holder stable phase retrieval and witnessing failure of SPR on

orthogonal vectors

In [82] (see also Section [4.7|below, where these results are recalled), the following terminology
was introduced in the setting of L,-spaces: A subspace E of a real or complex Banach lattice

X is said to do y-Holder stable phase retrieval with constant C'if for all f, g € E we have

inf || —Agllx < ClIF =gl (Lflx + lgllx) (4.3.2)

IN=1

The utility of this definition arose from a construction in [82] of SPR subspaces of Ly (1)
which are dispersed in Lg(1). Applying certain Holder inequality arguments, [82] was then
able to deduce that such subspaces do %—Hélder stable phase retrieval in Ls(p). The idea
in [82] is to begin with an orthonormal sequence (), and instead of comparing |f| to |g|,
one compares |f|? to |g|?>. Assuming the integrability condition 7, € Ly() with uniformly

bounded norm, and various orthogonality and mean-zero conditions on the products 7475,
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the orthogonal expansion f = ), axry leads to an orthogonal expansion

2= asamim; + > lanlse + 1 £17,1, s = |re]* = L.
k#j k

The products r,7; encode how the subspace “sits” in Ls(p), i.e., they encode the lattice
structure. However, analyzing |f|? rather than |f| allows one to work algebraically. As was
shown in [82], if one imposes appropriate orthogonality conditions, the subspace E spanned
by 7 will do stable phase retrieval in Ly(p). [82] then gives examples of such ry built from
dilates of a single function P, with |P| not identically constant. Verifying that such se-
quences (1) satisfy the required orthogonality conditions is then a combinatorial exercise,
using sparseness of the dilates to get non-overlapping supports with respect to the basis
expansion. This sparseness naturally leads to E lying in higher L,-spaces, so that by inter-
polating, one concludes that E does Holder stable phase retrieval in Ly(p) with v = % if
p = 6, and7—>%asp—>oo.

The purpose of this section is to show that - at the cost of dilating the constant - Holder
stable phase retrieval is equivalent to stable phase retrieval. For real scalars, this can already
be deduced from the almost disjoint pair characterization in Theorem [4.3.4. However, the
proof below works equally well for complex scalars. The following theorem was proven in
[10] for phase retrieval using a continuous frame for a Hilbert space. We extend it here to

subspaces of Banach lattices.

Theorem 4.3.9. Let (X, ||-||) be a Banach lattice, real or complex. Fix linearly independent
f,g € X, and suppose that Y = span{f, g} is equipped with a Hilbert space norm || - ||x,

which is K-equivalent to || - ||. Then there exist f’, ¢ € Y so that
min [|f — Agll < K min || = Ad'l, (4.3.3)
and
17+ 19172 < K min [[f* = gl (4.3.4)
and
A1 = lalll = LT = 1g'[]]- (4.3.5)

Remark 4.3.10. Conditions (4.3.3) and (4.3.5)) state that replacing (f,g) by (f’,¢’) tight-
ens the SPR inequality up to the universal factor K. The condition (4.3.4)) states that f

and ¢’ are “almost orthogonal” (in fact, the proof shows that they are orthogonal in the
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Hilbert space H = (Y, || - ||x)); it also permits us to witness the failure of SPR on f’, ¢ with

controlled norm.

In general, by John’s Theorem, every 2-dimensional space is v/2-equivalent to a Hilbert
space, but in certain cases a better estimate can be obtained. For instance, if X = Lo(u),
then for the inherited norm on Y we have K = 1 and f’ orthogonal to ¢’. If X is a Banach
lattice, which is r-convex and s-concave (1 < r < 2 < s < 00) with constants M (X) and
M(5)(X) respectively, then, by [319, Theorem 28.6], there exists || - || for which

1 11 1
K < MO(X)Mg(X)2°, wherea = max {~ - =, = — 3
< (X)M5(X)2%, wherea = max T35
In particular, for X = L,, there exists || - || for which K < 2/%/P=1/2l_ 319, Corollary 28.7]

provides similar results for operator ideals (Schatten spaces).

In certain applications of Theorem [4.3.9] (such as Theorem [£.5.3), the norm || - || arises
not from the Hilbert space with the minimal Banach-Mazur distance to Y, but from an
equivalent Euclidean norm on some subspace E (with Y C F C X). In this setting K may
exceed /2.

To prove Theorem [£.3.9, we need to represent elements of X as measurable functions.
As mentioned in the proof of Theorem [4.3.4] every (real) Banach lattice X embeds lattice
isometrically into a space of the form (@Ze L (0, %, /“‘i))oo . Hence, throughout the proof
we can assume that elements of X are functions on a measure space. In the complex case, a
similar reduction is possible. Indeed, let X be a complex Banach lattice. By the discussion
in Section we can assume that X = Z¢ is the complexification of some (real) Banach
lattice Z. We can then let T : Z7 — (@ie[ Ly (S, %, “i»oo be a lattice isometric embedding.
The complexification T maps X into the complexification of (@ZG 1 Li(80, %, Mi))oo' The
codomain of this map is still (@ig L1(2;, %, ,ui))oo, but now interpreted as a Banach lattice
over the complex field (cf. [2, Exercises 3 and 5 on page 110]). Since T is one-to-one, the
definition of Tt tells us that Tt is one-to-one. Moreover, as mentioned in Section 4.2 T
preserves moduli. Finally, by [2, Lemma 3.18 or Corollary 3.23], T¢ preserves norm. Thus,
everything in the SPR inequality is preserved, so, analogously to the real case, we may
assume throughout the proof that the complex Banach lattice X is a space of complex-

valued functions.
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Proof of Theorem[{.3.9 By scaling, we assume that, on Y, |- || < || - |lz < K| - ||. By

replacing g by a unimodular scalar times g, we assume

min 1f = Aglla = 1If —gllu-

This latter condition is equivalent to (f, g) > 0. Indeed,

If = XgllE = (f, )+ (g.9) — 2R (X[, 9)) -

This is minimized when X is the conjugate phase of (f, g). This is minimized when A = 1 iff
(f.9) 2 0.

Consider f,:= f—r(f+g) and g, :=g—r(f +g) for r € [0,1/2]. We let R be the first
instance of (f —r(f +g),g — r(f + g)) = 0. This is possible since when r = 0, the inner

product is non-negative, and when r = %, it is negative. Note that

Hf?“ _ngH = ”f _gHH-

Thus, since fr and gr are orthogonal,

in || fr — Agrllz = min || f — gl
min [|fr = Agrlln = min [ = Agllx

We will take f' = fr and ¢’ = gr. To see (4.3.3), we compute

. . - . / / : / /
min |[f = Agll < min [If = Aglly = min |[f* = Ag'lly < Kmin |[f* = Ag'll (4.3.6)

Moreover, as f' and ¢’ are orthogonal in H,

. . 1 1
K min [[f" = Ag'l| = min [[f* = Ag'llm = (LA + 1152 = A1+ D12 (4.8.7)

=1
This gives (4.3.4).
We now verify (4.3.5)). To see this, we prove
1
[1fel = 1g:ll < 1lf = lgl| for r € [0, 5. (4.3.8)

We represent X C L) and let ¢ € Q. We will prove that

1501 =19 (D11 < 1F®)] = lg®)] for r € [0, (4.3.9)

75]
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Note that (4.3.9) is simply a claim that an elementary inequality holds for complex numbers.
Write f(t) = a + ib and g(t) = ¢ + id. Multiplying f(¢) and ¢(¢) by a unimodular scalar,
we rotate so that d = —b. WLOG, |a| > |c|; then, multiplying by —1 if necessary, we also

assume a > 0. We have
fr(t)=a—r(a+c)+ib, g.(t) =c—r(a+c)—ibd.

Now, we note that our assumptions give ||f,(6)| — |g-()|| = |f-(t)| — |g-(t)| for 0 < r < 1.
Indeed, 3(f,(t)) = —(g.(t)) and (R(f-(1))* > (R(g.(t)))? for 0 < r < L by elementary
computations. Taking r =0, ||f(¢)| — |g(¢)|| = |f(t)| — |g(t)|. Hence, we must prove

(O] = 1g- (O] < [F(O)] = lg(®)] for € [0, %]-

This inequality is true for all » > 0. Indeed, recall first that a > ¢. By the Fundamental

Theorem of Calculus, for any convex function ¢ and w > 0, we have ¢(a —w) — ¢(c — w) <

o(a) — ¢(c). In our case, the function h(s) = v/s? + b? is convex and r(a + ¢) > 0; therefore,
e (O] = [gr ()] = h(a —r(a +¢)) = h(c = r(a+c)) < h(a) = h(c) = [f(1)] — |g(t)]-

O

Corollary 4.3.11. Let E be a subspace of a real or complex Banach lattice X, and v € (0, 1].
If £ does y-Holder stable phase retrieval in X with constant C' > 0 then E does stable phase
retrieval in X with constant \/5(\/§C)%

Proof. Let f,g € E with || f|| =1 and ||g|| < 1 such that

(717 + llgl*)> < V2 inf [l = Agll (4.3.10)

In particular,

277 < inf [If = Agll <2
=1

As F does C-stable y-Holder phase retrieval, we have that

2712 < inf |1 = Mgl < ClIA = gl (UF1+ gl)'™ < 2CHA = gllP. (43.10)

=1
Thus, we have that C*/72%@V=1|||f| — |g||| > 1 and infjy—; || f — Ag|| < 2. It follows that

inf (1 = Mgl < (272C) 7 1f] = gl (4.312)
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To prove (4.3.12)) we have assumed that || f|| = 1 and ||g|| < 1. However, by scaling we have

that any f, g € E which satisfy (4.3.10) also satisfy (4.3.12]).

We now consider any pair of linearly independent vectors x,y € E. By Theorem |4.3.9
there exists f,g € E which satisfy (4.3.10]) such that

min [z — Ayl < \/5&‘12 1f = Mgl and [l = lylll = [I[f] = lgll-

Thus, we have that

min |2 — Ay < 21/2(232C)V || |z| — |y
=1

This proves that E does 2/2(23/2C)'/7-stable phase retrieval. O

Remark 4.3.12. The constant \/5(\/50)% in Corollary 4.3.11] arises by using the worst
case scenario K = /2 from Theorem m This constant can certainly be optimized; for

example, if one also takes into account the distance from E to a Hilbert space.

To conclude this section we give a simple proof that in finite dimensions, phase retrieval

is automatically stable.

Corollary 4.3.13. Let X be a real or complex Banach lattice, and E a finite dimensional

subspace of X. If E does phase retrieval, then E does stable phase retrieval.

Proof. The real case has already been dealt with in Remark but the argument we
provide below works for both real and complex scalars. Indeed, by Theorem 4.3.9, if F

fails to do stable phase retrieval then we can find, for each N € N, functions fy, gy with
Ifnll =1, lgnll <1,

1 .
(Lfnl? + llgn )z < \@ﬁg I~ — Agwlls (4.3.13)

and
2> ‘rﬁi:q [fx = Agnll > N[ fn] = lgnlll- (4.3.14)

By compactness, after passing to subsequences, we may assume that fy M) f and
gN A, g, for some f,g € E. Since ||fy|| = 1 for all N, it follows that ||f|| = 1. Moreover,

from (4.3.14) and continuity of lattice operations, we see that |||f| — |g||| = 0. Hence,
|f| = |lg| # 0. Fix a phase X\. By (4.3.13)), we have

(£ 02+ llgnl®)z < V2IIfx — Agw |-
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Passing to the limit, we see that
1
L< (AP + llal®)z < V2(1f = Mgl
Hence, f # A\g. It follows that E fails to do phase retrieval. O

Remark 4.3.14. Note that the Banach lattice X in Corollary |4.3.13|is not assumed to be
finite dimensional. This is of some note, as, unlike for closed spans, the closed sublattice

generated by a finite set can be infinite dimensional.

4.4 Examples

Building SPR subspaces via isometric theory

As mentioned in Theorem when 1 < p < 2 and ¢ € (p, 2], one can find isometric copies
of L,[0,1] in L,[0, 1]. As we will now see, such subspaces must do SPR.

Proposition 4.4.1. Suppose p,q € [1,00), and either (1) 1 <p < g¢g<2 or (2) ¢ =2<
p < oo. There exists an € > 0 such that if E C L,[0,1] is (1 4 €)-isomorphic to F' C L,[0, 1],
then E does SPR in L,[0, 1].

Proof. We only handle case (1), as (2) is very similar. Suppose, for the sake of contradiction,
that £ fails SPR. Then by Theorem 4.3.4) E contains c-isomorphic copies of £3, for any ¢ > 1.
Consequently, for any such ¢ we can find norm one f,g € E so that || f + gz, ||f — 9z, >

¢ 1217 However, by the Clarkson inequality in Ly,

1f +gllg, +1f = gllz, < 2(1F17, + gl7,)" " < (1 +e)727,

where 1/q 4+ 1/¢ = 1. However, the left side is > ¢ 729/ and it is easy to see that
1+ ¢ /p > ¢. Hence, we get a contradiction if € > 0 is sufficiently small. O]

Corollary 4.4.2. If cither 1 <p < ¢ <2 or g=2 < p < o0, then L,[0, 1] contains an SPR

subspace isometric to L,[0, 1].

Proof. 1t is well known (see e.g. [190, Section 9]) that, under the above conditions, L,|0, 1]
contains an isometric copy of L,[0,1]. By Proposition |4.4.1] that copy does SPR. O
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Existence of SPR embeddings into sequence spaces

Proposition 4.4.3. If a Banach space F embeds into /. («) for some infinite cardinal «
(which happens, in particular, when E itself has density character «), then there is an
isomorphic SPR embedding of E' inside of £ (c).

The fact that any Banach space E of density character a embeds isometrically into
loo () is standard. We recall the construction for the sake of completeness: Let (x;);e; be
a dense subset of E of cardinality «; for each i find 2} € Sg« so that 2} (x;) = ||a;]|. Then
E = l(a) : x— (z}(x));er is the desired embedding. Similarly, one can show that if F is a

dual space, with a predual of density character «, then E embeds isometrically into £ (c).

To establish Proposition 4.4.3| it therefore suffices to prove:

Lemma 4.4.4. For any infinite cardinal «, there exists an isometric SPR embedding of
loo (@) into itself.

To prove Lemma [4.4.4] we rely on the following.

Lemma 4.4.5. Suppose E is a (real or complex) Banach space, and z,y € F have norm 1.
Then there exists a norm 1 functional f € E* so that |f(z)| A |f(y)| > 1/5.

Proof. Suppose first that dist (y,Fx) < 2/5 (here F is either R or C). Find t € F so that
|ly — tz|| < 2/5. By the triangle inequality, |t| > 3/5. Find f € E* so that || f|| =1 = f(z).
Then |f(y)| > |t]|f(x)] — ||y — tz|| > 1/5. The case of dist (z, Fy) < 2/5 is handled similarly.

Now suppose dist (x, Fy),dist (y,Fx) > 2/5. By Hahn-Banach Theorem, there exist
norm one g,h € E* so that g(x) > 2/5, g(y) = 0, h(y) > 2/5, and h(x) = 0. Then
f:=1(g+h)/|lg+ h| has the desired properties. Indeed, ||g + k|| < 2, hence

7@ 2 59| - k@) 2 3,

and likewise, |f(y)| > 1/5. O

N —

Proof of Lemmal{.4.4 For the sake of brevity, we shall use the notation £ = £, («), and
E, = l1(a). Pick a dense set (f;)icr in Sg,, with |I| = . Define an isometric embedding
J:E — U(I) : z — (fi(x))ier. We shall show that, for every z,y € Sg and € > 0,
there exists 7 so that |fi(z)| A |fi(y)| > 1/5 —e. Once this is done, we will conclude that
|| Jx| A |Jyl]] > 1/5 for any x,y € Sg, which by Theorem tells us that J is indeed an
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SPR embedding.

By Lemma 4.4.5 there exists f € Sg- so that |f(z)| A|f(y)] > 1/5. By Goldstine’s
Theorem, there exists f' € Sg, so that | f'(x)|A|f'(y)| > 1/5—¢/2. Find i so that || f'— fi|]| <
/2. Then

@AW 2 @A G- 1 = 52 5 e

which proves our claim. O

Remark 4.4.6. We can define the canonical embedding of E into C(Bg+) (with Bg« =
{e* € E* : |le*|| < 1} equipped with its weak* topology) by sending e € E to the function
e* +— e*(e). The above reasoning shows that this embedding is SPR. For separable E, more
can be said - see Proposition below.

Remark 4.4.7. If an atomic lattice is order continuous (which ¢, of course is not), then
the “gliding hump” argument shows the non-existence of infinite dimensional dispersed sub-
spaces. The lattice ¢ is not order continuous, but it has no infinite dimensional dispersed
subspaces. This is because ¢ contains ¢y as a subspace of finite codimension, hence any

infinite dimensional subspace of ¢ has an infinite dimensional intersection with cg.

Combining the results from this and the previous subsection, we see that, often, the
collection of dispersed subspaces of a Banach lattice coincides with those that do SPR, up

to isomorphism. Indeed, we have the following:

Corollary 4.4.8. For every dispersed subspace E C L,[0,1] (1 < p < 00), there exists a
closed subspace E' C L,[0, 1] isomorphic to E, and doing stable phase retrieval. The same
result holds with L,[0, 1] replaced by C[0, 1], C(A), ¢ or any order continuous atomic Banach

lattice.

Proof. By Theorem , for 1 < p < oo and p # 2, a closed subspace of L, [0, 1] is dispersed
if and only if it contains no subspace isomorphic to £,. A result of Rosenthal [289] states
that for 1 < p < 2, a subspace of L,[0, 1] that does not contain ¢, must be isomorphic to a
subspace of L, for some r € (p,2]. By Corollary one can build an SPR copy of L, in L,,.

In the case 2 < p < 0o, Theorem m states that any dispersed subspace of L,[0, 1] must
be isomorphic to a Hilbert space. By Corollary [4.4.2] L,[0,1] contains an SPR copy of (5.

To deal with the case p = oo, note that L0, 1] is isomorphic (as a Banach space) to (.,
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and use Lemma together with the fact that { lattice isometrically embeds in L]0, 1].

For order continuous atomic lattices and ¢, there are no infinite dimensional dispersed
subspaces by Remark [£.4.7 The claim for C[0,1] and C(A) will be proven in Proposi-
tion below, when we analyze SPR subspaces of C'(K)-spaces. As we will see in the
proof of Proposition the fact that every separable Banach space embeds into C10, 1]
and C(A) in an SPR fashion ultimately follows from Remark [4.4.6] O

Explicit constructions of SPR subspaces using random variables

In this subsection, we construct SPR subspaces of a rather general class of function spaces
by considering the closed span of certain independent random variables. The use of sub-
Gaussian random vectors has been widely successful in building random frames for finite
dimensional Hilbert spaces which do stable phase retrieval whose stability bound is indepen-
dent of the dimension [72, (73| [106| [213] [212]. However, different distributions for random
variables will allow for the construction of subspaces which do stable phase retrieval and are

not isomorphic to Hilbert spaces. We begin by presenting a technical criterion for SPR.

Proposition 4.4.9. Suppose X is a Banach lattice of measurable functions on a probability
measure space (£, 1) which contains the indicator functions and has the property that for
every € > 0 there exists § = d(¢) > 0 so that ||xs|| > § whenever u(S) > . Suppose,
furthermore, that E is a subspace of X, which has the following property: There exist
a > 1/2 and § > 0 so that, for any norm one f € E, we have

p({weQ:|fw)]>p})>a (4.4.1)
Then F is an SPR-subspace.

Proof. Suppose f,g € E have norm 1. By the Inclusion-Exclusion Principle,

p({we:|fw)=481]gw) > pB}) =20 —1.
Thus, [l Alglll = 86(2ac = 1). O

The above proposition is applicable, for instance, when X is a rearrangement invari-
ant (r.d. for short; see [231] for an in-depth treatment) space on (0, 1), equipped with the
canonical Lebesgue measure A. Examples include L, spaces, and, more generally, Lorentz

and Orlicz spaces (once again, described in great detail in [231]; for Lorentz spaces, see
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also [101]). Below we describe some SPR subspaces, spanned by independent identically

distributed random variables.

Suppose f is a random variable, realized as a measurable function on (0,1) (with the
usual Lebesgue measure \). Then independent copies of f — denoted by fi, fa,... — can
be realized on ((0,1), \)*. By Caratheodory’s Theorem (see e.g. [219, p. 121]), there ex-
ists a measure-preserving bijection between ((0,1), \)¥ and ((0,1),\). Therefore, we view

fi, f2, ... as functions on (0, 1).

Suppose now that, in the above setting, the following statements hold:
(i) f belongs to X, and has norm one in that space;

(ii) There exists r so that, if fi,..., f, are independent copies of f, and ), |a;|" = 1, then
> ;@i fi is equidistributed with f;

(iii) There exists 8 > 0 so that P(|f| > 5) > 1/2.

In this situation, if fi, fa, ... are independent copies of f (viewed as elements of X, per the

preceding paragraph), then span|f; : i € N] is an SPR copy of ¢, in X.

We should mention two examples of random variables with the above properties: Gaus-
sian ((ii) holds with » = 2) and ¢-stable (¢ € (1,2); (ii) holds with r = ¢). The details can
be found in |9, Section 6.4]. For the Gaussian variables, the probability density function

—=*/2 with ¢ depending on the normalization. For the g-stable variables with

is ds(z) = ce
. . . __|+lg . . . . . . .
characteristic function ¢ ~ ce” 1" (with ¢ ensuring normalization), the Fourier inversion

formula gives the density function

de(z) = E/o cos(tx)e ™" dt.

™

In both cases, dy is continuous (in the latter case, due to Dominated Convergence Theorem),
hence there exists 5 > 0 so that
p 3
IP’(|f|>B):1—/ df>1.
-B
It is known that Gaussian random variables belong to L, for p € [1, 00), while the r-stable

random variables (1 < r < 2) lie in L,, if and only p € [1,r). Moreover, the results from
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[231] p. 142-143] tell us that L(0,1) C L, ,(0,1) for s > p (this is a continuous inclusion,
not an isomorphic embedding). If » > p, then the r-stable variables belong to L, ,(0,1) (in-
deed, take s € (p,r); then the r-stable variables live in L4(0, 1), which in turn sits inside of
L,,(0,1)). Likewise, one shows that any Lorentz space L, ,(0,1) contains Gaussian random

variables.

The above reasoning implies:

Proposition 4.4.10. Suppose 1 < p < oo and 1 < ¢ < oo (when p = 1, assume in addition
q < 0). Then L, ,(0,1) contains a copy of ¢, that does SPR. If, in addition, 1 < p < r < 2,
then L, ,(0,1) contains a copy of ¢, that does SPR.

Stability of SPR subspaces under ultraproducts and small

perturbations

We show that SPR subspaces are stable under ultraproducts, and under small perturbations

(in the sense of Hausdorff distance). These results hold for both real and complex spaces.

Proposition 4.4.11. Suppose 4 is an ultrafilter on a set I, and, for each i € I, F; is a
C-SPR subspace of a Banach lattice X;. Then [], £; is a C-SPR subspace of [], X;.

We refer the reader to [166] or |97, Chapter 8] for information on ultraproducts of Banach

spaces and Banach lattices.

Proof. We have to show that, for any x,y € [], £;, there exists a modulus one A so that
|z — Ayl < CJl|z] = |y|l|]. To this end, find families (z;) and (y;), representing x and y
respectively. Then for each i there exists A; so that |\;| = 1 and ||z; — Njys|| < C|||xi| — |will]-

As ultraproducts preserve lattice operations, |x| and |y| are represented by (|z;|) and (|y:]),

respectively, hence |||z| — |y||| = limg |||x;| — |v:|||]. By the compactness of the unit torus,
there exists A = limy A;, with |A\| = 1. Then ||z — A\y|| = limg ||z; — A\;y;||, which leads to the
desired inequality. O

Remark 4.4.12. Proposition can be used to give an alternative proof of Corol-
lary . First find a family of finite dimensional subspaces Fj, C L,(0,1), ordered by
inclusion, so that U, Fj is dense in L,(0, 1), and each F}, is isometric to (% for some ny (one
can, for instance, take subspaces spanned by certain step functions). A reasoning similar to
that of |97, Theorem 8.8] permits us to find a free ultrafilter 4 so that [[, F contains an



CHAPTER 4. STABLE PHASE RETRIEVAL IN FUNCTION SPACES 133

isometric copy of Ly(0,1). A fortiori, [[ ¢, contains an isometric copy of Ly(0,1) (call it

Proposition proves that L,(0,1) contains a subspace, isometric to ¢, (spanned by
Gaussian random variables for ¢ = 2, ¢g-stable random variables for ¢ < 2) which does SPR.
By Proposition 1, ¢y embeds isometrically into [ ] L,(0,1), in an SPR fashion. By
1166], Ty Lp(0,1) can be identified (as a Banach lattice) with L,(£2, i), for some measure
space (£2, ).

Let X be the (separable) sublattice of L, (£, ) generated by E. By [231} Corollary 1.b.4],
X is an L, space. [219, Corollary, p. 128] gives a complete list of all separable L, spaces;
all of them lattice embed into L,(0,1). Thus, we have established the existence of an SPR
embedding of E' = L,(0,1) into L,(0,1).

To examine stability of SPR under small perturbations, we introduce the notion of one-
sided Hausdorff distance between subspaces of a given Banach space. If E, F' are subspaces
of X, define dyy(E, F) as the infimum of all 6 > 0 so that, for every x € F with ||z]| <1
there exists 2’ € E with ||z — 2| < J (this “distance” is not reflexive, hence “one-sided”).
Note also that, for = as above, there exists ” € E with ||| = ||z|| and ||z — 2| < 27;

indeed, one can take z”/ = ‘l‘lf,‘h x.

By “symmetrizing” diy, we obtain the classical Hausdorff distance: if E and F are
subspaces of X, let dy(F,F) = max{diy(E, F),dig(F,E)}. For interesting properties of

dp, see [62], and references therein.

Proposition 4.4.13. Suppose E is an SPR subspace of a Banach lattice X. Then there
exists 6 > 0 so that any subspace F' with dyy(F, F') < 0 is again SPR.

From this we immediately obtain:

Corollary 4.4.14. For any Banach lattice X, the set of its SPR subspaces is open in the
topology determined by the Hausdorff distance.

Remark 4.4.15. See [132], Proposition 3.10] for a similar stability result for dispersed sub-

spaces of a Banach lattice.
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Proof of Proposition[f.4.13. Suppose E does C-SPR. We shall show that, if diy(E, F) <
1/(2v/2(C + 1)), then F does C'-SPR, with

1 1,1
~ = (2 E,F)—Qd E, F).
I C(\/i 11 (E, F) (B, F)
Suppose, for the sake of contradiction, that F' fails to do C'-SPR. Find f, g € F so that
minpy =1 ||f — Agl| =1 and [||f| — ||| = ¢ < 1/C". By Theorem [4.3.9] we can find f',¢' € F
so that )
min || f' = M| > —=, ||| = |d|]| < e, and ||f'|| + ||d]| < 2.
min 7 =g = 17 = 141 < e and ]+ ] <
For any 6 > dyg(E, F), there exist ", ¢"” € E so that ||f” — f'|| </ f'|| and ||g" — ¢'|| <
9||¢'||- The triangle inequality implies:

I = 19" < T =g N+ 6L+ N9l < e+ 265

. " 1 : ! / ! / 1
min |7 = Ag"|| 2 min [[f* = Ag'll = o(lFll + llg'l)) = =5 = 20.

Al=1 V2
As E does C-SPR, we conclude that

L 5 < (et 20),

V2

and consequently,

1 1
— _ < —
75~ 2in(B,F) < Clet 2 (B, F)) < C(C, v 2dy g (E, F)),
which contradicts our choice of C". O]

R. Balan proved that frames which do stable phase retrieval for finite dimensional Hilbert
spaces are stable under small perturbations [41]. The following extends this to infinite

dimensional subspaces of Banach lattices.

Corollary 4.4.16. Suppose (¢;) is a semi-normalized basic sequence in a Banach lattice X,
so that Spanle; : ¢ € N] does SPR in X. Then there exists ¢ > 0 so that if (f;) € X and
> llei — fil| < e then span|f; : i € N] does SPR in X.

Remark 4.4.17. In real Ly, Corollary [4.4.16| can be strengthened. Suppose (e;) is a se-
quence of normalized independent mean-zero random variables, spanning an SPR-subspace

of Ly. Then there exists an ¢ > 0 with the following property: if (f;) is a collection of
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normalized independent mean-zero random variables so that (e;, f;) are independent when-
ever i # j, and sup, |le; — fi|| < e, then span[f; : i € N] C Ly does SPR as well. For the
proof, recall that there exists v > 0 so that the inequality |||u| A |v||| > 7 holds for any
norm one u,v € spanle; : ¢ € N|. Let ¢ = v/4. We will show that, for any norm one
x,y € F =span[f; : i € N], we have |||z]| A |y||| > v/2.

Write x = Y. o f; and y = >, B, fi, and define 2’ = Y, ae;, ' = >, fie;. Then

2
lo =21 = | S aulfi — )] = S laul2llfi - eil? <223 a2 = 22
Similarly, [y — y/|| < e. Therefore, [[lz] — |2/|ll,llyl - [y'lll < <, hence 2] Alyl]| > [I|] A
y/lll = 2¢. But [[l2'| Aly'lll = 7, hence [[l2] A [yl > 7/2.

4.5 SPR in Lebesgue spaces

In this section, we investigate the relations between dispersed and SPR subspaces of L,, as

well as the relation between doing SPR in L, versus doing SPR in L,.

Theorem 4.5.1. Every infinite dimensional dispersed subspace of an order continuous Ba-

nach lattice X contains a further closed infinite dimensional subspace that does SPR.

Proof. We first prove the claim for L;(, 1), with p a finite measure. Let E be a closed
infinite dimensional subspace of L (£, 1) containing no normalized almost disjoint sequence.
By Theorem E also does not contain ¢;. By [215], every closed infinite dimensional
subspace of Lq(£2, ) almost isometrically contains ¢, for some 1 < r < 2. Since F does not
contain (1, it follows that there exists » > 1 such that for all € > 0, ¢, is (1 + ¢)-isomorphic
to a subspace of E. Let a > 0 be such that ¢7 is not (1 4+ a)-isomorphic to a subspace of
.. Such an « exists by the Clarkson argument in Proposition [{.4.1]] We now claim that
for 0 < € < «, every subspace of L; that is (1 + €)-isomorphic to ¢, must do stable phase
retrieval. Indeed, if E failed SPR, it would contain for all v > 0 a (1 + ~y)-copy of ¢2. Thus,
for all ¥ > 0, we have that ¢? is (1 +~)(1 + &)-isomorphic to a subspace of ¢,. However, this
gives a contradiction if 7 > 0 is small enough such that (1 +v)(1+¢) <1+ a.

Now let E be a closed infinite dimensional dispersed subspace of an order continuous
Banach lattice X. Replacing F be a separable subspace of F, we may assume that E is

separable. Using that every closed sublattice of an order continuous Banach lattice is order
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continuous, replacing X by the closed sublattice generated by E in X, we may assume that
X is separable. It follows in particular that X has a weak unit. By the AL-representation
theory, there exists a finite measure space (€2, ) such that X can be represented as an ideal
of Ly(Q, u) satisfying

(i) X is dense in Ly(€2, u) and Lo (€2, i) is dense in X;

(i) 1£]l < I Fllx and [|f]lx < 2] fll for all f € X.

Since E contains no almost disjoint normalized sequence, the Kadec-Pelczynski dichotomy
[231], Proposition 1.c.8] guarantees that ||-||x ~ ||-]|z, on E. In particular, we may view E as
a closed infinite dimensional subspace of L; (). We claim that E contains no almost disjoint
sequence when viewed as a subspace of L;. Indeed, suppose there exists a sequence (z,,) in £
with ||z,||z, = 1 for all n, and a disjoint sequence (d,,) in L; with ||z, —d,||L, — 0. Then in
particular, z,, converges to 0 in measure. By [96, Theorem 4.6], x,, — 0 in X. That is, for all
u € X, we have that |||z, |Alu|||x — 0. Thus, by [96, Theorem 3.2] there exists a subsequence
(xn,) and a disjoint sequence (dj) in X such that ||z, — dk||x — 0. Since ||z,||z, = 1 and

|“llx ~ |||z, on E, this contradicts that E contains no normalized almost disjoint sequence.

By the beginning part of the proof, we may select an infinite dimensional closed subspace
E' of E that does SPR in L. In other words, there exists € > 0 such that for all f,g € £’
with || ]|z, = |lgllz, = 1 we have

I A Tglllz, = e

Since || - [|x ~ || - ||z, on E, the same is true on E’, so we may view E’ as a closed infinite
dimensional subspace of X. We claim that it contains no normalized almost disjoint pairs.
Indeed, if f,g € E' with || f||x = llgllx = 1, then | f|l, ~ |lg|lz, ~ 1. Now, using that E’
does SPR in L; and property (ii) of the embedding, we have

A Tgllx = A A gz, 2 e

Thus, E’ contains no normalized almost disjoint pairs when viewed as a subspace of X. It
follows that £’ does SPR in X. m

Question 4.5.2. With Corollary and Theorem in mind, we ask the following: If
a Banach lattice X contains an infinite dimensional dispersed subspace E, does it contains
an infinite dimensional SPR subspace? If so, can we construct an infinite dimensional SPR
subspace E' with £/ C E C X?
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Our next results are motivated by the equivalence between statements (a)-(d) in Theo-
rem and the discussion in Remark[4.2.2] Note that it follows from Theorem [4.2.1] (a)-(d)
that if £ is dispersed in L,(u) and 1 < g < p, then E may be viewed as a closed subspace
of L,(u), and it is dispersed in L,(u). It is then natural to ask the following question: Let
i be a finite measure and 1 < ¢ < p. Let E be a subspace of L,(u) C L,(p). What is the
relation between £ doing SPR in L,(u) versus £ doing SPR in L,(p)? It is easy to see that
if I does SPR in L,(p), then £ does SPR in L,(u) if and only if || - ||z, ~ || - ||z, on E. We
will now show that E doing SPR in L,(u) does not imply E does SPR in L,(4), even though
the property of being dispersed passes from L, (p) to Lg(p).

Theorem 4.5.3. For all 2 < p < oo there exists a closed subspace E C L,[0, 1] such that £
does stable phase retrieval in L,[0, 1] but E fails to do stable phase retrieval in L,[0, 1] for
all 1 <q < p.

Proof. Let 2 < p < oo. It will be convenient to build the subspace E C L,[0, 2] instead of
Ly[0,1]. Let (r;)52; be the Rademacher sequence of independent, mean-zero, +1 random

variables on [0,1]. For all j € N, we let g; = r; + 29/P1[j i 1 49-i+1). Let E = Span;cnJ;-

We first prove for all 1 < ¢ < p that E fails to do stable phase retrieval in L,[0,2]. We
have for all j # i that ||g; — gil|7, = Ilg; + ¢ill7, > 27!, On the other hand, |r;| = |rj;1] and
lim ]\2‘7/1’1[[1+27j71+271+1)H‘iq = 0. Thus, lim[||g;] — |gj+1[[7, = 0. This shows that £ fails to
do stable phase retrieval in L,[0, 2].

We now prove that E does stable phase retrieval in L,[0,2]. Note that by Khintchine’s
Inequality there exists B > 0 so that (3 |a;*)? < | Y ajrillr, < B(X |a,]?)*? for all
scalars (a;) € ly. Thus, we have for all f =) a;r; and z = f + Zanj/le[HH,HﬁH) )
that

”fHL2(01 HxHL,, ([0,2]) = = || Zajrjuip([o,l]) + Z |a;[”
< BPOY a2+ (O Loyl
= (B + )HfHLQ(Ol

This computation shows that the map g; — r; extends linearly to a map E C L,[0,2] —
Ls[0,1], z — f, establishing an isomorphism between E and a Hilbert space. By Theorem
4.3.9) and Remark it suffices to prove that there exists a constant 6 > 0 so that if
r,y € Eand f,g € Ly[0,1] with f = Lo and g = Loy such that || f||z, =1, ||lg][z, <1,
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and (f,g) = 0 then |||z — [y|l[z, > 0.

We now claim that it suffices to prove that there exists € > 0 such that

if [[l2Lg)| = [yLagllz, <e then |||f]* —lg[Z, > o. (4.5.1)

Indeed, as all the L, norms are equivalent on the span of the Rademacher sequence, there

exists a uniform constant K > 0 so that the following holds:

I1£1% = 19?12, = /(\fl2 —lg*)?

z/(\fl — gD+ gD f1* = 1gl*)

< WA= lglllz ST+ gD AS P = 19l
< K11 = lglllz. < K1/ = lglllz,-

Here, the constant K comes from bounding

I+ gD A% = lgl)lz, < K- (4.5.2)

To get this upper estimate, note that, by Holder’s Inequality,

AT+ 1D S 12 = gl 2o = NS+ gD A+ gD A f = gDz,
< A1+ gl 1T = gl e

hence, by Triangle Inequality,
3
AT+ 1aD A = 1l ze < (1 llze + llgllze)™ (4.5.3)

Further, both f and g belong to the span of independent Rademachers, on which all the L,

norms are equivalent (for finite p). Since we know that || f||z, = 1 and ||g||z, < 1, this gives

a bound for the right-hand side of (4.5.3)), which, in turn, implies (4.5.2]).

To finish the proof of the claim, note that if |||x1(1,2)| = |yL1,2)|l|z, = € then |||z|—|y|||z, >

e and if |[|zL9)| — [yLlaolllz, <& then |||z — |||z, > 6K

We now establish (4.5.1) with e = 1/8 and § = 1. Let z = > a;(r; + 29/P1py 1951 y9-i+1))
and y = > bj(r; + 2711 49-5 142-541)). Welet f =3 a;r; and g =Y byr; and assume that
1f117, = 2 la;? =1, lgll7, = 2 10;1* < 1 and (f,g) = 3 a;b; = 0. We may assume that

(Z lag| — 16,17 = lalag| — lyLlazlll, <& =1/8. (4.5.4)
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All that remains is to prove that ||| f|* — |g|*[|7, > 6. We have from (4.5.4)) that [|a,| — |b;]| <
1/8 for all j € N. Hence, [[a;|* — [b;]*] < 1/4 for all j € N as |a;] + [b;| < 2. As 77 = Ly
for all j € N, we have that

P=a = —9)(f+9) =2 (ajai = bbi)rjri+ > _(aF = b7)1. (4.5.5)
j>i

Note that (4.5.5) gives an expansion for f? — g2 in terms of the ortho-normal collection of
vectors {11} U {rjri};>i.- Thus we have that

2P = 1gPlT, = 2 laja; — bybif?

§>i
=D lajai —bbi* = > faj = b}[?
jeN ieN jeN
= Z ((Z |ajai]2 + |bjbz|2) - (2ajbj ZCLJ)J) Z ‘(I b2 2
jeEN  ieN ieN jeN
=3O lajail® +1bbi ") = > a2 = B3> as > aib; =0
jeN ieN jeN
= (IF11Z, + llgllz.) = > laf = B3I
jeN
1
> (If1Iz, + llgllz,) — 2 > laZ =7 as |af — b7 < 1/4

jEN

1
> (1112, + lgllz.) — 712, + gl1Z.)

3 1
=3+l (ol - 1) e Al =1
3 1
Z17R as ||g[|r, < 1.
Hence, ||f2 — P}, = 3/2— 1 >1=4 a

Example 4.5.4. In the special case p = 2, Theorem 4.5.3| could have been proven using a
result in [71]. Indeed, as above, let (r;) denote the Rademacher sequence, realized on the
interval [0, 1]. Define g; = r; + 2%1[1+2—j71+2—j+1). We can think of the sequence (g;) as
being defined on a finite measure space. Note that "2%]1[1+27j’1+27j+1)HLQ = 1. Hence, for
the same reason as in [71], Span{g;} does SPR in L,. However, recall that the Rademacher
sequence does not do phase retrieval; we've also scaled the additional indicator functions

to be perturbative in L;. Hence, for i # j we have |[|g:| — |g;|l|l., = 3 + 37, Whereas



CHAPTER 4. STABLE PHASE RETRIEVAL IN FUNCTION SPACES 140

the other side of the SPR inequality is of order 1. This provides an example of a subspace
E C Ly(pn) € Ly(p) that does SPR in Lo(p) but not in Ly (p).

The next result contrasts with Theorem by showing, in particular, that if F does
SPR in both L, and L, then we can both “interpolate” the SPR, and “extrapolate it down-

ward”.

Theorem 4.5.5. Suppose u is a probability measure and 1 < g < p < 0co. Let E be a closed
subspace of L, (real or complex). Assume that || - ||z, ~ || - ||z, on E, and E does stable
phase retrieval in L,. Then forall 1 <r <p, |||z, ~ || - ||z, on £, and E does stable phase

retrieval in L,.

Proof. From the discussion on the Kadec-Pelczynski dichotomy (see Section , we know
that, as £ C Ly(n) does SPR, then || - ||z, ~ || - ||z, on E, whenever r < p.

Assume first that ¢ < r < p. Let C' > 0 so that the L, and L, norms are C-equivalent
on F, and let K > 0 so that E does K-stable phase retrieval in L,. As ¢ < r < p we have
for all f,g € F that

inf ||f = Aglle, <C inf ||f = Aglle, < CK||f| = lglllz, < CKIf] = lglllz,.  (4.5.6)

IA|=1 IA=1

Thus, E does stable phase retrieval in L,.

We now turn to the case 1 < r < ¢g. By the previous argument, £ does stable phase
retrieval in L,. Hence, the L, norm is equivalent to the L; norm on F, and hence the L,
norm is equivalent to the L, norm on E. Let C' > 0 so that the L, and L, norms are
C-equivalent on F, and let K > 0 so that £ does K-stable phase retrieval in L,. Let 6 be
the value so that ¢=' = 0r~! + (1 — 0)p~!. By Holder’s inequality, for any f, g € E,

—0 _
I1f1=1glllz, < WF1=lgllE, (1 llz, +llglle,) ™" < CULF=IglE, (11l + lglle)' " (4.5.7)

Therefore, for any f,g € E, we have

inf 1 = glle, < inf [1F = Aglle, < KIS = lallle, < CKNA = lgll, (1, +lglz,)' ™"

Thus, E does 6-Holder stable phase retrieval in L,. By Corollary [4.3.11} it follows that E

does stable phase retrieval in L,. O



CHAPTER 4. STABLE PHASE RETRIEVAL IN FUNCTION SPACES 141

In Theorem [4.5.3| we showed that when 2 < p < oo an SPR-subspace E C L,[0, 1] need
not do SPR in L,[0, 1] for any 1 < ¢ < p. Our next result shows that the case 1 < p < 2 is
completely different.

Theorem 4.5.6. Let (€2, 1) be a probability space and let £ be a closed infinite dimensional
subspace of L,(€, ). Consider the following statements:

(i) E does stable phase retrieval in L, (2, p1).
(ii) £ does stable phase retrieval in Ly (€2, ;) and || - ||z, ~ || - ||z, on E.
(iii) There exists a > 0 such that for all z,y € E,

p{t € Q)] = allz]l, and |y(@)] = allyllz,}) > o (4.5.8)

Then for all 1 < p < oo, (ili)<(ii)=-(i). Moreover, if 1 < p < 2, all three statements are
equivalent.

Proof. (iii) = (ii): Note that condition (iii) implies that E contains no normalized s
disjoint pairs, when viewed in the L, norm. Hence, E does SPR in L,, which implies that
|-llz, ~ |||z, on . Using this in condition (iii), we conclude that £ contains no normalized

almost disjoint pairs, when viewed in the L; norm, hence does SPR in L;.

(it) = (i): Let C' > 0 so that ||z];, < C||z|z, for all z € E. Let K > 0 so that I does
K-stable phase retrieval in L;. Thus, for all x,y € E we have that

min [z = yll, < ¢ 1nin 2 = Aylle, < CK|llz| = lylllz, < CK|lz] = lylllz,-

Thus, F does C'K-stable phase retrieval in L,(€2).

(1) = (i) Let 1 < p < 2 and assume that (i) is true but (iii) is false. We first note
that condition (i) implies that || - ||z, ~ [/ - ||z, on E. We may choose a sequence of pairs

(Zn, yn)p2; in £ and o > 0 such that ||z,[|z, = [|ynl/z, = 1, with
p({t € Qx| Alyal >0 =0, but [[|za] A lyalllr, > 2a. (4.5.9)

As (|zn] A lyn])oe, converges in measure to 0 and is uniformly bounded below in L, norm,
after passing to a subsequence we may find a sequence of disjoint subsets (€2,,)7; C Q such
that

[zl A fyn)Log 1z, = llzal Ayl = (l2n] Alyal) ey, = 0. (4.5.10)
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Let £, \ 0 with £; < «/2. After passing to a subsequence, we may assume that
|znlq,|/z, > afor all n € N. As (£2,)72, is a sequence of disjoint subsets of the probability
space (€2, 1), we have that p(€2,) — 0. Thus, after passing to a further subsequence we may
assume that ||z;1q,[|z, < &, for all j < n. Again, after passing to a further subsequence we
may assume that there exists values (3,)52, such that lim;_, ||z;1q,/z, = B, for all n € N.
L, < Bnten/2 forall j > n. As ()32, is a

sequence of disjoint sets, we have for all N € N that

Furthermore, we may assume that ||z;1q,

N N
T s, > Jim Y Lo, Iy, = - A
n=1 n=1

[e.9]

In particular, we have that 3, — 0. Hence, after passing to a further subsequence of (z,)%,

we may assume that £, < e,/2 for all n € N. Thus, [|z;1q,||., < &, for all j > n. In sum-

mary, we have that for all n € N, ||z, 1q, ||z, > o and for all j # n, we have ||z;1q, |1, < &n.

As g1 < /2, we have in particular that ||z; — x|z, > /2 for all j # n. We have that
()2 is a semi-normalized sequence in a closed subspace of L, which does not contain £,,.
Thus, by [289, Theorem 8], (x,,)5%; is equivalent to a semi-normalized sequence in L, (v) for
some p < p’ < 2 and probability measure v. We may assume after passing to a subsequence
that (x,)72, is weakly convergent in L, (v). Thus, the sequence (22, — Zo,-1)5>, converges
weakly to 0 in L,y (v). As Ly(v) has an unconditional basis, after passing to a further sub-

sequence, we may assume that (zs, — T2, 1), is C-unconditional for some constant C'.

As L, (v) has type p’ and (22, — Zo,—1)52; is unconditional, we have that (22, —z2,-1)52,
is dominated by the unit vector basis of ¢,,. We will prove that there exists a constant K
so that for all N € N there exists & € N such that the finite sequence (zq, — mzn_l)flf,j 1 K-
dominates the unit vector basis of £'. As p < p/, this would contradict that (22, — T2n—1)52,
is dominated by the unit vector basis of ¢,,. Alternatively, one could use that L, has type
p, the uniform containment of %V , and [289, Theorem 13] to get that E contains a subspace
isomorphic to ¢,, which, in view of Theorem contradicts that £ does stable phase

retrieval in L,,.

Let N € Nand ¢ > 0. Let k € N be large enough so that 26, N < 27'a. Let (a;)"%Y,

be a sequence of scalars. We have that



CHAPTER 4. STABLE PHASE RETRIEVAL IN FUNCTION SPACES 143

k+N k+N k+N

I Z aj(T2j — a5 || Z I Z a;j(Lj — Ta;- 1)||Lp Qon)
j=k+1 n=k+1 j=k+1
k+N
> Z (21_pHan($2n Lon— 1)HLp Qan) Hzaj(xzj—5523'71)”?[,(92”))
n=k+1 j#n
k+N
> Y (2raa, - 2 (Zw) )
n=k+1 i#n
k+N
> > (2 ratlanl - 2N Y o)
n=k+1 j#n
k+N
> (2'7PaP — 2P NP ) Z |a,|”
n=k+1
k+N
> 27Pal Z la,|P.
n=k+1

Now that we have established that all three statements in Theorem [4.5.6) are equivalent for
1 < p < 2, we can show the implication (ii)=-(iii) for 1 < p < oco. Indeed, we assume (ii)
holds. Since E does SPR in Ly, by (ii)=-(iii) for p = 1, we deduce that there exists a > 0
such that for all z,y € F,

u({t € Q: [2(t)] 2 alallz, and [y(1)] = allyle}) > a. (4.5.11)

Now we use the second assumption of (ii) to replace the L; norm with the L, norm in
(4.5.11]). O

4.6 C(K)-spaces with SPR subspaces

Throughout this section, subspaces are assumed to be closed and infinite dimensional, unless
otherwise mentioned. Recall that a non-empty compact Hausdorff space is called perfect if
it has no isolated points, and scattered (or dispersed) if it contains no perfect subsets. For a
compact Hausdorff space K, we define its Cantor-Bendizson derivative K' to be the set of
all non-isolated points of K. Clearly K’ is closed, and K = K' iff K is perfect; otherwise,
K’ is a proper subset of K. Also, if K contains a perfect set .S, then S lies inside of K’ as

well.



CHAPTER 4. STABLE PHASE RETRIEVAL IN FUNCTION SPACES 144

Theorem 4.6.1. Suppose K is a compact Hausdorff space. Then C'(K') has an SPR subspace
if and only if K’ is infinite.

The proof depends on an auxiliary result, strengthening Remark |4.4.6]

Proposition 4.6.2. Every separable Banach space embeds isometrically into C'(A), and
into C[0, 1], as a 10-SPR subspace (here A is the Cantor set).

Proof. Fix a separable Banach space E. Let K be the unit ball of E*, with its weak* topol-
ogy. By Lemma and Remark the natural isometric embedding j : £ — C(K)
(taking e into the function K — R : e* — e*(e)) is such that |||jx| A |[jy||| > 1/5 whenever
||| = 1 = |ly||. As K is compact and metrizable, there exists a continuous surjection A — K
[200, Theorem 4.18]; this generates a lattice isometric embedding of C'(K) into C(A), hence
one can find an isometric copy of E C C'(A) so that |||z| A|y||| > 1/5 whenever z, y are norm

one elements of F.

View A as a subset of [0,1]. Then there exists a positive unital isometric extension
operator 7' : C(A) — C|0,1] — that is, for f € C(A), Tfla = f; T1 = 1; |T|| = 1; and
Tf > 0 whenever f > 0. The “standard” construction of T" involves piecewise-affine exten-
sions of functions from A to [0, 1]; for a more general approach, see the proof of [9, Theorem
4.4.4]. One observes that |||Tz|A|Ty||| > |||z| Aly|||, hence, if E C C(A) has the property de-
scribed in the preceding paragraph, then |||Tz|A|Ty||| > 1/5 whenever z,y € E have norm 1.

By Theorem [4.3.4} the copies of E in C'(A) and C[0, 1] described above do 10-SPR. [
The next result is standard topological fare (cf. [252, Theorem 29.2]).

Lemma 4.6.3. Suppose K is a compact Hausdorff space, and t € U C K, where U is an
open set. Then there exists an open set V sothat t € V CV C U.

Proof of Theorem[{.6.1] Suppose first that K’ is finite (in this case, K must be scattered).
To show that any subspace E' C C(K) fails SPR, consider Co(K, K') = {f € C(K) : f|lx =
0}. Then dim C(K)/Co(K,K') = |K'| < 0o, hence E N Cy(K, K') is infinite dimensional as
well. It suffices therefore to show that every infinite dimensional subspace of Cy(K, K') fails
SPR.

Note that, in the case of finite K’ Cy(K, K') can be identified with ¢o(K\K') as a Banach

lattice. Indeed, any f € co(K\K"’) is continuous on K\ K’, since this set consists of isolated
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points only. Extend f to a function f: K — R with ﬂK/ =0, ﬂK\K/ = f. Note that for

any ¢ > 0, the set {t € K\K' : |f(t)| > ¢} = {t € K : |f(t)] > ¢} is finite, hence closed;

consequently, {t € K : |f(t)| < ¢} is an open neighborhood of any element of K’. From this

it follows that fis continuous.

On the other hand, pick h € Co(K, K'). We claim that h|g g € co(K\K') — that is,
{t € K\K' : |h(t)| > c} is finite for any ¢ > 0. Suppose, for the sake of contradiction, that
this set is infinite for some c. By the compactness of K, this set must have an accumulation

point, which must lie in K’. This, however, contradicts the continuity of h.

A “gliding hump” argument shows that no subspace of ¢y(K\K’) does SPR. From this
we conclude that no subspace of C'(K) does SPR if K’ is finite.

Now suppose K contains a perfect set. By [219, Theorem 2, p. 29|, there exists a
continuous surjection ¢ : K — [0,1]. This map generates a lattice isometric embedding
T:C[0,1] - C(K) : f — fo¢. However, C[0,1] contains SPR subspaces, by Proposi-
tion [4.6.2

It remains to prove that C(K) contains an SPR copy of ¢y when K is scattered, and
K’ is infinite. Note first that K’\K” must be infinite. Indeed, otherwise any point of
K" = K'"\(K'\K") will be an accumulation point of the same set, and K” will be perfect,

which is impossible.

Observe also that any ¢ € K’\K” is an accumulation point of K\K’. Indeed, suppose
otherwise, for the sake of contradiction. Then ¢ has an open neighborhood W disjoint from
K\K'. If U is another open neighborhood of ¢, then so is U N W. As ¢ is an accumulation
point of K, U N W must meet K, hence also K’. This implies t € K", providing us with the

desired contradiction.

Find distinct points t1,t,,... € K’\K". For each i find an open set A; 3 ¢; so that t; ¢ A,
for j # 1. Lemma permits us to find an open set U; so that ¢; € U; C U; C A;. Replac-
ing Us by Us\Uy, Us by Us\U; U Us, and so on, we can assume that the sets U; are disjoint.
Lemma, guarantees the existence of open sets V; so that, for every i, t; € V; CV; C U;.

As noted above, each ¢; is an accumulation point of K\ K’. Therefore, we can find distinct
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points (s;:)32; € (K\K') NV;. For each n, let S, be the closure of {s;2, : j € N} (note

S, C Vo, C Usy,). Note that there exists (™ € C(K) such that:

(i) 0 < 2™ < 1 everywhere.

(ii) x(")|5n =1/2.

iii)
(iv) 2™ (s,0:) = 1/2for 1 <i<n—1.
)

(V ZL’ - O on (K\UQTL)\{SI 2n—1; Sn 29 Sn Ay e 7Sn,2n—2}-

To construct such an (™, recall that 512n—1s Sn.2, Snd, - - - » Sn.2n—2 are isolated points of K,
hence the function g, defined by g(s1.2,-1) = 1, g(Sn2i) =1/2for 1 <i<m—1,and g =0
everywhere else, is continuous. Further, by Urysohn’s Lemma, there exists h € C(K) so that
0 < h <1/2 = hlg,, vanishing outside of Us,. Then 2™ = g+ h has the desired properties.

We claim that (2(™) is equivalent to the standard cy-basis. Indeed, suppose (o) € cgo,
with V,|a,| = 1. We need to show || > a,z™| = 1. The lower estimate on the norm is

clear, since z =) a,z™ attains the value of o, at $1.2n-1-

For an upper estimate, note that = vanishes outside of U,,U,,, and on U, if m is large
enough. If m is odd (m = 2n — 1), then the only point of U, where x does not vanish is
$1.2n—1, which we have already discussed. If m is even (m = 2n), then |z| < 1/2 except for
the points s; 2, (i > n); at these points, x equals (o, + «;)/2, which has absolute value not

exceeding 1.

It remains to show that £ = span[z(™ : n € N] does SPR. In light of Theorem m, if
suffices to prove that |||z| A |y||| > 1/3 for any norm one z,y € E. Write z = Y a,,z(™ and
y =Y, Bnz'™. Find n and m so that |a,| = 1 = |B,|. If n = m, then both |z| and |y| equal
1 at s19n-1, 80 |||z| Alyl|| = 1.

Otherwise, assume, by relabeling, that n < m. If |a,,| > 1/3, then

1
] Afylll 2l (st2m-1)[ Aly(s1,2m-1)] = lem| A ] = 2.
The case of | 3,| > 1/3 is treated similarly. If |a,,|, |8,] < 1/3, then |2(sm.0,)| = |an+am|/2 >

1/3, and similarly, |y(sm2n)| > 1/3, which again gives us |||z| A |y||| > 1/3. O
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Question 4.6.4. The proof of Theorem shows that K is infinite iff C'(K’) contains an
SPR copy of cy. If K is “large” enough (in terms of the smallest ordinal o for which K(®)
is finite), what SPR subspaces (other than ¢j) does C(K') have? Note that ¢ is isomorphic
to ¢ = C[0,w] (w is the first infinite ordinal). If K® is infinite, does C(K) contain an SPR
copy of C[0,w®]? This question is of interest even for separable C'(K), i.e., metrizable K.

In the spirit of Proposition it is natural to ask which (isometric) subspaces of C'(K)
are necessarily SPR. Below we give a “very local” condition on a Banach space F (finite or in-
finite dimensional) which guarantees that any isometric embedding of E into C'(K') has SPR.

Recall (see [181]) that a Banach space E is called uniformly non-square if there exists
e > 0 so that, for any norm one f,g € E we have min{||f + ¢/, ||f — g/|} <2 — . Note that
E fails to be uniformly non-square iff for every € > 0 there exist norm one f,g € E so that
If +gll, [If — gll >2—e. In the real case, this means that E contains ¢% (equivalently, ¢2 )
with arbitrarily small distortion. This is incompatible with uniform convexity or uniform

smoothness.
Proposition 4.6.5. Any uniformly non-square subspace of C'(K') does SPR.

Proof. Suppose E is a non-SPR subspace of C'(K); we shall show that it fails to be uniformly
non-square. To this end, fix ¢ € (0,1/2); by Theorem there exist norm one f,g € £
with ||| f] A |g]|| < e. Pointwise evaluation shows that

FIV gl + 1A gl > 1 f + gl > 1fIV gl = | f] Algl-

As the ambient lattice is an M-space, we have ||| f| V |g||| = 1, hence

L—e <[[[fIVIglll = ANl < F + gl < WSV gl + MFTA gl < 1 +e.

Replacing g by —g, we conclude that 1 —e < ||f —g|| < 1 +e.

Let u= (f+g)/|If + gl and v = (f — g)/[|f — gl||. Then
Ju—=(f+g)|=[1=1If+all| <e,

and similarly, |[[v — (f — g)|| < e. Then

lutol| > |[(f+9)+(f =gl = |lu=(f+9)|—|lv—(f—9)|>2— 2,

and likewise, ||u — v|| > 2 — 2. As ¢ is arbitrary, F fails to be uniformly non-square. O
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For infinite dimensional subspaces, Proposition is only meaningful when K is not
scattered. Indeed, if K is scattered, then C'(K) is co-saturated [109, Theorem 14.26], hence
any infinite dimensional subspace of C(K) contains an almost isometric copy of ¢q [230),
Proposition 2.e.3]. In particular, such subspaces contain almost isometric copies of £2, hence

they cannot be uniformly non-square.

In light of Proposition [4.6.5] we ask:

Question 4.6.6. Which Banach spaces E isometrically embed into C(K) in a non-SPR

way?

Note that containing an isometric copy of £2, (and consequently, failing to be uniformly
non-square) does not automatically guarantee the existence of a non-SPR embedding into
C(K) (in this sense, the converse to Proposition fails). In the following example we
look at isometric embeddings only; one can modify this example to allow for sufficiently

small distortions.

Proposition 4.6.7. There exists a 3-dimensional space F, containing ¢2_ isometrically (and
consequently, failing to be uniformly non-square), so that, if K is a Hausdorff compact, and
J : E — C(K) is an isometric embedding, then |||Jz| A |Jy||| > 1/3 for any norm one
x,y € B.

The following lemma is needed for the proof, and may be of interest in its own right.

Lemma 4.6.8. Suppose K is a Hausdorff compact, E is a Banach space, and J : E — C(K)
is an isometric embedding. Denote by F the set of all extreme points of the unit ball of E*.
Then, for any z,y € E, [[[Jz| A [Tyl = supe-c 5 e*(x)] A le*(y)].

Proof. Standard duality considerations tell us that J*: M(K) — E* (M(K) stands for the
space of Radon measures on K) is a strict quotient — that is, for any e* € E* there exists
€ M(K) so that ||u|| = |le*|| and J*u = e*. Further, we claim that, for any e* € F, there
exists t € K so that J*§, € {e*, —e*}. Indeed, the set S = {u € M(K) : [|jp]| <1,J*u =€}
is weak*-compact, hence it is the weak*-closure of the convex hull of its extreme points. We
claim that any such extreme point is also an extreme point of {u € M(K) : ||p| < 1}
Indeed, suppose = (1 + po)/2, with ||pa]|, [|[pe]l < 1. Then e* = (J*uy + J*p2)/2, which
guarantees that e* = J*uy = J*uo, so uy, us € S, and therefore, they coincide with p.
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To finish the proof, recall that the extreme points of { € M(K) : ||u]| < 1} are point

evaluations and their opposites. ]

Proof of Proposition[[.6.7 To obtain E, equip R* with the norm

(. y, 2)[l = max {|z[, |y, %(|x| +1yl +120) }- (4.6.1)

Clearly {(z1,22,0) : z1,7o € R} gives us an isometric copy of ¢* in E. Note that the unit
ball of E* is a polyhedron with vertices (+1,0,0), (0,41,0), and (+1/2,£1/2,+£1/2); we
denote this set of vertices by F. In light of Lemma[4.6.8 we have to show that, for any norm
one r = (z1,x2,x3) and y = (y1, ye, y3) in E, there exists e* € F so that |e*(x)|Ale*(y)| > 1/3.

In searching for e*, we deal with several cases separately. Note first that, if |z;| A |y;| >
1/3, then e* = (1,0,0) has the desired properties. The case of |za| A |y2| > 1/3 is treated
similarly. Henceforth we assume |z1| A |1, [z2] A |y2| < 1/3. In light of (4.6.1), we need to
consider three cases:

(i) [#1] =1 = |yo| or |wo| =1 = []-

(ii) Either |z1|V|z2| = 1 and |y1|+|ye| +|ys| = 2, or |y1|V|y2| = 1 and |21 |+ | 22| +|23| = 2.

(i) |21] + |2| + |2s| = 2 = [wa] + 2| + |yl

In all the three cases, we look for e* = (€1, e9,€3)/2, with €1, 9,3 = £1 selected appro-

priately.

Case (i). We shall assume z; = 1 = yo, as other permutations of indices and choices
of sign are handled similarly. Select ¢, = 1, and take 3 so that egx3 > 0. Pick 5 = 1 if
e1y1 + €3y > 0 and g5 = —1 otherwise. Then |z3| < 1/3, hence

- || 1-1/3 1

e'(@) = 2 2 3

(61 + €99 + 63.7)3) Z

N | —

Further,

1
|€*<y)’ _ |51y1 +522+53y3| 2 5

Case (ii). We deal with 21 = 1 (and consequently, |y;| < 1/3) and |y1| + |y2| + |y3| = 2,

as other possible settings can be treated similarly. Let 1 = 1. If |z5| < 1/3, select €3 so that

egxg > 0. Pick g5 so that 2y, and e3y3 have the same sign. Then

- 2 - 2 - 2 3’
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and lya| + |ys| — lsa]  2—2|m| - 2—2-1/3 2
* Y2 Ys| — 1% — 4| -z

Suppose, conversely, that |zo| > 1/3, hence |yo| < 1/3. Let g9 = signaxs. Select 3 so

that e131 and e3y3 are of the same sign. Then |z3] < 2 — (1 + |xg|) = 1 — |23/, hence

1+ |.§C2| — |.§L’3| 2‘372’ 1
* > > > —.
(o) > T > A

On the other hand, 2 — |y2| = |y1| + |ys| and

’6*(y)| > |y1|+|y3| B |y2| _ 2_2‘y2| > 2_21/3 > 2
2 2 2 3

Case (iii). If |xy|, |z < 1/3, let €3 = signxs, and select €1, 5 so that both £,y and

£y have the same sign as e3y3. Then

(o) > el = leel 2= 20|+ fea) S 2413 1
2 2 2 3

and
=1.

. 1| + [y2| + [vs]
)| = P
The case of |y1|, |y2| < 1/3 is handled similarly.

Now suppose neither of the above holds. Up to a permutation of indices, we assume that
|z1| > 1/3 (hence |y;| < 1/3), and |ya| > 1/3 (hence |xo| < 1/3). Then let £ = signz; and
e3 = signxs. Pick €5 so that sign sy, = sign e3ys, then

| wa] + as] = Jwa| _ 220w _ 2-2-1/3 2

* > —_—
(@) = 2 9 = 9 3’

and likewise,
ly2| + |ys| — |y
2

9
* > > —,
le*(y)] > =

4.7 Examples of subspaces and subsets doing Holder

stable phase retrieval

In this final section, we construct various examples of subspaces and subsets of L,(u) doing

stable phase retrieval. This section is based on the work [82], which is joint with Michael
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Christ and Ben Pineau.

We begin by setting notation. Let (X, ) be a measure space and let V' be a closed
subspace of the (real or complex) Hilbert space L? = L?*(u). In previous sections, we have

mainly studied subspaces of real-valued L? for which there exists C' < oo satisfying

min ([f = gllz. I/ +9ll2) <O 11 =gl - V.9 € V. (4.7.1)

and have constructed various infinite-dimensional examples. The present section develops
simple examples of infinite-dimensional subspaces in which versions of stable phase retrieval
hold. These examples include certain variants of Rademacher series and lacunary Fourier
series. More importantly, our constructions work over the complex field, and give the first

examples of infinite dimensional complex SPR subspaces.

For complex-valued functions, the natural quantity on the left-hand side of the inequality
becomes min|—1 || f — 2zg|| 2, with the minimum taken over all complex numbers z of
modulus 1. As in previous sections, we say that a subspace V' of a complex Lo-space satisfies
stable phase retrieval if there exists C' < co such that

win | ~ zgll 2 < C|| 1] gl |, ¥ frg € V. (47.2)

|z|=1
We generalize the stable phase retrieval inequality in the following way:.

Definition 4.7.1. Let p € [1,00] and let V' be a subset of the complex Banach space L” (1)
for some measure pu. We say that V' satisfies LP-Holder-stable phase retrieval if there exist
parameters v € (0, 1] and C' < oo such that

min || f — zgll, < C|[ 1=l |7, - (1F1le + llgll )™ Vg€ V. (4.7.3)

|z|=1
We say that V satisfies LP-stable phase retrieval if (4.7.3) holds with v = 1.

Stable phase retrieval in the sense is thus LP-stable phase retrieval for p = 2. The
notion of Holder-stable phase retrieval for subsets has appeared in work of Cahill, Casazza,
and Daubechies [70]. We are primarily interested in subspaces V, but in Example
below, V' is not a subspace. We will abbreviate, writing LP-Holder-SPR and LP-SPR, and
occasionally writing LP-Lipschitz-SPR as a synonym for LP-SPR. For real Hilbert spaces
L?(u,R), this definition is modified by replacing {z € C : |z| = 1} by {£1}. We will write
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“real LP-SPR”. Only the exponents p = 2,4 arise in the examples below.

By defining the equivalence relation ~ on a subspace V by f ~ ¢ if and only if f = zg for
some unimodular scalar z, we see that minj,— || f — zg||r» is exactly the distance between f
and g in the quotient space V/ ~. In particular, V' satisfies LP-SPR with constant C' if and
only if the recovery map of f € V/ ~ from |f]| is well-defined and C-Lipschitz.

Some of our proofs only directly establish L2-Holder-SPR with certain specific exponents
v < 1, rather than the formally stronger property of L?-Lipschitz-SPR. However, recall that
from Corollary (originally proved in [115, Corollary 3.12]) we know that for both the
real and the complex cases that for any exponent p € [1, o], for subspaces V', LP-Holder-SPR
implies LP-Lipschitz-SPR. We will exploit this general result to upgrade conclusions from
L2-Hoélder-SPR to L2-Lipschitz-SPR.

Let 4 be a probability measure. Consider an orthonormal subset {r; : j € N} of the
complex Hilbert space L? = L*(u) = L?(u,C). Let V C L? be the closure of the span of
{r;} over C. Let 1 be the function 1(x) = 1. Define associated functions

sj = rj? = L. (4.7.4)

In the case of L?(u,C), we consider closed subspaces spanned by orthogonal sets {r; :

j € N} satisfying the following three hypotheses:

{1, s;, rj7k : 1,4,k € Nand j # k} is an orthogonal set. (4.7.5)
sup ||| 4 < oo. (4.7.6)
j
There exists § > 0 such that inf ||r;]|; > 1 4 ¢ and 122 7751l = 6. (4.7.7)
i j

Since |[s]|5 = ||7ill; — 2 ||7ill3 + 1 = ||7:]l; — 1 by the hypothesis that ||r;]|, = 1, the first
part of hypothesis (4.7.7) can be equivalently restated as ||sl||§ > >0.

A consequence of these hypotheses is that V' C L* and there exists C' < oo such that
Iflls SCUfll VEV (4.7.8)

Indeed, if f = >, apry with (a; : k € N) € ¢2 then |f|* is represented as the pairwise
orthogonal sum

P = ey + ) lanfsi+ 1115 - 1. (4.7.9)

i£j k
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The L* norm bound follows using orthogonality and the Cauchy-Schwarz inequality, since
iy < N7l sy and [lsgll, < L+ [lrgll, < 1+ [lrelly are uniformly bounded by (£.7.6).
The inequality (4.7.§)), and a similar L% norm inequality that holds under stronger hypothe-

ses, are pillars of our reasoning.

Let {r;} C L?*(u,C) be an orthonormal set of complex-valued functions satisfying hy-
potheses (4.7.5)),(4.7.6)),(4.7.7), and let V' be as above. We begin by observing that |f| deter-

mines f uniquely, up to multiplication by a unimodular complex scalar, for each f € V. In-

deed, | f| certainly determines f if | f| = 0 almost everywhere. Consider next any 0 # f € V.
Expand f = >, agry, with a € ¢2. Then [f|* € L?, and has expansion (4.7.9). The terms
of this sum are mutually orthogonal, and the series converges in L? norm. Therefore |f|*
determines each of the coefficients in this expansion; it determines each |a,|? and each prod-
uct a;@;. Choose some nq satisfying a,, # 0. Writing a,, = |a,|e’®8@) arg(a,) — arg(a,,)
is determined modulo 27Z by |a,|?, |an,|?, and a,ay,,. Therefore |f|* and arg(a,,) together

determine all coefficients a,,, and hence determine f, up to multiplication by z = e**8(ano),

Note that this reconstruction of f from |f| is not stable in the sense desired, since it
requires division by |a,,|, for which no a priori positive lower bound is available. Note also
that it exploits only the coefficients of s; and of 7,7,,. The next result asserts that under

these same hypotheses, the reconstruction of f from |f| can be done stably.

Proposition 4.7.2. Let u be a probability measure. Let {r;} C L?(u, C) be an orthonormal
set of complex-valued functions satisfying hypotheses (4.7.5),(4.7.6)),(4.7.7). Then V satisfies
L*-SPR.

Under a supplementary hypothesis, Proposition has an almost immediate implica-

tion for L2-stable phase retrieval.

Corollary 4.7.3. Let {r,} satisfy the hypotheses of Proposition |4.7.2l Assume also that
there exist ¢ > 4 and C' < oo such that V C L9(u) and

[fllpe SCNfllz VIEV. (4.7.10)

Then V satisfies L?-stable phase retrieval.

Proposition and Corollary will be proved below.
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As is well known, for any even integer ¢ > 6, the inequality (4.7.10] m holds whenever
the functions r; are independent random variables, have uniformly bounded L norms, and
satisfy r; L 1. Indeed, consider the case ¢ = 6. If ||7,|| < A < oo for all n then

‘ E E Halk H% <r117’12r13, lerj2r]3>

11,12,13 J1,J2,J3 k=1
since <7"i17“i27’2-3, rjlrjzrj3> = 0 unless each of the six indices that appear in the inner product,

< Jan|°A° + (2)A6ZZ || Y an|? + (3>A6ZZ || an]?

appears at least twice. The same reasoning applies for arbitrary even integers ¢ > 8.

We next present a class of examples based on Proposition and Corollary [£.7.3
The construction involves sums of independent random variables, and may be contrasted
with a more elaborate construction in [71], which combines independent summands with
summands having pairwise disjoint supports. A more direct comparison can be made with
Example below, which is a real analogue of Example [£.7.4]

Example 4.7.4. Let p be a probability measure. Let r, be independent identically dis-

tributed complex-valued random variables in L5(p) satisfying ||r,||,» = 1. Assume that
7, Llandr? L1 (4.7.11)
p{x : |rop(z)| # 1}) > 0. (4.7.12)
Then {r,} satisfies the hypotheses of Proposition and satisfies those of Corollary
with ¢ = 6. Therefore the closure of its span in L?(p) satisfies both L*-SPR and L?-SPR.

Example [£.7.4] and Example do not apply to Rademacher series, for which r,, = £1
each with probability %, violating hypothesis (4.7.12)). Nor do Rademacher series satisfy
phase retrieval, since |r,,| = |r,| for all m,n.

In the formulation of Example the hypothesis 2 | 1, together with independence,
ensure that r;7; L r;7; whenever ¢ # j, since

<rir_j’ TJFZ>:/T7,2E2dlu:\/T7,2d:u/r?dﬂz<r127ﬂ-><T]27]]->:O

The hypothesis that |r,| is not equal almost everywhere to 1 ensures that ||s,||, # 0. The
other hypotheses of Proposition m, and the embedding of V into LS, are consequences
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of independence, identical distribution, and the assumption that r, L 1. Details of the
verifications are left to the reader. Note that the assumption that r, € L° is an easy way
to deduce SPR in L2. The proof directly establishes SPR in L* when r, € L* It is an
open problem to prove variants of Example 4] and Example |4 which deduce SPR in

L? without any higher order integrability assumptions, i.e., only assuming r, € L.

Before indicating other classes of examples with stable phase retrieval, we prove Corol-
lary and Proposition [4.7.2

Proof of Corollary[{.7.3 By Holder’s inequality,

T =gl < 1= gl (L1 + gl )= < S NILA = Lallls (£ 1l + gl

where 6 € (0,1) is defined by the relation ;11 = g + %9. Therefore for any f,g € V, by
Holder’s inequality and Proposition [4.7.2

min|f = zgll, < min [ f = 2g]l, < <11 = lgllls < CNILFL = Mgllls (LF 1l + llgll)'
Thus L?-Holder SPR holds. L?-Lipschitz SPR. follows from Corollary |4.3.11] ]

The proof of Proposition [4.7.2| relies on the following elementary inequality.

Lemma 4.7.5. Let {r;} satisfy hypotheses (4.7.5)), (4.7.6), and (4.7.7). For any f,g € V,

2
12 = Lol > 5[ WFIZ NI = 10 00F] + (12— g2, (47.13)
We prove Proposition assuming Lemma [£.7.5 and then prove Lemma below.

Proof of Proposition[{.7.9. By multiplying by scalars and interchanging the roles of f, g if

necessary, we may assume with no loss of generality that || f||, < ||g]l, = 1. By Cauchy-

Schwarz,
2 _ 162, < . <C
I 1ol < 151+ lal L 151~ lal |, < QS+ ot 1A=l -,
<20 1f1 =gl ||
Write f = re?g 4+ h with r >0, § € R, and h L g. Then |(f, g)|*> =72 and
1F115 1915 = 1 )P = (2 + [1All5) = 7 = [IA]l5 - (4.7.15)

Let 0 € (0,1] be a parameter for which the conclusion (4.7.13]) of Lemma holds. In-
serting (4.7.15)) into (4.7.13)) gives

2
S [IAll3 + (L =72 = [IRll3)* < IF12 = 9Pl < 4C* (1171 =gl -
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Therefore since 0 < § < 1
O ||hll5 + 38(1 =7 = |IAll)* < 4C2(|If] — lglll3-
The left-hand side is
(6= 501 =) [Ihlly + §6(1 = r2)* + 36 |hlly > 58 |l + 6(1 —r?)?
and therefore since (1 —r) < (1 —r?),
15+ (1 =) < 16C%5H £ = |glll3 -
Defining 2z = ¢, || f — zg||5 = ||h]|3 + (1 — r)? and therefore

1 = =gl < 16075~ [[1£] — lglIIy -

Since f — zg € V, its L* norm is majorized by a constant multiple of its L? norm. Thus
If —zgll, < C"|||f] = |gl|l, for another finite constant C” which depends on 6. O

Proof of Lemma[4.7.3. Under the hypothesis that ||r;|, = 1, Hs]||2 |7]l3 — 1. Therefore
the hypothesis inf; ||7“J ||4 1 + ¢ is equivalent to inf; ||s]||2

Express f,ge Vas f =), aprp and g = >, byri. By (4.7.9),
_ Y 2 2
1P =1gl> =D (@a; = biby)rims + (115 = lgl) 1+ Y (laxl* — [b]*) s (4.7.16)
i#j k
where 1 is the constant function 1. The functions 1, s, and 7;7; with ¢ # j are pairwise

orthogonal by hypothesis (4.7.5)). Therefore
2 —_ _
A7 = 1aPll = D lanl® = 0P Nsells + (IS = Ngll5)® + D laia; — biby? (175115
! i
(4.7.17)
> 63 lanl? = 10422 + (1712 = 9122 + 8 S Jasa; — bibyl?
k i#]
by hypothesis (4.7.7). Algebraic manipulation of the last term on the right-hand side gives

>l = T = (L loul + (Y’ =2 2 ol = el — Il
k k

i#j
= I£lls + llglls = 21, )1 =D (lawl” — [bx]*)?

k

= 2[ IS5 g3 = 14 2] + (LFIE = Ngl3)® = D (lawl® — e[

k
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Substituting this expression into the preceding lower bound, two terms cancel, leaving

17 = 192115 > 26 [ 17131913 = 1(£, 2] + (1 -+ 8)ILAI — lgll3)?
> 26 1713 l913 = 10, )] + (L1 — Ngll2)>.

]

A well-known theme is the analogy between lacunary Fourier series and sums of inde-

pendent random variables. Our next two examples express this theme.

Example 4.7.6. Let N > 2 and let P € L?*([0,1],C) be a trigonometric polynomial

N
P(fﬂ) _ ZakGZWikx
k=1

with coefficients «y, € C. Suppose that |P| is not constant. Let A € N satisfy A > 2N. Let
V c L*([0,1],C) be the closure of the span of {P(A"z) : n € N}. Then V satisfies both
L*-SPR and L*-SPR.

Example [4.7.6]is an instance of Corollary [£.7.3] with arbitrarily large ¢ < co. Verification
of the hypotheses of the corollary is left to the reader. The L¢ norm inequality (4.7.10)) holds
since 3200 a, SO are®™ A" is a sum of N lacunary Fourier series, and since any lacunary

series with ¢? coefficients defines a function in L for all ¢ < co. The next example is a real

analogue of Example [1.7.6]

Example 4.7.7. The closure of the subspace of L?([0, 1], R) spanned by {sin(274"x) : n €
N} satisfies L*-SPR and L2-SPR.

Example [£.7.11], below, is a more efficient version of Example [1.7.7 If complex rather
than real linear combinations are allowed, then phase retrieval cannot hold in Example [£.7.7]
nor in any example with two real-valued basis functions r,r’. Indeed, f = r + i’ and

g = f =r—ir satisfy |f| = |g|, but f is not a constant multiple of g.

Proposition and Corollary do not apply to Example 4.7.7} since with r,(z) =
21/2 sin(2w4"z) one has r;7; = r;7; for all 4, j. However, a small modification of the reason-

ing underlying those two results gives Proposition [4.7.8] whose hypotheses are satisfied in

Example [£.7.7]



CHAPTER 4. STABLE PHASE RETRIEVAL IN FUNCTION SPACES 158

For Hilbert spaces L?(u, R) of real-valued functions with orthonormal bases of real-valued
functions r,, we modify the orthogonality hypothesis (4.7.5)) as follows:

{]1, si, 1T 14, j,k € Nand j < k} is an orthogonal set. (4.7.18)

Proposition 4.7.8. Let p be a probability measure. Let {r;} C L*(u) be an orthonormal
set of real-valued functions satisfying hypotheses (4.7.6)),(4.7.7),(4.7.18]). Then the closure
V C L*(u,R) of the span of {r; : j € N} over R satisfies real L*-SPR.

If there exist ¢ > 4 and C' < oo such that the LY norm inequality holds for all
functions in V' then V satisfies real L%-SPR.

The only changes from the proof of Proposition are that in (4.7.16), the first term
becomes 2 ZKj(aiaj — b;b;)r;rj, and consequently that on the right-hand side of (4.7.17)),
the last term is changed to

2 —12
4 (aia; = biby)? Irivslly = 2 ) lasay = biby |75l

i<j i#]j

The corresponding quantity in the proof of Proposition [4.7.2is 7, [a;a; — bib;|? 7512

The new factor of 2 thus arising is favorable for our purpose. n

If 4™ is replaced by 3™ or 2" in Example [£.7.7) then Proposition no longer applies.

Indeed, if 3" is used the desired orthogonality between s, and 7,7, fails to hold; ¢*7#23"«

27ri~3"+1a:.e—27ri~3”z 274-2-3"x

occurs with nonzero coefficient in the Fourier series for s,,, while e =e

also occurs with nonzero coefficient in the Fourier series for r,,17,. A similar issue arises for
2n

Another application of Proposition 4.7.8|is a real analogue of Example 4.7.4]

Example 4.7.9. Let p be a probability measure. Let ¢ > 4 be an even integer. Let

rn, be independent identically distributed real-valued random variables in L?(u) satisfying

rn, L1
(4.7.19)
{u({x tra()] # 1}) > 0.

Then {r,} satisfies the hypotheses of Proposition [4.7.8] and consequently the closure of its
span in L%(u, R) satisfies real L*-SPR and real L>-SPR.

|70]| ;2 = 1. Assume that

Remark 4.7.10. The hypothesis ¢ > 4 is only needed to get SPR in L?; without this
hypothesis, one deduces SPR in L*.
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We proceed by lightly modifying a construction of Rudin [292] to create examples of
trigonometric series related to the theory of A(p) sets that satisfy stable phase retrieval, yet
are rather far from being lacunary in nature. To simplify matters, we set this example in
the ambient Hilbert space L?([0,1] x [0,1],C), with respect to two-dimensional Lebesgue
measure, rather than in L?([0,1], C). Define r, to be

r(x,y) = 242 sin(27vy) €27 (4.7.20)

where (n, : v € N) is a subsequence of N to be specified.

To quantify the asymptotic density of a subsequence (n,) of N, define o(N) to be the
number of indices v satisfying n, < V.

Example 4.7.11. There exists a strictly increasing sequence (n, : v € N), satisfying the
asymptotic density lower bound limsupy_,. N~"2a(N) > 0 such that the closed subspace
V of L?([0,1] x [0,1]) spanned by the functions r, defined in (4.7.20)) satisfies L*-SPR.

There exists such a sequence satisfying limsupy_,.. N"3a(N) > 0 such that V also
satisfies L?-SPR.

Thus these sequences (n,,) are far denser than lacunary sequences.

Proof. In §4.7 of [292], Rudin constructs a sequence n, satisfying limsup N~*/2a(N) > 0
such that n;+n; = n,+n, if and only if (¢, j) is a permutation of (k, ), and deduces from this
property the inequality || f||, < C'| f|l, for all L? functions of the form f(z) = ¢, e*™™*.

Let (n,) be any such sequence, and define {r,} by (4.7.20)). Hypothesis (4.7.6]), the uniform
upper bound for ||r,||,, certainly holds. The nonconstant factors sin(27vy) ensure a uniform

lower bound ||, |[; = 1+ 6, so ([&7.7) holds.

To verify hypothesis , consider any inner product (r;7%, r7m,) with j # k and
[ # m. Calculation of this inner product yields a factor of fol eming—nk—mtnm)z g wwhich
vanishes unless n; —n, —n; +n,, = 0. Equivalently, n; +n,, = n;+n;. Therefore by Rudin’s
construction, ([, k) is a permutation of (j,m). If j # k, this implies that (j, k) = (I,m). The
associated functions s;(r,y) = 2sin?(2wky) — 1 = — cos(4mky) are independent of z, hence
satisfy s;, L r;7; whenever i # j. Finally, if k # [ the s, L s; since cos(4nky) L cos(4nly) in
£2(0, 1))
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Rudin [292] likewise constructs a sequence satisfying limsup N~'/3a(N) > 0, satisfying
the same conditions in the preceding paragraph, and satisfying ||, b,e*™™*||, < C'|[b]|2
for all coefficient sequences b € (2. Consequently for any function f(z,y) of the form
>, a, sin(2rvy)e?™ ™ with a € (2,

/[01]2 | Z a, sin(2mvy)e? e

S I dy < C/ (Z la, sin(?ﬂyy)|2)6/2 dy
[0,1]

v

<C , 1}(2 jay[*)* dy = C llally < 8C || £z -

v

In each of these two situations, V' has the indicated properties. O

Remark. In this example, the subspace V' is in a sense larger, relative to other ambient
subspaces naturally associated to it, than is the case for corresponding examples involv-
ing lacunary series. To formulate this assertion more precisely, for each degree D € N let
Vy.p be the subspace of L? spanned by polynomials of degrees < D in {r, : 1 < v <
N}. Let N tend to infinity, while D remains fixed. The dimensions dim(Vy p) satisfy
liminfy_yoo N3 dim(Vy p) < oo for any D in Example , while for the lacunary series
example 7, = 2'/2sin(274"z), dim(Vy p) has order of magnitude N”. Thus the span of

{r, : 1 < v < N}, for these N, is a comparatively large subspace of the associated spaces

Vn,p in Example [£.7.11]

We conclude by giving an example of a subset that satisfies Holder-stable phase retrieval
and is invariant under multiplication by unimodular scalars, but is not a subspace. The
aforementioned Corollary applies only to subspaces, so we are unable to upgrade the
conclusion from Holder-SPR to Lipschitz-SPR.

Example 4.7.12. Let A C Z, and let E be the set of all f € L%([0,1],C) such that f is
supported on A. Suppose that A has the property that if n; € A and ny —ny = ng —ny4 then

either n; = ny or ny = n3. Fix ¢ = (¢, )nea € F*(A), and define

E.={fekE: \ﬁ =c} = {Z'yncne%mx:”yne(:and 17| = IVnEA}.

neA

Then E., equipped with the L* norm, satisfies (4.7.3)) with v = 1. Moreover, if for some
q >4 all f € E satisfy the L? bound || f||, < C4||fl|2 then E. also satisfies (4.7.3) with p = 2

_ g4
and Y= 2qj
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Proof. We begin by noting that £ C L*([0,1],C) and ||f|ls < Cil/f|l2 for all f € E. To
prove our claim that F, satisfies (4.7.3) with p = 4 and v = 1, notice that we may assume
without loss of generality that ||c||,2 = 1. In this case, || f||2 = ||g||» = 1, and

HF1Z = 1g 2 < ILF1 = lglllalllf 1+ lallla < 2CAlIfT = lgllla-

We claim that the following identity holds for f,g € E:

112 = Ngl2)7 + (118 + llgllE = 21(F, )]

2 2|2 i 2 _ | 2)°
—I1/12 = 1gPI3+ > (1) = [gem)P) . (4.7.21)
meA
The identity (4.7.21)) implies that F. satisfies L*-Lipschitz-stable phase retrieval. Indeed,
the second term on the right-hand side of (4.7.21)) vanishes. Since f, g € E., they have equal
L? norms, implying that the first term on the left-hand side vanishes. Write f = re?g + h,
with 0 <r <1,0 € R, and h L g. Then, | f|3lgll3 — [{f, 9)|* = ||h]|3 = 1 — r%. To finish the
proof, note that ||f — e?g||2 = ||h||2 + (1 — 7)? < 2||h||%, use the inequality ||f]ls < Callf|l2,

and combine the above inequalities.

The derivation of (4.7.21)) is similar to the proof of Lemma [4.7.5 but easier. The details
are left to the reader. That the supplementary L? bound implies that E. satisfies (4.7.3))
with p=2and v = 2";—_44 follows from an invocation of Hélder’s inequality similar to the one

in the proof of Corollary [4.7.3] ]

Remark. The subspace E in Example will not satisfy phase retrieval unless A has
cardinality at most one, as if m,n € A and f = e?™"® and g = €*™* then |f| = |g|. Observe
that on the Fourier side, f, g are disjoint unit vectors in #2 when m # n. Subsets of the form
E. have an opposite behavior on the Fourier side and appear in the study of random Fourier

series.

We now list some general open questions, which may be of interest.

Question 4.7.13. Given a trigonometric polynomial P and a dilation set A, when does
{P(X-) : X € A} generate an SPR subspace of LP? If P(x) = sin(27z), does any lacunary
dilation set give a real SPR subspace of L*?

Question 4.7.14. The techniques used to build complex SPR subspaces are based on the

work of Rudin. Can one find analogues of the techniques of Bourgain and his successors?
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Question 4.7.15. Can one build “large” and/or natural subspaces of L?(R¢) which do Pauli

stable phase retrieval?

Question 4.7.16. Let p > 2 and let (r,) be a mean zero iid sequence in L”(p; R) with non-
constant moduli. Does the closed span of (r,) do SPR in LP? In Example [4.7.9] we showed
that this is true when p = 4, and by the interpolation/extrapolation theory, it follows that
this also holds for p > 4. We do not know if it holds for p = 2; it would also be interesting
to prove variants of Example for independent but not necessarily iid variables.

Question 4.7.17. Can one build other interesting nonlinear SPR subsets of Banach lattices?
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Chapter 5

Bases of non-negative functions

5.1 Introduction

Both the Fourier basis and the Haar basis for Ly(]0,1]) consist of the constant 1 function
together with a sequence of mean zero functions. Likewise, the Calderon condition gives that
every wavelet basis for Ls(R) consists entirely of mean zero functions. We are interested in
the problem of determining for which 1 < p < oo does L,(R) have a Schauder basis (f;)52,
consisting entirely of non-negative functions. A sequence (f;)32, in L,(R) is called a Schauder

basis for L,(R) if for all f € L,(IR) there exists unique scalars (a;)32; such that

f:Zajfj- (5.1.1)
j=1

A Schauder basis is called unconditional if the series in ([5.1.1) converges in every or-
der. Unconditionality is a desirable property, but it has been shown to be too strong to
impose on coordinate systems of non-negative functions. Indeed, for all 1 < p < oo, L,(R)
does not have an unconditional Schauder basis or even unconditional quasi-basis (Schauder
frame) consisting of non-negative functions [285]. In particular, both the positive and nega-
tive parts of an unconditional Schauder basis must have infinite weight (see [257] for precise

quantitative statements).

Though L,(R) does not have an unconditional Schauder basis of non-negative functions,
it does contain subspaces which do. It is clear that any normalized sequence of non-negative
functions with disjoint support will be a Schauder basis for its closed span and will be 1-

equivalent to the unit vector basis of £,. This trivial method is essentially the only way
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to build an unconditional Schauder basic sequence of non-negative functions in L,(R), as
every normalized unconditional Schauder basic sequence of non-negative functions in L,(R)
is equivalent to the unit vector basis for £, [193]. Likewise, if (f;,g5)32, is an unconditional
quasi-basis for a closed subspace X of L,(IR) and (f;)32, is a sequence of non-negative func-
tions then X embeds into £, [193].

The results for coordinate systems formed by non-negative functions are very different
when one allows for conditionality. Indeed, for all 1 < p < oo, L,(R) has a Markushevich
basis consisting of non-negative functions [285], and the characteristic functions of dyadic
intervals form a quasi-basis for L,(R) consisting of non-negative functions [285]. For the
case of conditional Schauder bases, Johnson and Schechtman constructed a Schauder basis
for L, (R) consisting of non-negative functions [193]. Their construction relies heavily on the
structure of L, and the problem on the existence of conditional Schauder bases for L,(R)
remained open for all 1 < p < co. Our main result is to provide a construction for a Schauder
basis of Ls(R) consisting of non-negative functions. For the remaining cases 1 < p < oo with
p # 2, we are not able to build a Schauder basis for the whole space. However, we prove that
for all 1 < p < oo there exists a Schauder basic sequence (f;)?2; of non-negative functions
in L,(R) such that L,(R) embeds into the closed span of (f;)52,. This chapter is based on

[116], which is joint work with Dan Freeman and Alexander Powell.

There are interesting comparisons between results on coordinate systems of non-negative
functions for L,(R) and results on coordinate systems of translations of a single function. As
is the case for non-negative functions, there does not exist an unconditional Schauder basis
for L,(R) consisting of translations of a single function ([268] for p = 2, [260] for 1 < p < 4,
and [114] for 4 < p). On the other hand, for the range 2 < p < oo there does exist a
sequence (f;)%2, of translations of a single function in L,(R) and a sequence of functionals
(97)32, in L,y(R)* such that (f;,g7)32, is an unconditional Schauder frame for L,(R) [114].
The corresponding result for the range 1 < p < 2 is unknown, but for 1 < p < 2 the
sequence of functionals (¢g7)52; in L,(R)* cannot be chosen to be semi-normalized [50]. We
take a unifying approach and prove that for all 1 < p < oo, there exists a Schauder frame
(fi,97)321 of Ly(R) such that (f;)32, is a sequence of translations of a single non-negative
function. We obtain this result by first proving that if X is any separable Banach space with
the bounded approximation property and D C X has dense span in X then there exists a

Schauder frame for X whose vectors are elements of D.
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5.2 A non-negative Schauder basis for Hilbert lattices

Given a separable infinite dimensional Banach space X, a sequence of vectors (z;)52, in X is

o0

called a Schauder basis of X if for all z € X there exists a unique sequence of scalars (a;)32,

such that

[e.o]

xr = Zajxj. (5.2.1)

j=1
is called unconditional if the series in (5.2.1) converges in every

order. If (x;)32, is a Schauder basis then there exists a unique sequence of bounded linear

A Schauder basis (z;)32,
functionals (77)32, called the biorthogonal functionals of ()52, such that z3(x;) = 1 for all
j € Noand zj(z;) = 0 for all j # 4. A sequence of vectors is called basic if it is a Schauder
basis for its closed span. A basic sequence (z;) is called C-basic for some constant C' > 0 if

for all m < n we have that

m

E :(ijj

j=1

n

E :ajxj

i=1

<C

for all sequences of scalars (a;)7_;. (5.2.2)

It follows from the uniform boundedness principle that every basic sequence is C-basic for
some constant C. The least value C' such that a sequence (z;) is C-basic is called the basis

constant of (z;).

We will be interested in bases of L,(R) where each of the basis vectors z; is a non-
negative function. A basis of L,(R) (or more generally any Banach space) allows one to
consider L,(R) as a sequence space via the identification L,(R) > z <> (2}(x))52;. In appli-
cations, sequences are often easier to work with than functions, and the benefit of the basis
vectors being non-negative is that whenever a sequence of non-negative numbers represents
a function, then that function must be non-negative as well. For this reason, the study of
non-negative coordinate systems in function spaces has seen recent attention. In particular,
non-negative bases have been shown to be useful in non-negative matrix factorizations in

neuro imaging [126] and in modeling mental functions [128].

Question 9.1 in [285] asked if given 1 < p < oo, does there exist a Schauder basis for
L,(R) consisting of non-negative functions? This was recently solved for L;(R) [193], but
all other cases remained open. Our goal in this section is to give a procedure for creating
a Schauder basis for Ly(R) formed of non-negative functions. We will be using the terms

positive and non-negative interchangeably as the set of non-negative functions in L,(R) is
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the positive cone of L,(R) when viewed as a Banach lattice in the pointwise a.e. ordering.

There does not exist an unconditional positive Schauder basis for L,(R) for any 1 <
p < oo [285] (see also [193, Theorem 2]). Thus, any positive Schauder basis we create
must necessarily be conditional, and the property of conditionality will factor heavily into
our construction. The following lemma is our main tool, and it is based on a classical

construction for a conditional Schauder basis for ¢y (see for example pages 235-237 in [9]).

Lemma 5.2.1. Let € > 0 and 1 > ¢ > 0. There exists N € N and a sequence (z;)5Y] in the
positive cone of lo(Zan @ Zoy) such that

(i) (z;)2Y) is (14 e)-basic.

2N N

(i) The orthogonal projection of (0)%Y, @ (% = T e )ih1 onto the span of (7)1

has norm at most «.

(iii) The distance from (0)2Y, & (\F T T \F )3, to the span of (x;)3Y) is at most e.

Proof. Fix 0 < ¢ < 1. Let N € N and (a;)}2; C (0,00) be such that ZN:J@? < &2 and

Z;.Vzl a;j > e %c%. We prove that such a sequence exists later in Lemma [5.3.1f Let T} be

the right shift operator in each coordinate of ¢o(Zon @ Zoy). That is, for (aq,...,qaan) @
(Brs ..., Pan) € la(Zon @ Zon) we have that

Ty (a1, g, ...y aon) @ (B, B, -, Pon) = (an, a1, g, ..., aon—1) B (Ban, b1, P2, -, Ban—1)-

For m € N, we let T,,, = (T1)™. We let (e;)3Y) be the unit vector basis of l5(Zay @ 0)
and (fj) be the unit vector basis of lo(0 @ Zon). We let z1 € lo(Zon & Zon) be the
vector r1 = e; + ijl ajes; + Zj:1 ea;fo; and xo = es + ecfi. For all 1 <n < N, we let
Tont1 = Topwy and w9, 0 = Th,29. For 1 < j < N we have that,

Toj—1 = €251 + Z Ak—j+1€2k + Z5ak—j+1f2k and T9j = €95 +ecfoj_1, (5.2.3)

where k — j + 1 is considered in the set {1,..., N}modN. It will also be helpful to express

2N
the sequence (7;)72, as
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r1 =(1, a1, 0, a9, 0,a3,....,an_1,0, ay )®(0, eay, 0, €ay, 0, ...),
2 =(0, 1, 0,0,0,0,.. 0, 0 0 )&(ee, 0, 0, 0, 0,..),
xs =(0, an, 1,a1,0,a9,...,any-2,0,any_1) D (0, eayn, 0, €ay, 0, ...),
za =(0, 0, 0,1,0,0,.. 0, 0 0 )&(0, 0, =, 0, 0,..),
rs =(0,an_1,0,an,1,a1,...,an_3,0,any_2)®( 0, ean_1, 0, eay, 0, ...),
rg =(0 ) (0, 0, 0, 0, ec,...),

, 0, 0,0,0,1, ... 0, 0 O

ron_3=1(0, as, 0, a4, 0,as,... a;, 0, az )®(0, eas, 0, caq, 0, ...),
Ton-a=(0, 0, 0,0,0,0, ... 1, 0, 0 Y&(0, 0, 0, 0, 0,..),
xon_1=1(0, as, 0,as, 0,a4,... ay, 1, a1 )®(0, eaz, 0, cas, 0, ...),
zoy =(0, 0, 0,0,0,0,.. 0, 0, 1 )®&(0, 0, 0, 0, 0,..).

Let w =30, e foj it 0y S foyand y = 3200, < fo; 1+ 300 7 fa; We will prove

that this sequence (z;)3Y, satisfies:
(a) (z;)3) is (1+4e)-basic.

(b) The orthogonal projection of z onto the span of (x;)?Y, has norm at most 3ce.

2N

(c) The distance from y to the span of (r;)72, is at most €.

2N
=1

We first prove (b). We let Px be the orthogonal projection of z onto the span of (z;)
As x is uniformly distributed in both the odd coordinates and the even coordinates, Px will
have the form Zjvzl al'Qj_l‘{’Z;V:l bxy; for some a,b € R. One can check that if @ = 0 then
|Pz|| = (z, Px)'/? = ec(14e2c?)~"/? < 3ec. We now assume that a # 0. Thus, we have the
following equality for 5 = b/a.

N N N N
HPxH _ <J77 ijl aT2j5-1 +Z]~:1 b$2j> B <IL‘, Zj:l ij_1+Zj:1 B$2j>

N N — Imax N N .
[ 2 25m1 amaj1+3 5 bagyll  AER || D000 o1+ 05 Byl

By taking the derivative with respect to 3, the maximum will be obtained when

d N N N N
%<$, Z Toj_1+ Z 5$2j> H Z $2j—1+z Ba;
j=1 j=1 j=1 j=1
g N N N
B %H Z L2j-1 +Z [y <£177 Z x2j71+z 51’2j>~
j=1 j=1 j=1 j=1

(5.2.4)
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Let A = Zjvd a;. Then we get the following simplified expansion.

N

N N N
S i) Bry =) e 1+Z ( Zaz)eaﬁz ecf faj- 1+Z (6 az‘) f2j
j=1 i=1 =1

j 1 =1 i

= Z €2¢1+Z(5+A)€2j +Z 505]”23'714—2 eA fa;.
j=1 j=1 j=1 j=1

This gives,

1/2

= (N+N(B+A)*+Ne*c®5°+ Ne* A?) (5.2.5)

H Z Toj— 1+Z Bxa;

(N+N(B+A)2+Ne2c2B24+ N2 A2) 2 (N (B+ A)+ Ne2c ),

dﬁH 2332] 1+25$2]

(5.2.6)
N N
<:c, Z :czj,l—l—z ﬁx2j> = NY2cef4+NY2%ecA, (5.2.7)
=1 =1
p N N
%<$,Z$2j_1+ZBI2j> = N1/2€C. (528)
=1 =1

Substituting the above equalities into Equation (5 gives that

12 (N'YZecf+N'Y2ecA)(N(B+A)+Ne?3)
(N+N(B+A)2+ Ne2c232+ Ne242) /2

Nl/zsc(]\f—i—N(B—i—A)?+N5202B2+N52A2)

Multiplying both sides by the denominator and dividing by N%/%cc gives the following.
1+(B+AP+e B2 +e? A = (B+A)(B+A+E*B),
1+(B+A)2+5202ﬁ2+82142 — <5+A)2+826262+52C25A,

14+e2A? = 2?BA.

iy : : _ 14e242 1+e242 :
Thus, the critical point is at 8 = “555-. Hence, Z] | Toj 1—1-2] | 52 To; will be a scalar

multiple of the projection Px. We now use | - ) to obtain a lower bound for the following.
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1+5 A
Hzx% 1 , 52C2A

22A L2j

- H Zf‘?ﬂ'—ﬁz ¢ Ay
j=1 j=1

= (N+N(c2A+ AP+ N2 (2 A2+ N2 A2 by (5.2.5)
> NY2e724 by the second term in the sum.

We now use ((5.2.7)) to obtain an upper bound for the following.

(s zxm Zliij r) < (o zm 1+22§2§§%>
— <a:, Z 132]-,14—2 20’2Ax2j>
j=1 i=1

= NY2e¢(2¢72A)+ NY%ecA by (5.2.7)
< 3¢INYV2:A.

We obtain an upper bound on || Pz|| by

N 242
<I Z] 11‘2] 1+Z] 1 ljeczﬁ L2 >
2 A2
I 300 o+ 30 HEA |
3¢ N2 A
= c2N1/2A
= 3ce.

[1Pz]| =

This proves (b). We will now prove (c).
We have that
1
I3 omrar e o] =[5 e
— EflA 1

N
<e€ asA:Zaj>5’2.
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2N

This proves that the distance from y to the span of (z;)5Z; is at most ¢ and hence we

have proven (c).

We now prove (a). Let 0 < M < N and (b;)2Y, € (3(Zay). We will first prove that

j=1
15252 byl < (L+4e)ll 3202, by -

The series Z?fl bjx; is expressed in terms of the basis (e;)2Y,U(f;)3Y, by

2N

> bz

j=1
N N N-1 N N N-1

= Z ij—1€2j—1+Z <b2j+z b2i+1aj—i>e2j+z gbyjcfaj1 +Z (5 Z b2i+1aj—i> faj-
j=1 j=1 i=0 j=1 j=1 = =0

(5.2.9)
The series Z?flﬂ bjz; is expressed in terms of the basis (e;)3Y,U(f;)5Y, by
2M+1 M+1 M
Z bjxj = Z baj—1€2j-1 +y1,1+y1,2+z ebgjcfaj—1+y2,1+Y22. (5.2.10)
j=1 j=1 j=1

Where,

M M N M
Y11 = Z (52j+z b2i+1ajfi> €2; and Y12 = Z (Z b2i+laj7i> €2;
j=1 i=0

j=M+1 =0

M M N M
Y21 = Z <5ZbZi+1aj—i>f2j and Yoo = Z (52 b2i+1aj—i> f2j~

Jj=1 =0 j=M+1 i=0
Note that

2N
H > b
=1

) N
> H E baj_1€2j-1
i=1

9 N
=> b (5.2.11)
j=1
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We first show that ||y; 2] < €| Z bzl

N M
2
ly12ll* = H > <Zb2z'+1aj—i>€2j
j=M+1  i=0
N M )
= Z ) Z b2i+1aj—i
ij+1 i=0
M
< Z < Z b21+1> ( Z a?ﬂ-) by Cauchy-Schwartz
j=M+1 =0 i=0

M

N
S by
j=M+1 i=0

2N 9
S
J=1
2N 9 N 2N 9
- 2 2
< | Xt Xdat < Xt
j=1 j=1 j=1

Thus we have that,

2N
lyrall < | D b | (5.212)
j=1
The same argument as above gives the following inequality.
M N-1 2N
H Z < Z bgi_:,_laj_i) el < €H ij$j . (5213)
j=1 i=M+1 J=1

We can now estimate ||y, 1.

v
sl = | > (bt 2 bartseo)en
<b2J+Z bais1; ) €2
<b23+z bois1aj- ) €2,
<b2]+z baj2i- 1a1)egj

Ma

—Hz( 2 baisatj-s ) €2 by (213)
—i—a”Zb T

—l—eH Zb x;

—l—sH Zb x;

1

.
Il

M=

1

<.
Il

[
M=

<.
Il
—
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Thus, we have that

M N 2N
lyrall < || 32 (ba D0 bogaica e | ]| D by (5.2.14)
j=1 i=1 j=1
The same technique for estimating y;; and y; » gives that
M N 2N 2N
[y2,1]] < H Z (52523'721‘71@1') foj +€H Z bjx; and  |[Jy22] < 5H ija:j . (5.2.15)
j=1 = i=1 =1 sy

We consider ((5.2.10)) with the inequalities (5.2.12)), (5.2.14)), and (5.2.15) to get
2M+1 M+1 M N
H Z bjl'j < H Z b2j*162j71+z (bgj—i‘z b2j72i,1ai)€2j
j=1 j=1 j=1 i=1
M M N
-I—Z €sz0f2j—1+z (5 Z b2j—2i—1ai) f25
j=1 j=1 = i=1
N N N
< H Z baj_1€2j—1 +Z <b2j+z b2jf2i71ai) €2;
j=1 j=1 i=1
N N N
+Z 562j0f2j—1+z (5 Z b2j—2i—lai>f2j
j=1 j=1 = =1
IN IN
= HZZ)J.TJ +4€HZbJZL‘]
j=1 j=1

This proves for all 0 < M < N that || S22 bya;|| < (1+4e)]| X2, bjayl|. The same

2N
+45H Z bjl’j
7=1

2N
+4€H Z bjxj
j=1

7=1
argument proves that also | -2 bya; | < (1+4)| 2% byall. Thus, the sequence (z;)2%,
has basis constant (1+4¢) and we have proven (a).
O

Before presenting our main theorem, we discuss the central idea behind our construc-
tion and its relation to the construction of Johnson and Schechtman [193]. The conditional
Schauder basis for L;(R) constructed by Johnson and Schechtman can be formed inductively
where at each step they break up a Haar vector f into a positive part f™ and a negative
part f~ then append a vector 2 - 1(,,11) to both parts where (n,n + 1) is disjoint from the
support of all vectors created so far in the induction process. The vectors f+ +2- 1, 41
and f~ + 2 1(,,41) are then both positive vectors. One can then recover the vector f by

f=0"4+2-1pnn) — (f7+2- 14 n41)). Furthermore, the zero vector is the closest vector
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to f* + f~ in the span of f* 4+ 2 1(,n41) and f~ + 2 14, 041y, This idea can be used to
build a Schauder basis for L;(R), but it fails for L,(R) for all 1 < p < oo.

Our procedure for constructing a positive Schauder basis for Ly(R) is also constructed
inductively. However, at each step instead of breaking up a vector into 2 pieces, we break it

up into many pieces. That is, given ¢ > 0 and f € Ly(R) we choose a suitably large N € N,

N

and then we break up the positive part of f into N pieces (f;1),_; with the same distribution

N
n=1

that two functions g, h : R — R have the same distribution if for all J C R we have that
Mg=H(J)) = AM(h™(J)) where X is Lebesgue measure. Given (f;7)N_ and (f, )N, we use

n=1»

Lemma to create a positive highly conditional basic sequence (z,)2Y, with disjoint

N
n=1

and the negative part of f into N pieces (f, ),_; with the same distribution. Here we mean

support from f and append (zo,-1)Y_, onto (f,))_, and append (zs,))_, onto (f)N_,.
The vectors f.f + z9, and f, + 2, 1 are then both positive vectors for all n € N. The
conditionality of (z,)2Y, allows for f to be within ¢ of (32, fif +x9,) — (0, fir + 90 1)
and for the orthogonal projection of f*+ f~ onto spani<,<n{f," + Zon, f,, + T2n_1} to have

norm smaller than e.

Theorem 5.2.2. For all € > 0, there exists a positive Schauder basis for Ly(R) with basis
constant at most 1+ €.

Proof. Let 0 < e < 1/2 and g; \, 0 such that } &; < e and [](1+¢;) < 1+e. Let (hy)32,
be a Schauder basis for Ly(R) which is an enumeration of the union of the Haar bases for
Ly([n,n + 1]) for all n € Z. We assume that h; = 1. We will inductively construct a
sequence of nonnegative vectors (z;)52; and an increasing sequence of integers (IV;)52, such

that for all n € N,

(a) z, is piecewise constant, i.e., z, is a finite linear combination of characteristic functions

of intervals in R.

(b) (Zj>§vzn1 is [T;<, (1 +¢;) basic.
(c) dist(hn, spanj<n,(z;)) < en.

We first claim that (z;)32; will be a Schauder basis for Ly(R) with basis constant at most
1 +¢. Indeed, by (b) the sequence (2;)52, is [[(1 +¢;) < (1 + ¢) basic. By (c) the span of
(2j)32, contains a perturbation of an orthonormal basis and hence has dense span. Thus all

that remains is to construct (z;) by induction.
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For the base case we take z; = hy = 1jp;) and N; = 1. Thus all three conditions are
trivially satisfied. Now let £ € N and assume that (z]) *, are given to satisfy the induction
hypothesis. Without loss of generality we may assume that hi, is not contained in the span
of (zj);-vz’“l. This is because if hyy1 € spanj<n,(z;) we could just take Ny 1 = Ny + 1 and
Zn,,, to be the indicator function of an interval with support disjoint from the support of
zj for all 1 < j < Nj. This would trivially satisfy (a), (b), and (c¢). Thus, we may assume
that Plspan,y, ()1 # 0. Iy € Ly(R) we write y = y* — y~ where y™ and y~ are
non-negative and disjoint. Let y be a multiple of Pgun,y (z;)) he+1 such that ly=|| =1
and ¢ := |ly*|| < 1. Note that y is piecewise constant as hgy; and (z;)Y, are all piecewise

j
constant. If ¢ =0 set 2x11 =y~ and Nii1 = Ni + 1, else we proceed as follows:

Let ¢ > 0. By Lemma m there exists N € N and ()3, in the positive cone of
U5(Zan @ Zay) such that

(i) (z;)3Y, is (14 &)-basic.

(ii) The orthogonal projection of (0, ...,0) & (\/Lﬁ, \/LN’ s \/LN’ \/LN) onto the span of (xj)m

has norm at most &’.

(iii) The distance from (0, ...,0) & (\/LN’ \;—]iv T «F) to the span of (z;)5Y is at most ',

Let X} be the span of y and (z]) . Note that X} is a space of simple functions with
finitely many discontinuities. We clalm that there exists a sequence of finite unions of
intervals (G;)3Y, in R such that

(i) The sequence (G;)3Y, is pairwise disjoint.

(ii) U} Gaj1 is the support of y™ and UL, Gy; is the support of y~.
(ili) For all z € X}, the sequence of functions (z|g,, )}, all have the same distribution.
(iv) For all z € X, the sequence of functions (|g,,)}_; all have the same distribution.

To prove this, we let (Ej)j-w:ll be a partition of the support of y* into intervals such that
for all 1 < j < M; both y and z; are constant on Ej; for all 1 < i < N,. We know by (a)
that such a partition exists. Likewise, let (Fj)j\iol be a partition of the support of ¥y~ into
intervals such that for all 1 < 57 < M, both y and z; are constant on F} for all 1 <17 < Nj.
For all 1 < j < M, let (E; ;)Y be a partition of F; into intervals of equal length, and for all
1 <j < My let (F; ;)Y be a partition of Fj into intervals of equal length. For all 1 <i < N
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we let Gy 1 = Uj-w:ll ;.; and let Gy, = U?@lﬂvj. By construction, (G;)#] satisfies (i),(ii), (iii),
and (iv).

Let (Hj)?fl be a sequence of unit length intervals in R with pairwise disjoint support
which is disjoint from the support of y and the support of z; for all 1 < j < Ni,. We now
define a map V¥ : lo(Zoy ® Zon) — L2(R) by

N N 2N
Y(ar,...,aon, Br, ..., Pan) = Z ¢TINY2 By a1,y + Z NY2Bo16,y™ + Z ajly;.
j=1 j=1 j=1

By (i),(ii),(iii), and that [[y*|| = ¢ we have that ||1g,, ,y"|| = cN"/2 forall 1 < j < N.
Likewise, as ||y~ || = 1 we have that ||1g,,y || = N-"/? for all 1 < j < N. Thus, ¥ is
an isometric embedding and maps positive vectors in lo(Zoy @ Zaoy) to positive vectors in
Ly(R). We let Ny11 = N+ 2N and let zy,+; = ¥(x;) for all 1 < j <2N. As y is piecewise
constant, H; is an interval, and G; is a finite union of intervals for all 1 < i < 2N, we have

that z; is piecewise constant for all Ny < j < Nj41. Thus we have satisfied (a).

Note that ¥((0,...,0) & (\/—CN, %, s T %)) = y, thus by (3) the distance from y to

Mt | is at most ¢’ which proves (c) if ¢’ is small enough.

the span of (z;),5x, +

Let © € span;<y,z;. Let (e;)?Y} denote the unit vector basis for the second coordinate of
l3(Zon ® Zoy). Then by (iii), we have that (¥(ezj_1),z) = (¥(egi—1),z) forall 1 <i,j < N,
and by (iv) we have that (U(eq;),z) = (V(ey),z) for all 1 < ¢,5 < N. We have that x is
orthogonal to y and y = \/LN\IJ(el) — \/—%\P(eg) + ...+ \/—CN\IJ(eZN,l) — \/LN\IJ(eQN). Thus the
orthogonal projection of z onto W(ly(Zan @ Zoy)) is a multiple of W(e;) + c¢W(eq) + ... +
W(ean—1) + c¥(ean). Hence by (2) the orthogonal projection of x onto spany,<j<n,,,2; =
spani<j<on¥(x;) has norm at most 2¢’||z||. The sequence (zj)jyz’“l is [[;<4(1 + ;) basic and
(zj)jv:’“fv; +1 18 (1 +¢’) basic. The inner product between a unit vector in span;<y,z; and a
unit vector in spany, <j<n,,,#; is at most 2¢’. Thus, if €' is small enough then (zj);y:’“f is
[1;<ps1(1+¢;) basic which proves (b). This completes the construction of (z;) by induction.

O]

Remark 5.2.3. Similar to [193], one can use classification theorems to extend the above
result to all separable Lo(u). See, for example, [218] or Section 2.7 of [244]. That is, if Lo(p)
is separable then for all ¢ > 0 there exists a positive Schauder basis for Lo(u) with basis

constant at most 1 + €.
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5.3 A large non-negative basic sequence in Lebesgue

spaces

Our method in Section repeatedly makes use of orthogonal projections onto subspaces of
Ly(R). This prevents us from extending the construction to L,(R) for p # 2. However, we are
able to obtain the result for large subspaces of L,(R). Indeed, for ¢ > 0 and 1 < p < oo, we
will construct a positive (2+¢)-basic sequence (2;)32, in Ly,(R) such that L,(R) is isomorphic

o0

to a subspace of the closed span of (z;)52;.

Lemma 5.3.1. For all ¢ > 0 and 1 < p < oo there exists N € N and a,, ~\, 0 such that
ZnN:1 a, > 2 and ZnNzl(ZjV:n a?)p/q < &P where 1/p+1/q=1.
Proof. We consider the function f : [1,00) — R given by f(z) = ((x+1)In(z+1))~!. Then,
/ f(z)dx = / (x4 1) In(z + 1)) 'dz = co.
1 1

We also have the following upper bound,

/loo </Oo f(t>th)p/qu = /loo (/:o((t +1)In(t+ 1)) dt>p/qd:c
< /IOO (/:O(t +1)7 dt)p/q In(z+1)Pde  as In(t+1)" < In(z + 1)~
=(q— 1)/ /loo(:c + 1)/ n(z + 1) P da
= (¢ 1) /100(:1: YD) Mz + 1) Pdr aspligl=1
= (= 17"p—1) " In(2)" 7.

As f is a decreasing function, we have that 37| f(n) =occand 377, (3°7Z, f(H)NP/1 < oo.
Hence, for all ¢ > 0 we may choose N € N and a, \, 0 such that ij:l a, > €2 and

Zi\f:l(ZjV:n a?)P/? < &b, In particular, for all € > 0 we may choose

4, = ((n+2)ln(n +2)) - ((a—1)7/(p— 1) In(2)*") o

and then choose N € N such that SV a, > 72,
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The following lemma is an extension of Lemma to €, (Zon ® Zon) where 1 < p < o0,
and the proof will follow along the same lines. In the previous section we constructed a
positive Schauder basis for all of Ly(R) and this required a variable 0 < ¢ < 1 in Lemma
5.2.1l For p # 2, we will only be constructing a positive Schauder basis for a subspace of

L,(R), and for this reason we will no longer need the variable c.

Lemma 5.3.2. Let ¢ >0 and 1 < p,q < oo with 1/p+ 1/qg = 1. There exists N € N and a

sequence (z;)?Y in the positive cone of £,(Zyn @ Zyy) such that

(i) ()2, is (1 4 e)-basic.
(i) If f* = (0)22, & (N2, € (y(Zan & Zan) then |f*(z)| < el|z|| for all z in the span
of (75])351

(i) The distance from (0)2Y, & ((—=1)?N~/?) to the span of (z;)2Y, is at most e.

Proof. The proof follows the same strategy as Lemma [5.2.1, Fix 0 < ¢ < 1. By Lemma
5.3.1} there exists N € N and (a;)}_; € (0,00) such that

N N N o/
g a, >¢e 2 and g ( E a?) < P, (5.3.1)
n=1 n=1 j=n

Consider the space ¢,(Zan © Zan ). Let T1 be the cyclic right shift operator on this space.
That is, for (aq,...,aan) @ (B, ..., an) € lp(Zon ® Zaon) let

Ti(on, az, ...,aon) B (B1, Ba, -, Pan) = (an, a1, @, ..., aon—1) & (Ban, B1, Ba, .., Pan—1)-

For m € N, we let T,, = (T1)™. We let (e;)?Y) be the unit vector basis of £,(Zyy) @ 0 and
(f;)?Y, be the unit vector basis of 0 @ £,(Zay). We denote (&)Y, and (f;)3Y, to be the
2. Welet z; € fp(ZgN @ Zon) be the vector
T = 61—|—ij1 ajegj—i—zj.:l eajfoj and 9 = es+cfy. Forall 1 <n < N, welet 9,41 = To,21

and o, o = Th,xo. That is,

biorthogonal functionals to (e;)?Y, and (f;)Y
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ry = , &dq, 0, gasg, 0,

rs =(0, 1, 0,0,0,0, .. 0, 0 O , 0, 0, 0, 0,...
r3 = , an, 1, al,O,ag,...,aN_z,O,aN_l

(1 )

(0 )

(0 ) , eay, 0,¢caq, 0,...
ry =(0, 0, 0,1,0,0,... 0, 0 0 )

(0 )

(0 )

(0 )
(e )
(0 )
(0, 0, € 0,0,..),
san—1,0,ay,1, a1, ...;an_3,0,any_2)@® (0 )
L0, 0,0,0,1, .. 0, 0 0 )&(0 )

,ean_1,0,eapn,0, ...
, 0, 0, 0, &, ...).

zon_3=1(0, as, 0, a4, 0,as,... a;, 0, az )®(0, eas, 0, cay,0,...)
Zon_a=(0, 0, 0,0,0,0, ... 1, 0, 0 Y&(0, 0, 0, 0, 0,...)
ron_1=1(0, ag, 0,as, 0,a4,... ay, 1, a; )®(0, eay, 0, cas,0,...)
2oy =(0, 0, 0,0,0,0,.. 0, 0, 1 )®(0, 0, 0,0, 0,...)

Let f* = Z2N1 Nfl/qf; and y = ZQN( 1)/N~ 1/I’f We will prove that the sequence
;)N satisfies:
j

(a) (x;)3Y) is (1+4e)-basic.
(b) f*(2) <ellz| for all z in the span of (x;)3Y,.

2N

j=1 Is at most e.

(c¢) The distance from y to the span of (z;)

We first prove (b). As the unit ball of (,(Zon@Zoy) is strictly convex, there exists a
unique unit norm vector z in the span of (z;)?Y, so that f*(z) is maximal. As f* is uniformly
distributed on 0®Zsy, 2z will have the form Zjvzl aargj_1+2§\7:1 bxy; for some a,b € R. One
can check that if @ = 0 then f*(2) = e(14+e?)"'/? < . We now assume that a # 0. Thus,

Fr(O00) amaj 14350, bray) (0 o205, By

f*(Z) = N N = maR
13000 a1 +3 05 bagyll BR[| S0 oy 1+ Bl

Let A= Zjvzl a;. Then we get the following simplified expansion.

N N N
21’23‘714—25%2] Zezg 1+Z Zaz €2J+Z€5f2] 1+Z EZ% fa;
i=1 =1 =1 =l

N

S et 35+ eszm 1+Z€Af2j

7j=1 7j=1
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This gives the following two equalities,

H Z;@] 1+Z Baa|| = (N+N|B+ AP+ Ne?| 8P+ Ne? A7) /P (5.3.2)
N N

F(Y w1+ Bruay) = N'ref+ N e, (5.3.3)
j=1 j=1

Let 8 € R such that

|f* (Z] 1125 1+Z] 16$2j>|
1300 a1+ 30 By

For \ := /A, we have the following two results.

H ZJCQJ 1+Z Bxaj|| =

[ (2) =

(N4 N|AA+ AP+ NeP(|A| AP+ Ne? A7) P

> (NJAA+AP)Y? = [14A|ANP,

N N
f*<2$2j_1+z 6I2j> = Nl/p&‘/\A—f—Nl/pEA = E(l"‘)\)ANl/p

If A = —1 then by the above equality we would have f*(zj | Toj 1—}—2] | Bra;) = 0.

Otherwise, we have that,
£ (2)] < |1+ AANYP/(|T+ AN ANVP) = ¢

Thus, we have proven (b). We will now prove (c).

Recall that y = ZQN (=1)/N~YPf;. We have that

N 1 1
(35 vz ] - | S e
j:

:{:‘_IAI

N
<e€ aSA:Zaj>5_2.
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2N

This proves that the distance from y to the span of (z;)5Z; is at most ¢ and hence we

have proven (c).

We now prove (a). Let 0 < M < N and (b;)3Y, € 0,(Zan). We will prove that

j=1
2M 2N
I Zj:1+1 bjz;|| < (1+4e) Zj:l bjx]|.

The series Z?fl bjx; is expressed in terms of the basis (e;)2Y,U(f;)3Y, by

N N N-1 N N N-1
Z b2j—162j—1+z (sz—l-z b2i+1aj—i> €2j+z 552jf2j—1+z (5 Z b2i+1aj—i> foj. (5.3.4)
=1 =1 i=0 =1 =1 = =0

The series Z?flﬂ bjz; is expressed in terms of the basis (e;)3Y,U(f;)5Y, by

2M+1 M+1 M
Z bjx; = Z baj_1€2j_1+y11 +y1,2+z ebgj faj—1+Y21+Y220. (5.3.5)
=1 =1 =1
Where,
M M N M
Yig = Z (52j+z b2i+laj—i)62j and Y12 = Z (Z b2i+laj—i)62j>
j=1 i=0 j=M+1 =0
M M N M
Y21 = Z (5 Z b2i+1aj—z‘)f2j and Yo = Z (5 Z b2i+1aj—z‘)f2j~
J=1 1=0 j=M+1 =0
Note that

2N ) N
H g bjx;|| > H g baj_1€2j-1
j=1 j=1

We first show that ||y 2| < €| ngl bjz;|.

» N
= |bya . (5.3.6)
j=1
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p
[y12lI” = H (szm%—i)ezj

j=M+1  i=0

j=M+1

i

< L

IN
VRS
=
¥
+
—
=
—
VRS
(=
Q
TQ
N
=
~
)

by Hélder’s Inequality,

j=M+1 =0 =0
2N , N M o/a
<2 bl D <Za?—i> by (6.3.6),
j=1 j=M+1 =0
2 P N P/q
< || Db Yo (Xat)
j=1 j=1  i=j
2N »
< Z bjxj €p by .
j=1

Thus we have that,

2N
||y1,2|| < 5“ Z ijL'j . (537)
j=1
The same argument as above gives the following inequality.
M N-1 2N
H Z < Z b27j+1aj—i> el < SH Z bjl‘j . (538)
j=1 =M+l J=1

We can now estimate ||y 1|

lyeall = | f (bwi baiiaj-s e,
(bwzw] Jes —HZ( z by e
<bgj+z bariayi e, +eHZb z;
" (43t ] S|

M:

by (-3.8)

+€H Zb T

1

<.
Il

NE

1

<.
Il

M=

1

<.
Il
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Thus, we have that

M N 2N
||y1,1|| < H Z <b2J+Z bgj_gi_lai> €2; —I—EH Z ijEj . (539)
j=1 i=1 j=1
The same technique for estimating y;; and y; » gives that
M N 2N 2N
HyZ,lH < H Z <€Zbgj,2i,1ai> fgj +€H Z bjﬂ?j and Hy272” < EH ij.’lfj . (5310)
j=1 = i=1 =1 i

We consider with the inequalities (5.3.7] , and m ) to get
2M+1
< H Z baj_1€2;— 1+Z <b2]+z baj_2i— 1(1@)62]

5
Zsbgjfgj 1+Z( szj 2i101) fo
< HZ@J €9 1+Z (b2]+2b2] 2i10:) €2
S IRMAES O nem I

1=

—|—45H Zb T

” Zbﬂ?a’

= H ijl’j +45H ijl‘j .
j=1 j=1

This proves for all 0 < M < N that || 352" b mJH < (1+4e)[| X2 bjzyl|. The same
argument proves that also || E biz;|| < (1+4e)| Z bjz;||. Thus, the sequence (z;)2Y,

has basic constant (1+4¢) and we have proven (a). O

We now show how the conditional positive basic sequence constructed in Lemma [5.3.2
can be inductively used to build a basic sequence in L,(R). We will construct a positive
basic sequence in L,(R) which contains a perturbation of a Haar type system in L,([0, 1]).
Recall that a sequence of vectors (g;)52, in L,([0,1]) is called a Haar type system if there
is a sequence of partitions ({Ej, §n01)n o of [0, 1] such that Eyo = [0,1] and gy = 1jp;) and
foralln € Nand 0 < j < 2! — 1 we have that {Fy;,, Faj11,} 18 a partition of Ej, 4
with A(Eajn) = A(Eajt1,n) = 27" and gon-14; = 2007D/P(1g, —1p, . ). Note that the
Haar basis for L,([0,1]) is a Haar type system, and every Haar type system in L,([0,1])
is l-equivalent to the Haar basis. Thus, if (g;)72, is a Haar type system in L,([0, 1]) then
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the closed span of (g;)32, is isometric to L,([0, 1]). We will denote the usual Haar basis for
Ly([0,1]) by (h;)22,, and denote its dual sequence by (h})52, (which is just the Haar basis
for L,([0,1]) for 1/p+1/q=1.)

Theorem 5.3.3. For all 1 < p < oo, there exists a positive Schauder basic sequence (z]);";

0
in L,(R) such that L,(R) is isomorphic to a subspace of the closed span of (z;)52,.

Proof. Let 0 < ¢ < 1 and ¢; \, 0 such that ) 2¢; < ¢ and [[(1 +¢;) < 1+¢e. We

will inductively construct a sequence of non-negative vectors (z;)2

20 in Ly(R), increasing
sequences of integers (M;)22, and (N;)32,, and a Haar type system (g;)32, in Ly([0, 1]) such

that My = Ny = 0, 20 = go = 1jp,1], and for all n € N we have that

(a) gn € span(hj)j]\i”MnihLl.

n—1

(b) span(zj|[071])§vgo - span(hj)j]\ino and each of the functions (Zj‘[(),l]c)j‘vzo have disjoint

support from each of the functions (Zj|[0,1]‘3)§\7:n1vn,1 41

(c) If Py, is the basis projection onto 5]0cm(hj)j]\ino’1 then [Py, x| < e,flz| for all

T € span(zj)é.v:"NnilH_
(d) (%)j'&zvn,lﬂ is (1 + )—basic.
(e) dist(gn, SPANN, 1 <j<N, (Zj)) < Ep.

Before proving that this is possible, we show that building such a sequence (2;)32, will
prove our theorem. By (e), the span of (2;)32, contains a perturbation of a Haar type system
for L,([0,1]) and hence L,([0,1]) is isomorphic to a subspace of the closed span of (2;)3.
We now show that (z;)?2, is a basic sequence. Let x = > 7 a;z; € span(z;)72, and let
N € N. We will prove that || > 7% a;2;| > mn Zé\f:o a;zl|.

Ny
j=Nn—1+1

Yn = Ty — Py, x,, for all n € N. By (c), we have that ||y, — z,|| < &,||x,]|. We have by (b)

We denote xy = apzp and z,, = > a;z; for all n € N. We denote yy = xy and
that (ynlj0,1))n2; is a block sequence of the Haar basis and that (y,|j15¢)52, is a sequence of
vectors with disjoint support. Thus (y, )52, is 1-basic as the Haar sequence is 1-basic. As
(2,)22, is a perturbation of (y,)>,, we have that (x,)>, is (1 + ¢)-basic. Let K € NU{0}
such that Ny < N < Ng.1. Thus,

K
lzll = (L+e)7' 1 ) zall and [lz]] = (1 + &)~ gl

n=0
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By (d), we have that ||zx.1] > (1+¢) TN

HZ%

=Ny 11 @57l Thus, we have that

(1+¢)” lmaX<HZOxn
> (1+4¢) ' max (HZQJn  (

"1+ 5)_2H Z_:ajzj .

This proves that (z;)52, is 2(1 +)*-basic. Thus all that remains is to construct (z;)52, and

sl

1+¢)™!

Jj=Ng+1

1+5

(95)320 by induction.

For the base case we take zog = gy = 11, Moy = Ng =0, M_; = N_; = —1, and we
formally define P_; = 0 as the projection onto the zero vector. Thus all five conditions are
trivially satisfied for n = 0. Now let k € Ny and assume that (g,,)*,_, and (z,,) , have been
chosen to satisfy conditions (a),(b),(c),(d), and (e). For each m € N we let m = 2”’“ Y g
where n,, € N and 0 < j,, < 2"~ For 1 < m < k, we denote Fy; ., C [0,1] to be the
support of g and Esj, 11,,, C [0,1] to be the support of g,.. Being an initial segment of
a Haar type system, Eb;,. n., U Faj . +1n,, = Fjnn—1 for 1 < m < k, and for the induction
Note that if jp + 1 < 2™~ then

Jre1 = Jr + 1 and ngyq = ng; if j, + 1 = 2™~ then ji,; = 0 and nypyq = np + 1.

we must find an appropriate partition of Ej, | n, . -1

As (gm)F,_, is contained in the span of the initial segment of the Haar basis (h; )]‘{0, we

may partition F;

ei1misi—1 into two sets of equal measure Fyj, |, ., and Fayj, 415, , such

that both sets are a finite union of disjoint dyadic intervals and for all x € span(hj)j]\i’“o,
the distribution of z| Easjyyrompyy 19 the same as the distribution of x| By syt We let
Jr+1 = 2(nk+1_1)/p(1E27k+1 Myl 1E2Jk+1+1 nk+1)'
gry1 are both finite unions of disjoint dyadic intervals, we have that gpi1 € span(h;)52
Let 0 < m < M,;. As the distribution of A

As the support of g,irl and the support of

j=1"

ml Bojy1inpst is the same as the distribution of

we have that hy, (gr1) = 0. Thus, g1 € span(h;)52,y, 4 1-

hm‘E2jk+l+1v"k+1 ’

Thus, we have the following three properties.



CHAPTER 5. BASES OF NON-NEGATIVE FUNCTIONS 185

() (gj)fJFO1 is the initial segment of a Haar type system in L, ([0, 1]),

(B) grs1 € span(hj)‘]?';MkH,

(v) For all z € span(h; )J o, the distribution of x|
of z|

supp(gt, ) is the same as the distribution

supp(g,;_l) ’

By Lemma - 2| there exists N € N and (:)3]) 2, in the positive cone of £,(Zon & Zan)
such that

(i) ()2, is (1 4 e)-basic.

(ii) If f = (0)3% @ ((2N)"9)3%) € £y(Zan) ® Ly(Zon) then (2N)V9| f ()] < gt for
2N

j=1-

all  in the span of (z;)

(ifi) The distance from (0)2Y, & ((—1)7(2N)~'/7) to the span of (z;)2Y, is at most ex1.

As in the proof of Theorem[5.2.2] there exists a sequence of finite unions of disjoint dyadic
intervals (G;)2%, in [0, 1] such that

(i) The sequence (G;)3Y, is pairwise disjoint and A(G;) = A(G;) for all 4, j.
(ii) U;V:ngj_l is the support of g;"; and Ué\f:ngj is the support of g, ;.

(iii) For all z € span(h; )jwo, the sequence of functions (x|g,)?Y, all have the same distri-

bution.

Let (H;)?Y, be a sequence of unit length intervals in R\ [0,1] with pairwise disjoint
support which is disjoint from the support of z; for all 0 < j < Nj,. We now define a map
(A gp(ZQN D ZQN) — LP(R) by

N
\I](ala -5 Q2N 517 ) B2N Z 2N /p/82j llej 1gk+1 + Z 2N /p52]1G2]gk+1 + Z ale
7j=1 7=1 7j=1
By (1)7 (11)7 and that ”gk_-HH = HQ;HH = 2—1/p we have that H1G2j71gl—€i_—0—1H - <2N)—1/p and
116,051l = (2N)7P for all 1 < j < N. Thus, ¥ is an isometric embedding and maps
positive elements of ¢,(Zan @ Zson) to positive functions in L,(R). We let Ny = N + 2N
and let zy,+; = ¥(z;) for all 1 < j <2N. Thus, (d) is clearly satisfied.
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Note that ¥((0,...,0) ® ((QNl)l/p’ (2];)11/17, . (2N1)1/P’ (2]\—7)11/17)) = gk+1, thus by (3) the dis-

tance from g1 to the span of (z])jvz’“fv; 1 is at most ;1 which proves (e).

Let z € span(zj);vkﬁngl with ||z|| = 1. We now prove that ||Py, z|| < €x+1. Note that
Py, (2) = ijko Wi(z)hj. Let 1 < m < M. We have that the functions (hm|q,;)?Y, all

have equal distribution and gxy1 € span(h;)32,., ;- Hence, by (1g,) is independent of j.
Let © = (a1,..., 20N, B1, ..., fon) € span(x;)3Y; such that W(z) = 2. Let f = (0)3, @
(2N)Y9)2N, € £,(Zon) & Ly(Zon). By (2), we have that (2N)V4|f(z)| < % Since the
biorthogonal functionals (h})52, form the standard Haar basis in Ly([0, 1]), h;, is a multiple

of hy,, and we denote this multiple by C),,,. We now have that

1
o) = Co| [ B
_(me]/ o ¥ ()

—Cpm’/ him Z (2N)Y/P B ey, 19k+1+z (2N) /ﬁ231G239k+1dt

h (1)

_ ‘ Z Bajr + Z BQj‘(QN)l/PQ(nkH—l)/P
j=1 j=1

9
< @MY@ < 3

Thus we have that || Py, z|| = sz’“o b (2)h]| < Z o 175 (2)hj|l < exy1. This proves (c).
For all 1 < j < 2N, we have that G; is a finite union of disjoint dyadic intervals. Thus,
span(z;|jo) );V’“N;H C span(hj)2,. By (8), we also have that g1 € span(h;)5,, .- We
now choose My, € Nsuch that span(z;], 1])] N1 C span(h; )MO and gx+1 € span(h; )]\i’“o“.
Thus, (a) holds and our proof is complete.

]

5.4 Schauder frames

Previously, we have considered Schauder bases for Banach spaces, which give unique repre-

sentations for vectors. Given a Banach space X with dual X*, a sequence of pairs (x;, f;)32,
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in X x X* is called a Schauder frame or quasi-basis of X if
r = Z fi(x)z; for all z € X. (5.4.1)
j=1

A Schauder frame is called unconditional if the above series converges in every order. Schauder
frames are a possibly redundant coordinate system in that the sequence of coefficients
(f;(x))52, which can be used to reconstruct = in may not be unique. Note that
if (x;)22, is a Schauder basis of X with biorthogonal functionals (})52; then (z;,2})%2, is a
Schauder frame of X. Thus, Schauder frames are a generalization of Schauder bases.

For all 1 < p < oo, there does not exist an unconditional Schauder frame (z;, f;)52,
for L,(R) such that (z;)52, is a sequence of non-negative functions [285]. However, for all
1 < p < oo, there does exist a conditional Schauder frame (z;, f;)52, for L,(R) such that
(z)52, is a sequence of non-negative functions [285]. Indeed, if (e;)32, is a Schauder basis for
Ly(R) with biorthogonal functionals (€})52, then we may define a Schauder frame (x5, f;)32,

for L,(R) by @9; = €], 2351 = €}, foj = €}, and fo; 1 = —e¢] for all j € N.

For each 1 < p < oo and A € R, we may define the right translation operator T) :
Ly(R) — L,y(R) by Taf(t) = f(t—A). Given 1 <p < oo, f € Ly(R), and (};)52, C R, there
have been many interesting results on the possible structure of (7}, f )‘;‘;1, and the relation
on the values ();)52, can be very subtle. For example, if 1 < p < 2 then a simple Fourier
transform argument gives that (7} f);ez does not have dense span in L,(R) [21} 254, 255,
256]. On the other hand, if 2 < p < oo then there does exist f € L,(R) such that the span
of (Tf)jez is dense in L,(R) [21} [254, 255 256]. Surprisingly, if €; # 0 for all j € Z and
g; — 0 for |j| — oo then there does exist f € Lo(R) such that (T}, f)jcz has dense span
in Ly(R) [267]. For any (A\;)52; € R, 1 < p < oo, and f € L,(R) the sequence (T3, f)52,
is not an unconditional Schauder basis for L,(R) ([268] for p = 2, [260] for 1 < p < 4, and
[114] for 4 < p). However, if 2 < p and (A;)%2, is unbounded then there exists f € L,(R)
and a sequence of functionals (g;)32, such that (T}, f,g;)32, is an unconditional Schauder
frame of L,(IR) [114]. It was not known for 1 < p < 2 if there exists (\;)72; C R, f € L,(R),
and a sequence of functionals (g;)?2, such that (T}, f, g;)52, is an unconditional Schauder
frame or even conditional Schauder frame for L,(R). However, if the sequence (g;)32, is
semi-normalized (in particular (||g;[|~")32; is bounded) then (T3, f, g;)32, cannot be an un-
conditional Schauder frame for L,(R) for 1 <p < 2 [50].
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We will prove for all 1 < p < oo that there exists a single non-negative function f € L,(R)
such that (T}, f, g;)72, is a Schauder frame for L,(R) for some sequence of constants ();)32,
and some sequence of functionals (g;)32,. We will obtain this as a corollary from the following
general result about the existence of certain Schauder frames, which we believe to be of
independent interest. The proof of the following theorem is inspired by Pelczynski’s proof
that every separable Banach space with the bounded approximation property is isomorphic

to a complemented subspace of a Banach space with a Schauder basis [273].

Theorem 5.4.1. Let X be a Banach space with a Schauder basis (e;)52;.

D C X is a subset whose span is dense in X. Then there exists a Schauder frame (quasi-

Suppose that

basis) for X whose vectors are elements of D.

Proof. As (e;)32, is a Schauder basis of X, there exists ¢; \, 0 such that if (u;)$2, € X and
lej — uy]| < ej for all j € N then (u;)52, is a Schauder basis of X (see Theorem 1.3.19 [9]).
As the span of D is dense in X we may choose (u;)32, C span(D) such that [le; — u;|| < ¢
for all j € N. Let (u})52; be the sequence of blorthogonal functionals to (u;)32,. For

JIn

each n € N, we may choose a linearly independent and finite ordered set (x;, n) ; in D such

In
that w, can be expressed as the finite sum wu,, = > 3" i1 QjnTjn where a;,, are non-zero scalars.

Let C,, be the basis constant of (x; n) », and choose N,, € N such that C,, < N,,. We
currently have that u, may be uniquely expressed as u, = J " UjnTjn, but to make a
Schauder frame we will use the redundant expansion u, Z Z‘]" N, 1aj,na:j,n. We
claim that ((zj,, N, a;nul))neni<i<n,i<j<J, 18 a Schauder frame of X where we order

{(n,1,7) }neni<i<n, 1<j<J, lexicographically. That is, (n,i1,71) < (ng,is, j2) if and only if
(i) m1 < ng, or
(ii) ny = ng and 4; < ig, or

(iii) m1 = ny and 41 = 75 and j; < jo.

Let # € X and € > 0. Choose N € N such that || Y ) (z)u,|| < € for all my > my >
N. Consider a fixed (ng, ig, jo) with ng > N, 1 < jo < J,,, and 1 < ig < N,,,. We now have
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that,

Ha: — Z N, tagput (7)z),

(n,4,7)<(n0,%0,j0)
iog—1 Jng

no—1 Jn
_Hx—ZZZN ajntn ()T, ZZN g U ()2,

n=1 i=1 j=1 =1 j=1

Jo
E -1 *
Nno a/j’no uTLO (x)xjvno
i=1

no—1
<[Jle =D Z iy (g
1

n=

+ HZN ot ng(x)xjno

Tng

Z Nn_ol Qjno u;kzo (x)xj,no

j=1
=4+ Coo Ny g, (), ||
<ete+te as Cpy < Np,.

<e+e+Cy

We have that -,

71 .
(%0, N 00 0)) Jneni<i<n, 1<j<J, is a Schauder frame of X.

N, ta;ul(x)x;, converges to z, and hence the sequence of pairs

]

The previous theorem applied to Banach spaces with a Schauder basis, and we now show
that the same conclusion can be obtained for separable Banach spaces with the bounded

approximation property.

Corollary 5.4.2. Let X be a separable Banach space with the bounded approximation
property (i.e. X has a quasi-basis). Suppose that D C X is a subset whose span is dense in

X. Then there exists a Schauder frame (quasi-basis) for X whose vectors are elements of D.

Proof. As X is separable and has the bounded approximation property there exists a Banach
space Y with a basis such that X C Y and there is a bounded projection P : Y — X. As the
span of D is dense in X, the span of D U (Iy — P)Y is dense in Y, where Iy is the identity
operator on Y. By Theorem there exists a Schauder frame (z;, f;)32; U (y;, 95)32
Y, where z; € D and y; € (Iy — P)Y for all j € N. The projection of a Schauder frame onto

for

a complemented subspace is a Schauder frame for that subspace. Thus, (Pz;, fj|x)52, U
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(Pyj, 9jlx)32, is a Schauder frame for X. This is the same as, (z;, fj|x)32; U (0, g;]x)52;-

Hence, (75, f;|x)32, is a Schauder frame of X whose vectors are in D. O
We now give the following application to translations of a single positive vector.

Corollary 5.4.3. For all 1 < p < oo, the Banach space L,(R) has a Schauder frame of the

form (z;, f;)52, where (z;)52

721 1s a sequence of translates of a single non-negative function.
In the range 1 < p < oo this function can be taken to be the indicator function of a bounded
interval in R, and for p = 1 the function can be any non-negative function whose Fourier

transform has no real zeroes.

Proof. We first consider the case p = 1. Let f € L;(R). By Wiener’s tauberian theorem,
the set of translations of f has dense span in L;(R) if and only if the Fourier transform
of f has no real zeroes [328]. Thus by Theorem if the Fourier transform of f has no
real zeroes then there exists a sequence of translations (r;)32; of f and a sequence of linear
functionals (f;)52, such that (z;, f;)52, is a Schauder frame of L;(R). As an example of a
function f € Li(R) such that f has no real zeroes, one can take f(t) = e~** for all t € R.

We now fix 1 < p < oo and consider the interval (0,1] C R. Note that the span of the
indicator functions of bounded intervals in R is dense in L,(R). Thus we just need to prove
that every indicator function of a bounded interval is in the closed span of the translates of
(0,1] and then apply Theorem to get a Schauder frame of translates of the indicator
function of (0,1]. Let D C L,(R) be the span of the set of translates of 1(g 1.

Let 1 > ¢ > 0. For each A € R, we denote T} : L,(R) — L,(R) to be the operator which
shifts functions A to the right. That is, for all f € L,(R), T)f(t) = f(t — A) for all ¢t € R.
Let o1 = 1o,1) — Tc10,1) = L0, — L1,14¢- Thus, z; € D. For n € N, we define x,,; € D by

Tnt1 = ZijEl - Z Ljjtel = Lg+tg+14e) = Lo = Lint1nt144]-
§=0 j=0

As 1 < p < oo, the sequence (x,)s2, converges weakly to 1. Thus, 1. is in the
weak-closure and hence norm-closure of D as D is convex. This proves that every indicator
function of an interval of length at most 1 is contained in D. As every bounded interval is
the disjoint union of finitely many intervals of length at most 1, we have that the indicator

function of any bounded interval is contained in D. m
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When using a Schauder basis or Schauder frame to reconstruct a vector in a Banach
space, we have that the partial sums of the series in and converge in norm. A
Banach lattice is a Banach space endowed with an appropriate partial order. For example
L,(R) is a Banach lattice with the partial order given for f,g € L,(R) by f < ¢ if and only
if f(t) < g(t) for a.e. ¢ € R. When considering Banach lattices, one cares about both the
norm structure of the Banach space as well as the endowed order structure. This leads us to
consider Schauder bases and Schauder frames where the partial sums of the reconstruction

formula converge in order as well as in norm.

[e o]

o0 | converges uniformly

Let (y,)22, be a sequence in a Banach lattice X. We say that (y,,)
to y and write vy, — y if there exists a positive vector w € X such that for all € > 0 there
exists N € N such that |y — y,| < ew for all n > N. The vector w is called a regulator of
the sequence (y,)p2;. Let (z;)52; be a Schauder basis for a subspace E of Banach lattice X
with biorthogonal functionals (77)32,. We say that the sequence (z;)32, is bibasic if for all
z € E we have that )7, 2}(v)z; = z. Similarly, let (z;, fi)321 be a Schauder frame for a
subspace E of a Banach lattice X. We say that (x;, f;)32, is a u-frame if for all z € £ we
have that Y7, f;(v)x; = x. The difference between the two names (bibasis and u-frame)
is that the bibasis condition is equivalent to multiple different properties [314, Theorem 3.1]

or [315, Theorem 20.1], whereas this is not the case in the context of frames.

We now extend Theorem to the setting of Banach lattices with a bibasis.

Theorem 5.4.4. Let X be a Banach lattice with a bibasis (e;)52,. Suppose that D C X is
a subset whose span is dense in X. Then there exists a u-frame for X whose vectors are

elements of D.

Proof. The proof begins analogously to Theorem [5.4.1] noting that small perturbations of
bibases are bibases ([314, Theorem 4.2]).

We construct (u,,)52, and ((21,)jes,)52 as in the proof of Theorem [5.4.1] We currently
have that ((z;n, N, *a;j,uk) ) nen1<i<n, jes, 18 a Schauder frame of X in the lexicographical
order whenever the N,, are sufficiently large. We now need to show that it is a u-frame.
For each n € N, we define v, = Y, ; v, Let v =377, Q%Hz—:“ and choose N, € N
such that N,, > 4™||u} ||||vn|| max;ey, || Then for each z € X and each subset I,, of J,,

|3 e, No gt (2)z5n] < spvllzf|. We claim that (25, N, ajnt)) )neni<icn, jes, 18 a
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u-frame of X where, again, we order {(n, 1, j) tneni<i<n, jes, lexicographically.

Let z € X and let w € X7 be a regulator for > 7, uy(z)uy, % . In particular, for
all € > 0 there exists N € N such that sx|lz| < e and |Y 7" ur(z)u,| < ew for all
ms > my > N. Consider a fixed (ng, i, jo) with ng > N, jo € J,,, and 1 < iy < N,,,. By

analogous estimates one shows that

x — Z N, Yajpul (7) 2, < 3e(v VvV w).

(n7i7j)§(n017:01j0)

Hence >3, ; N, ta;ul(x)x;, converges to x uniformly with regulator v V w, proving

-1 .
that ((z;,, N, '@jnt,))neni<i<n,jeJ, is a u-frame of X. O

The Haar system is not a bibasis for L;(R), but the Haar system is a bibasis for L,(R)
for the range 1 < p < oo [144]. Thus, the following corollary follows from Theorem [5.4.4]

and Corollary [5.4.3

Corollary 5.4.5. For all 1 < p < oo, the Banach space L,(R) has a u-frame of the form
(25, f3)721 where (x;)32, is a sequence of translates of a single non-negative function. Fur-
thermore, this function can be taken to be the indicator function of a bounded interval in

R.

As in Corollary[5.4.2] it is possible to weaken the assumptions in Theorem[5.4.4] However,
a direct application of the proof in Corollary does not apply in the lattice case. Instead,
we notice that the bibasis assumption was only used to justify a small perturbation argument.
The next proposition establishes a stability for u-frames that likely can be improved, but is

sufficient for our purposes.

Proposition 5.4.6. Suppose (z;, f;) is a u-frame for a closed subspace E of a Banach lattice
X, and let 0 < e < 1. Then if (y;) is a sequence in E with the property that

€
||‘T] y]H — 22]+1||fj||7

then there exists g; € E* such that (y;, g;) is a u-frame for E.

Proof. For x € E define S(z) = 377, fj(x)(z; —y;). It is shown in [285, Lemma 2.3] that S
is well-defined, and ||S|| < 1. In fact, it is easy to see that the sum is uniformly Cauchy, and

hence uniformly converges. One then defines 7' = I — S, so that T'(z) = u — 77| f;(2)y; is
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an invertible operator on E. Replacing x with Tz, we see that x = u — Z;’il [i(T2)y;,
so that (y;, (T"')*f;) is a u-frame for E. O

Incorporating this small perturbation result into the proof of Theorem [5.4.4] we obtain
the following.

Corollary 5.4.7. Let E be a closed subspace of a Banach lattice X and let D C E have

dense span. If E admits a u-frame, then there is a u-frame (x;, f;) for E with each x; € D.

Remark 5.4.8. Although Corollary involves notions from Banach lattice theory, it
actually implies Corollary [5.4.2] Indeed, let X be a Banach space with a Schauder frame
and let D C X be a subset whose span is dense in X. Since X is separable, we may view
X as a subspace of C[0,1]. However, in C[0,1] it is easy to see that norm convergence and
u-convergence coincide. Hence, we deduce that X has a u-frame when viewed as a subspace
of C[0,1]. We then apply Corollary to find a u-frame (which, in particular, will be a
frame) (x;, f;) for X with each z; € D. Recovering Corollary is one reason we chose
to present Corollary for u-frames instead of other types of order convergence.

5.5 Open problems

Johnson and Schechtman constructed a Schauder basis for L;(R) consisting of non-negative
functions |193], and in Theorem we construct a Schauder basis for Lo(R) consisting of

non-negative functions. The following remaining cases are still open.

Question 5.5.1. Let 1 < p < oo with p # 2. Does L,(R) have a Schauder basis consisting

of non-negative functions?

In Theorem [5.3.3} we showed that L,(IR) contains a basic sequence (f,,)22 ; of non-negative
functions such that L,(R) embeds into the closed span of (f,,)o>,. Furthermore, the proof
gives that for all € > 0, (f,,)5, can be chosen to be (2 + ¢)-basic.

Question 5.5.2. Let 1 < p < oo with p # 2. For all € > 0, does L,(R) contain a (1 + ¢)-
basic sequence (f,)r; of non-negative functions such that L,(R) embeds into the closed

span of (f,)>°,7 What is the infimum of the set of all basis constants of non-negative bases
in L1 (R)?

The questions about non-negative bases in L,(R) that are considered here and in [285]

naturally extend to general Banach lattices. We say that a Schauder basis (x,)5, of a
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Banach lattice is positive if x,, > 0 for all n € N. We say that a Schauder basis (z,)52

n=1
[e9)

has positive biorthogonal functionals if the biothorgonal functionals (z7)%,

satisfy 7 > 0
for all n € N. In the case of L,(u) or C([0,1]), Schauder bases of non-negative functions
correspond exactly with Schauder bases of positive vectors. The unit vector basis for ¢, is a
positive Schauder basis for all 1 < p < oo, and the Faber-Schauder system in C'([0,1]) is a

Schauder basis of non-negative functions [107].

The existence of positive bases in L; has the following application to the general theory

of Banach lattices:

Proposition 5.5.3. Every separable Banach lattice embeds lattice isometrically into a Ba-

nach lattice with a positive Schauder basis.

Proof. Tt was shown in [223| that every separable Banach lattice embeds lattice isometrically
into C'(A, Ly), where A denotes the Cantor set and C(A, L;) denotes the Banach space of
continuous functions from A to L;. Hence, it suffices to show that C'(A, L;) has a positive
Schauder basis.

By [193], Ly has a basis (f;) of positive vectors, and by the proof of [300, Proposition
2.5.1], C(A) has a basis (d;) of positive vectors. For each 4, j € N, define d; ® f; € C(A, L,)
via (d; @ f;)(t) = d;(t)f; for all t € A. Clearly, d; ® f; > 0 in C(A, Ly).

Now note that C'(A, L) is lattice isometric to C'(A)®j Ly, the injective tensor product of
C(A) and Ly. We order the collection (d; ® f;); jen into the sequence (2x)72, by 21 = d1 ® fi
and for £ > 1 we let

di @ frne1 for k=n?+1iwherei,n € Nand 1 <i<n+1,

Zp =
dpi1 @ frp1—i for k=n?>+mn+1+iwherei,n e Nand 1<i<n.

Then [303, Theorem 18.1 and Corollary 18.3] guarantee that (z;)72; is a Schauder basis.
[

We have given several examples of Banach lattices with positive bases, including L;(R),
Ly(R), C([0,1]), ¢,, C(A, L) and others. By duality it is easy to see that Lo(R) has a basis
with positive biorthogonal functionals, and using [303, Proposition 10.1, p. 321] one sees
that if K is compact, Hausdorff and C'(K) is infinite-dimensional then C'(K) cannot have
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a basis with positive biorthogonal functionals. Obviously, the spaces ¢, have a basis with

positive biorthogonal functionals whenever 1 < p < co. A general question to pose is:

Question 5.5.4. Give further examples of Banach lattices possessing positive bases and/or
bases with positive biorthogonal functionals. Of particular interest are Banach lattices pos-

sessing bases but lacking positive bases.

There are other weaker forms of coordinate systems for which one can impose positivity
conditions. For example, we refer the reader to [314, Remark 7.13] for questions regarding
the structure of Banach lattices possessing FDDs with positivity properties on their associ-

ated projections. Recall that a Markushevich basis of a Banach space X is a biorthogonal

o0
n—

system (x,,x%)% , such that the closed span of (z,)2, is X and the collection of function-

als (x})5°, separates the points of X. Obviously, when X is a Banach lattice one can put

positivity conditions on z,, and x}, and in |285] it is shown that for all 1 < p < oo, L,(R)

has a Markushevich basis consisting of non-negative functions. This leaves another general

question:

Question 5.5.5. Which separable Banach lattices have Markushevich bases consisting of
positive vectors? Which separable Banach lattices have Markushevich bases consisting of

positive functionals?

As noted above, if K is compact, Hausdorff and C'(K) is infinite-dimensional then C'(K)
cannot have a basis with positive biorthogonal functionals. The basis assumption can be

weakened. Indeed, we have the following simple observation.

Proposition 5.5.6. No infinite dimensional C'(K) admits a biorthogonal system (z,x})

with span(z;) = C(K), and (z}) positive.

Proof. Since scaling doesn’t affect positivity, we may assume zxj, is normalized by sending
(g, x3) — (Yr,yp) = (||:E’,;||wk,%) Since (x}) is now normalized, for each z € C(K)
we have z}(z) — 0. Indeed, for ¢ > 0 find ay,...,ay such that ||z — Zf\il a;zi|| < e.
If k> M then |zi(z)] = |zi(x — S0, aiwy)| < ||lzk]le = e. However, since z} is positive,

1 = ||z;]| = #3(1), a contradiction. O

Suppose that X is a Banach lattice with a Schauder frame (z;, f;)32,. By splitting
up each vector into its positive and negative parts, we obtain that the sequence of pairs
(xF, f1), (@], —f1), (23, f2), (x5, — f2), ... is a Schauder frame of X consisting of positive vec-

tors. Thus, every Banach lattice with a Schauder frame has a Schauder frame with positive
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vectors. Similarly, every Banach lattice with a Schauder frame has a Schauder frame with
positive functionals. On the other hand, in [285] it is proven for all 1 < p < oo that
L,(R) does not have an unconditional Schauder frame consisting of positive vectors. As
with the other types of coordinate systems mentioned above, we pose the general question

of constructing unconditional Schauder frames with desirable positivity conditions.

Question 5.5.7. Which separable Banach lattices have an unconditional Schauder frame
with positive vectors? Which separable Banach lattices have an unconditional Schauder

frame with positive functionals?
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Chapter 6

Free Banach lattices

6.1 Introduction and preliminaries

This chapter is based on the memoir [262], joint with Timur Oikhberg, Pedro Tradacete
and Vladimir Troitsky. The goal is to investigate free Banach lattices generated by Banach
spaces. The history of this notion is quite recent: While free vector lattices were already
present in the literature in the 1960’s [40, 55|, the corresponding normed version had been
completely overlooked until B. de Pagter and A. Wickstead in [269] first considered the free
Banach lattice generated by a set. This can be considered as a natural precursor of the
construction, due to A. Avilés, J. Rodriguez and P. Tradacete in [26], of the free Banach

lattice generated by a Banach space.

Given a Banach space E, the free Banach lattice generated by E is a Banach lattice
FBL[E] together with a linear isometric embedding ¢ : E — FBL[E] such that for every
bounded linear operator 7" : £ — X into a Banach lattice X, there is a unique lattice
homomorphism T : FBL[E] — X such that T o ¢y = T and ||T|| = |T|. From a cat-
egorical point of view, this can be seen as a functor from the category of Banach spaces
and bounded linear operators into the smaller category of Banach lattices and lattice ho-
momorphisms. It is, in a certain sense, analogous to well studied functors in analysis, such
as the one from compact Hausdorff spaces K into spaces of continuous functions C(K), or

the functor creating the Lipschitz free space generated by a (pointed) metric space (cf. [129)]).

It will soon become clear that understanding the correspondence E — FBL[E] is a key

to properly understand the interplay between Banach space and Banach lattice properties, a
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goal that has been pursued ever since the first developments of these theories (see, e.g., [189,
196]). In particular, our investigation will be far from categorical, focusing mainly on the
fine structure of FBL[E] and the correspondence E — FBL[E].

For several reasons, it will be convenient to also work with free Banach lattices sat-
isfying some convexity conditions, as considered in [185]. For a Banach space E and
p € [1,00], we define the free p-convex Banach lattice over E as follows: F BL® [E] is a
p-convex Banach lattice with p-convexity constant 1 together with a linear isometric embed-
ding ¢ : E — FBL®[E] such that for every bounded linear operator T : E — X into a
p-convex Banach lattice X, there is a unique lattice homomorphism T : FBL® [E] — X such
that Togp = T, and ||T|| < M®(X)||T||. Here, M®(X) denotes the p-convexity constant of
X. It is clear that FBLW[E] coincides with FBL[E] (and we will stick to the latter notation).

Much of our investigation relies on the following explicit functional representation of
FBL®[E], first established in [185]. For this, denote by H[E] the linear subspace of R*"
consisting of all positively homogeneous functions f : E* — R. For 1 < p < oo and f € H[E]

we define

1/p
||f||FBL(p>E]—sup <Z|ka ) neN, ai,.. ...z, € B, SupZ|xk <1

©€Bp 4,
(6.1.1)
Note that, for (z});_; € E*, by considering the operator 7' : £ — £} given by Tz =
(x5 (x))i_, and using the fact that ||T'|| = |7, it follows that

n n

swp S [ri(@)P = sup D @) (612

r€EBR =1 T**EBp*x* k=1
Given any x € E, let 6, € H[E] be defined by
dp(2") :=a"(z) forall 2" € E*.

Then, FBL)[E] coincides with the closed sublattice of H[E] generated by {6, : = € E}
with respect to || - HFBL@)[E}, together with the map x — ¢,. As mentioned, this explicit
representation of FBL®” [E] was originally proven in [185]; the proof will be recalled below.
As we will see, it is the interplay between the universal property of FBL® [E] and the explicit

functional representation that allows us to discern the fine structure of these spaces.
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When p = oo, FBL®V[E] is nothing but the closed sublattice of C'(Bg-) generated by
the point evaluations. Here, C(Bpg-) denotes the space of continuous functions on the dual

ball of £, which is equipped with the relative w*-topology. In particular, we have

[ lepreo g = sup {[f(2)] = 2™ € B, |27 < 1}. (6.1.3)

As we will show in Proposition [6.2.2] the closure of the point evaluations in C'(Bg«) coin-
cides with the space of all positively homogeneous weak* continuous functions on Bg«. This

gives a very concrete description of FBL() [E] - this space often behaves differently from
FBL®W[E] when 1 < p < oo.

A word on free objects

The universal property defining FBL[E] (or analogously, FBL®”[E]) can be visualized by
means of the following diagram:

FBLIE]
¢ET X
1) X

meaning that for every object X (a Banach lattice) and every linear operator T : E — X

there is a unique morphism T (lattice homomorphism) making the diagram commutative.

The idea of the free object in a certain category (Banach lattices with lattice homo-
morphisms) generated by an object in a supercategory (Banach spaces with bounded linear
operators) is certainly not new, and has been central in several developments in algebra,
topology and analysis. We will not attempt here to address the fruitful developments of this
idea in universal algebra, but let us just recall that these include many well-known concepts

such as free groups, free modules, free algebras or free lattices.

The study of free objects in Banach space theory can be considered as a more recent
development. However, some classical facts can be reworded in this language too. Consider,
for instance, the subcategory of dual Banach spaces together with dual operators (equiva-
lently, weak* continuous linear maps). Given a Banach space F, let Jgp : E — E** denote
the canonical embedding; it is clear th*at every bounded linear*operator T:FE — X* can be

uniquely extended to a dual operator T : E** — X* given by T'= (T™ o Jx)*, in such a way
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that the following diagram commutes:

] N

F—1. x*

Thus, we can consider E** as the free dual Banach space generated by E.

Lipschitz free spaces (also known as Arens-Eells or transportation cost spaces) have
recently attracted considerable attention from researchers interested in Banach space theory
and metric geometry (see, for instance, the survey paper [131]). These spaces can be defined
as follows: Given a metric space M with a distinguished point 0, (M) is a Banach space
equipped with an isometric map § : M — F(M) with the property that for every Banach
space X and every Lipschitz map f : M — X with f(0) = 0, there is a unique linear operator
v (M) — X making the following diagram commute:

1N

M#X

A very fruitful line of research is devoted to analyzing the interplay between Banach space
properties of F (M) versus metric properties of M. Results from this line have deeply in-

spired our research on free Banach lattices.

Free objects also arise in the theory of group C*-algebras. Suppose, for simplicity, that
G is a discrete group. We say that a map 7 : G — A (A is a unital C*-algebra) is a
unitary representation if it takes GG into the unitary group of A, and, for any ¢g,h € G,
we have m(gh) = m(g)m(h) (which implies 7(¢~!) = 7(g)*). Then one defines the full
(or universal) C*-algebra C*(G) over G as follows: C*(G) is a C*-algebra, together with
a unitary representation ¢ : G — C*(G), with the property that for every C*-algebra
A, and every unitary representation m : G — A, there exists a unique *-representation

7 : C*(G) — A, making the following diagram commute:

(@)

¥ K
s

G A
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For the construction and basic properties of C*(G), see [63, Section 2.5] or [281, Chapter 3].
One can also consider full C*-algebras of a more general class of locally compact groups; in
this case, certain continuity properties of representations need to be assumed. The reader is
referred to [92, Chapter VII] for details.

The investigation of free C*-algebras was motivated by two related questions.

1) Finding connections between properties of a group G and those of C*(G) (with the
reduced group C*-algebra C(G) often also added to the mix). A sample result is [63, The-

orem 2.6.8]: a discrete group G is amenable if and only if C*(G) is nuclear.

2) The famous Kirchberg’s QWEP conjecture is equivalent to C*(FF) having the Weak
Expectation Property (a relaxation of injectivity) for any free group F [281, Chapter 13]. By
[281], Chapter 14], this is also equivalent to Connes’ Embedding Problem, which has recently

been resolved in the negative in [18§].

We refer the reader to [276] and references therein for several other constructions of free
topological objects, as well as their connections to various universal constructions, such as
free and tensor products [325]. We also note that a more “axiomatic” approach to freeness
has been pursued by A. Ya. Helemskii in, e.g., [167], [168], [169], [170], and [205] (see also |19]
for a different take on the same approach). Specifically, suppose K and L are categories, and
[0 is a faithful covariant functor  — £ (usually, a “forgetful functor”). K is called a rigged
category, and, with respect to appropriate rigs, the works cited above construct free objects
in various situations. This includes quantum spaces [205], normed operator modules [169],
normed modules over sequence algebras [167], matricially normed spaces [16§], as well as
multinormed spaces and their generalizations |[170]. This allows one to construct projective

objects in these categories as well. A similar approach has been recently used in [24].

Historical perspectives

Although free Banach lattices were not introduced until 2015, their inception triggered a
rapid development of the theory. Here, we briefly summarize the literature. With one excep-
tion, the articles below focus on FBL; however, we work with the full scale of spaces FBL®,

1 < p < oo. That being said, most of the results in this chapter are either new for FBL, or
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require significantly different proofs in order to generalize to FBL®.

The theory of free Banach lattices began with [269], which introduced the concept of a
free Banach lattice over a set A. In our terminology, this is simply the space FBL[¢;(A)].
In [269], the authors proved several structural results, and showed that this new class of
spaces differs significantly from the classical Banach lattices. After this, free Banach lattices
over general Banach spaces were introduced in [26]. Among other things, this allowed the
authors of [26] to answer some questions left open in [269], as well as a question of J. Diestel
on weakly compactly generated Banach lattices, and opened the door for a deeper study of

the relationship between Banach spaces and Banach lattices.

After the above two seminal works, the theory expanded in several directions. One in-
teresting direction - that we will not pursue here - centers around the free Banach lattice
generated by a lattice. Recall that a Banach lattice combines two distinct structures: The
Banach space structure, and a lattice structure. In analogy with the free Banach lattice
FBL[E] generated by a Banach space F, one can consider the free Banach lattice FBL(L)
generated by a lattice L. This latter construction is also quite rich, and the two theories
parallel each other to some extent. However, there are also some interesting differences.
For example, FBL(LL) is always lattice isomorphic to an AM-space [34], whereas FBL[FE]
is lattice isomorphic to an AM-space if and only if E is finite dimensional. We refer the
interested reader to [27] 28, 33|, 134] for literature on FBL(LL). For literature on free lattices
(without involving norms), we mention [236] for free a-order complete vector lattices, [1] for
free o-order complete truncated vector lattices, [209] for free lattice-ordered Lie algebras,
[320] for projective vector lattices, [210] for free lattice-ordered groups and free products of
lattice-ordered groups, [117] for free products of Boolean algebras and measure algebras with

applications to tensor products of universally complete vector lattices, and references therein.

As a second extension of the concept of free Banach lattices, free Banach lattices sat-
isfying convexity conditions were constructed in [185]. Recall that the defining property of
FBL[E] is that any linear operator from E to a Banach lattice X extends uniquely to FBL[E]
as a lattice homomorphism of the same norm. If instead of looking at all Banach lattices X,
one only requires that the above property hold for p-convex spaces, then one can construct a
free object FBL® [E] that is p-convex in its own right. This is of interest because p-convexity
is a classical Banach lattice property (see, e.g., |231]), and because having a scale of spaces
FBL®[E], 1 < p < 00, adds an additional dimension to the theory, similar to how the L,
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scale enriches the study of L;. Moreover, the paper |185] constructs various free lattices
satisfying convexity conditions D, by placing a maximal D-convex norm on the free vector
lattice, and then completing the resulting space. Such a construction builds on ideas from
[321].

There have also been several papers focusing on FBL[F], and its applications. For exam-
ple, [90, 91] focus on the isometric theory of free Banach lattices. As a brief overview, [91]
studies, among other things, when the norm of FBL[E] is octahedral; [90] is able to use free
Banach lattices to produce the first example of a lattice homomorphism that does not attain
its norm. In a different direction, [30] studies free Banach lattices generated by the classical
sequence spaces {,(I"). In particular, the authors of [30] are able to precisely describe the
moduli of the canonical unit vector bases, and when these spaces are weakly compactly gen-
erated. [31] studies when a Banach lattice X is lattice isomorphic to a lattice-complemented
sublattice of FBL[X]. As it turns out, any Banach lattice X ordered by a l-unconditional
basis has this property.

Pure vector lattice properties of FBL[E] have also been studied. For example, [25] is
able to prove that FBL[FE] satisfies the countable chain condition, i.e., that any collection of
pairwise disjoint vectors in FBL[E] must be countable. Finally, there are many interesting
applications of free Banach lattices. For example, |35] is able to classify the separable Ba-
nach lattices X such that whenever a Banach lattice Y contains a subspace isomorphic to
X then it also contains a sublattice isomorphic to X. It is classical that X = ¢y has this
property. However, it is shown in [35] that a separable Banach lattice has this property if
and only if it lattice embeds into C[0, 1]. In particular, whenever C[0, 1] embeds linearly into
a Banach lattice, it also embeds as a sublattice. This feature is not shared by C'(A), with A
the Cantor set, even though C[0,1] and C'(A) are isomorphic as Banach spaces. As noted
in [35], it is not known if every Banach lattice for which linear embeddability implies lattice
embeddability is necessarily separable, but free Banach lattices put several constraints on

how such a supposed space would look.

Free Banach lattices also play an important role in the study of projective Banach lattices.
Projectivity for Banach lattices was also first considered by B. de Pagter and A. Wickstead
in [269]. Informally, a Banach lattice P is projective if every lattice homomorphism from P
into the quotient of a Banach lattice X lifts to a lattice homomorphism into X, with control

of the norm. As a consequence of the fact that ¢;(A) is a projective Banach space for any
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nonempty set A, it easily follows that FBL[/;(A)] is a projective Banach lattice. This is
the first connection between projectivity and FBL, but the topics interlace in much deeper
ways. We refer the reader to [22, [23] for some of the connections between projectivity and
free Banach lattices; however, plenty more results are scattered throughout the literature
we have cited in this subsection. Free Banach lattices also have interesting applications to
amalgamation and injectivity; in particular, they can be used to define push-outs and thus
play a role in the construction of Banach lattices of universal disposition and separably in-

jective Banach lattices, see [29].

Very recent results on free Banach lattices - building off the work here - include |32} |123],
124} 264].

A brief outline of the results

We begin this chapter by giving, in Section [6.2] a “natural” functional representation of free
Banach lattices (Theorem m, Proposition . The proof of Theorem is a slight
simplification of the one from [185], but the identification FBL(*)[E] = C,,(Bg-) given in
Proposition [6.2.2] is entirely new. Section [6.2] also contains various comments on the func-
tional representation. The most important of these is Theorem [6.2.9, where we show that

the free vector lattice over E is not only norm dense, but order dense, in FBL® [E].

Section [6.3] studies the relationship between an operator 7' : F' — FE, and its induced
operator T : FBL®W[F] — FBL®W[E]. In Proposition we show that several properties
— injectivity, surjectivity, density of the range, etc., — pass freely between 7" and 7. We
then look at the way FBL®[F] sits inside of FBL®”[E] when F is a subspace of E. The-
orem shows that, if ¢: F < E is the inclusion map, then 7: FBL®[F] — FBL®[E]
is order continuous — in other words, FBL®[F] is a regular sublattice of FBL®[E]. Ex-
amples from Section (built on “low-tech” Banach lattice techniques) show that, in the
above setting, FBL®[F] need not be closed in FBL® [E] — that is, 7 need not be an isomor-
phic embedding. This leads us to study the “subspace problem”: under what conditions does
the embedding ¢ : F' < E induce a lattice isomorphic embedding 7 : FBL®[F] — FBL®[E]?

In Section [6.3[ we reduce this question to certain extension properties of (pairs of) Banach
spaces. More specifically, in Theorem [6.3.7| we establish that 7 is bounded below if, and only

if, any operator 7' : F' — L, extends to E. In this case, we say that the pair (F, E) has
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the POE-p (Property of operator extension into L, — Definition . Although the POE-p
is defined by extension properties of a family of operators, the fact that it is equivalent to
the single operator 7 being an embedding gives some stability. More precisely, if, for every
e >0, (F, E) has the POE-p with constant C' + ¢, then Proposition shows that (F, E)
has the POE-p with constant C'. Section [6.3|finishes with a discussion of when 7(FBL®[F])
is complemented in FBL®[E)].

Returning to the question of when 7 is an embedding, in Section [6.4, we gather general
facts about the POE-p. This includes a reformulation in terms of ¢, -factorable operators,
various criteria in terms of 2-summing operators, and a relation with £,-spaces. Section
explores the connections between the POE-p, passing to the double dual, and taking ultra-

powers. This allows us to give several examples of spaces having, or failing, the POE-p.

Section discusses several more properties of the POE-p. In particular, a push-out
argument shows that one does not need to require a uniform constant independent of em-
beddings; it comes for free by Proposition[6.4.16] Similarly, to check whether a Banach space
F' has the POE-p, it suffices to only consider embeddings into spaces of the same density
character, see Proposition In Proposition [6.4.19| we use our results on the POE-p to
examine connections between the POE-p for different values of p. In particular, we prove
that ¢; has the POE-p if and only if 2 < p < oo (cf. Proposition for a more general
result on £y ,-spaces). On the other hand, a space with a normalized unconditional basis
has the POE-1 if and only if that basis is equivalent to the ¢y basis (Proposition .
We finish by showing, in Proposition , that (F,L;) can never have the POE-p when

F C L, is an infinite dimensional Hilbertian subspace.

In Section , we investigate the properties of the sequence (‘5% ‘) . C FBL® [E], where
(x1) is a basic (and often, unconditional) sequence in E. We show that every weakly null
semi-normalized sequence (z,,) in a Banach space E has a subsequence so that (|d,, |) is basic
in FBL® [E] (Proposition . Proposition shows that, if a normalized basis (zy)
satisfies a lower 2-estimate, then (‘5% ‘) . is equivalent to the /; basis. By Proposition ,
the converse is true for unconditional bases. We also examine whether (’5% ‘) . 18 necessarily
unconditional (Example [6.5.16 Proposition [6.5.18). In Section [6.5] we compute the moduli
of branches of the Haar in FBL[L,].

Part of the motivation to study the sequence (|d,, |)k C FBL®|[E] comes from the uni-
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versal property of free Banach lattices. Suppose (z) C F is as above, and X is a p-convex
Banach lattice. Then any operator 7" : £ — X extends canonically to a lattice homo-
morphism T : FBL®[E] — X, with T,

“dominates” (|Txy|). In particular, if (|d,,|) is weakly null, then so is (|7"zx|); see Proposi-

|Txy|. Consequently, the sequence (|d,|)

k‘ =
tion [6.5.1} and the subsequent discussion.

We continue our work on (’(5% ‘) , 1n Section . In particular, in Proposition and
Corollary|[6.6.2| we express, for aq, ..., a, > 0, the norm || Py ak|(5xk

‘ ||FBL[E] as a l-summing

norm of a certain operator. This is very useful for computations, and, in particular, allows

us to recover some of the main results of [30].

Armed with this knowledge, we attempt to reconstruct properties of () from those of
(|04, })k C FBL®[E]. Our first task is to describe sequences (z;) C E which are equivalent
to (‘6$k|>k C FBLW[E], p < oo. It turns out that, if this holds, and (z}) is a normalized
basis of E, then it has to be equivalent to the ¢; basis (Proposition . However, in
general, a normalized basic sequence (zj) may be equivalent to (’(533,6‘), but not to the ¢
basis. Indeed, Proposition shows that, if (zx) C C(Q) is a sequence equivalent to the
{5 basis, then (|d,,|) C FBLY [C(Q)] (1 < p < o) is equivalent to the same basis. More-
), in stark

over, in FBL(®[E], every unconditional basic sequence (z) is equivalent to (‘5:%

contrast to the case p < oo.

In Corollary [6.6.9FProposition we characterize the normalized unconditional bases
(zx) of E for which span||d,,| : k € N] is complemented in FBL®[E]. For p = 1, this
happens only for the ¢; basis, for p € (1, 00) this never happens, and for p = oo this happens
only for the ¢y basis. In Corollary and Corollary[6.6.15], we give examples of sequences
(k) € Ly for which (‘5% Dk C FBL[L,4] is equivalent to the ¢; basis.

We finish Section by proving the following rigidity result: If (z) is an unconditional
basis of E, and (|d,,|) € FBL [E] is equivalent to the ¢, basis, then (z;) must be equivalent

to the ¢q basis (Theorem [6.6.17)).

In Section [6.7], we use free Banach lattices to construct the first example of a subspace of
a Banach lattice without a bibasic sequence (Theorem [6.7.5, Remark [6.7.6]). This answers
a question from [314]. In Section we discuss connections with majorizing maps, and
prove some results akin to the Bibasis Theorem [6.7.1] In particular, in Proposition [6.7.10]
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we show that the class of sequentially uniformly continuous operators (defined originally in
[314]) coincides with the class of (0o, 00)-regular operators (as defined in [295]). Moreover,
in Section we provide a converse to [314, Proposition 7.8]: The ¢; basis is the only nor-

malized basis that is absolute in any Banach lattice where it linearly embeds.

Section [6.8| examines (p-convex) Banach lattices E which embed into FBL®[E] as a sub-
lattice. Theorem [6.8.3| shows that, if the order on E is determined by its 1-unconditional
basis, then E embeds into FBL® [E] as a sublattice, complemented by a contractive lat-
tice homomorphic projection. These results partially overlap with those in [31], though the

proofs are very different.

In Section we develop a dictionary between Banach space properties of £ and Banach
lattice properties of FBL®[E]. To begin, we prove that FBL®[E] has a strong unit if and
only if F is finite dimensional (Proposition , and FBL® [E] has a quasi-interior point
if and only if £ is separable (Proposition . We further elaborate on this topic in Sec-
tion , by showing (Proposition that E is finite dimensional if and only if FBL® [E]
is finitely generated (and, in this case, dim E equals the smallest number of generators).

Section considers the connection between E being weakly compactly generated and
FBL® [E] being lattice weakly compactly generated. This is a topic that has been explored
before, and the implications £ WCG = FBL[E] LWCG # FBL[E] WCG were used to solve
a problem which was raised by J. Diestel in a conference in La Manga (Spain) in 2011. Our
main contribution is to prove that if FBL®[E] is LWCG then E is a subspace of a WCG
space. This makes significant progress towards the conjecture that FBL[E] is LWCG if and
only if £ is WCG.

In Section we consider the existence of complemented copies of ¢;. Theorem [6.9.20
shows that F contains a complemented copy of ¢; if and only if FBL[E] contains a lattice
complemented sublattice isomorphic to ¢; if and only if FBL[E] contains a complemented

copy of ¢, (a few other equivalent conditions on FBL[E] are also given).

In Sectionwe characterize when FBL[E] satisfies an upper p-estimate, and deduce var-
ious corollaries. The main result is Theorem [6.9.21| which shows that idg~ is (¢, 1)-summing
if and only if FBL[F] satisfies an upper p-estimate ( Il) —i—% = 1). In particular, this shows that

FBLI[E] can never be more than 2-convex when F has infinite dimension. Theorem [6.9.21
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also leads to a “local” version of Theorem |6.9.20; E contains uniformly complemented copies
of £} if and only if FBL[E] contains uniformly lattice complemented sublattice copies of ¢}
(Corollary . Further, it allows us to generalize some classical theorems on p-convex
Banach lattices to Banach lattices with an upper p-estimate. Specifically, Corollary
shows that if a Banach lattice F' embeds POE-1 into a Banach lattice £ with an upper
p-estimate (1 < p < 2), then F must also have an upper p-estimate. This result with
p-convexity in place of an upper p-estimate and POE-1 replaced by complementation is clas-
sical, see [231, Theorem 1.d.7]. Finally, we ask if FBL?)[E] can be g-convex for some ¢ > p.
This leads to an interesting dichotomy at p = 2, and the (sharp) estimate ¢ < max{2,p}
(Proposition . In particular, although there are examples of infinite dimensional F
such that FBL[E] is 2-convex, it is impossible for FBL®[E] to be more than 2-convex, unless

E is finite dimensional, in which case it is co-convex.

In Section we further pursue the automatic convexity of free Banach lattices, and use
this to study the connections between FBL®W[E] and FBL?[E] for various values of p and
q. In the previous section, a characterization of when FBL[E] satisfies an upper p-estimate
was given, and in this section a p-convex variant is proven. Specifically, Proposition [6.9.38
shows that FBL®[E] and FBLYW|[E] are lattice isomorphic if and only if every operator
T : E — L, factors strongly through L,. This, of course, connects deeply with the Maurey-
Nikishin factorization theory, and allows us to give new perspectives on this classical topic.
One corollary (Corollary is that when ¢ > 1 and p > max{2, ¢} every infinite di-
mensional Banach space E admits an operator 7' : £ — L, which does not strongly factor
through L,. Moreover, we are able to prove the extrapolation Theorem : If FBL® [E]
has convexity ¢ > p, then FBL® [E] is lattice isomorphic to FBL[E]. This complements the
characterization that FBL[E] has non-trivial convexity if and only if E* has non-trivial co-
type given in Corollary . It also allows us to present various situations where FBL® [E]
and FBLYW[E] are lattice isomorphic, and gives us the ability to distinguish FBL® [E] from
the p-convexification of FBL[E].

In Section we also elaborate on our study of upper p-estimates. One interesting fact
about the free p-convex Banach lattice is that L, is sufficient to witness its universal prop-
erty, i.e., uniform extension of operators into L, implies uniform extension of operators into
an arbitrary p-convex Banach lattice. We prove a similar upper p-estimate version of this
theorem. Specifically, we show in Proposition that weak-L,, is sufficient to verify the

universal property of being the free Banach lattice satisfying an upper p-estimate. Morally,
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this means that if a Banach lattice Z contains E as a generating set and allows uniform
lattice homomorphic extension of maps from F into L, ., then the same is true with L,
replaced by an arbitrary Banach lattice with an upper p-estimate. This then allows us to
characterize the class of (p, 0o)-convex operators in Corollary [6.9.37} An operator is (p, 00)-
convex if and only if it strongly factors through a Banach lattice with an upper p-estimate.

Section is devoted to determining whether FBL®[E] and FBL®[F] can be lattice
isomorphic, even when the underlying spaces E and F' are not. We begin, in Section by
representing lattice homomorphisms between free lattices as composition operators (Propo-
sition . For p = oo, we show that the lattices FBL®[E] are lattice isometric to
each other, for a wide class of spaces £/ (Theorem . On the other hand, for p < oo,
we show that FBL®[E] will not be lattice isomorphic to a lattice quotient of FBL®[F],
provided E and F' are “sufficiently different” (Proposition . Moreover, under fairly
general conditions Theorem shows that a lattice isometry between FBL®[E] and
FBL®[F] (p < 00) descends to an isometry between E and F. Along the way, we discover

various properties of lattice homomorphisms between free Banach lattices.

Section is based on the work [185], which was a precursor to [262]. Section [6.11]
initiates a study of the various Banach lattices of homogeneous functions associated to a
Banach space, focusing primarily on those defined via nonlinear (p, ¢)-summing maps. This

direction will be be explored more comprehensively in [220].

Conventions

We use the standard Banach space and Banach lattice notation throughout the chapter.
The reader can consult [9] and [230] for Banach spaces, [12], [231] and [244] for Banach
lattices. We work with real spaces, though we refer the reader to [171] for information on
free complex Banach lattices. The closed unit ball of a normed space E shall be denoted
by Bg. We assume, without mention, that all measures involved are o-finite. In particular,
this convention is in place when we state that L., (u) is injective. We use the shorthand
“L,-space” for L,(u). When speaking of bases, (ex) will be our notation for the standard
unit vector basis of £, or ¢y, and (x)) will denote a generic basic sequence. From now on,

“subspace” will be synonymous with “closed non-zero subspace”, unless mentioned otherwise.

Throughout, operators are assumed to be linear and bounded. For extensions of oper-
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ators, we adopt the following convention. For an operator T, we denote by T its lattice
homomorphic extension. Extensions which are merely linear and bounded are denoted by
T. We write T : FBL®[F] — FBL®[E] for the canonical extension of T': F' — E; that is,
T = (b;o\T. Also, when the Banach space F is unambiguous, we will write ¢ instead of ¢g

for the canonical inclusion.

We shall use the term “lattice isomorphism” to mean “lattice homomorphic isomor-
phism”; “lattice isometry” is defined in a similar way. Further, we use the shorthand “lat-
tice projection” to mean “idempotent lattice homomorphism.” If there is a lattice projection

from X to its sublattice Y, we say that Y is “lattice-complemented” in X.

6.2 Construction of free spaces and basic properties

In this section, for the convenience of the reader, we recall the explicit construction of
FBL® [E], and some of its basic properties. We first do the case p < oo, and then provide
a new, concrete description of FBL(™[E].

Recall that a Banach lattice X is p-convex for 1 < p < oo if there is a constant M > 1

such that for every choice of (z4)7_; € X we have

1

(S| =u(gmr)
k=1 k=1

if p < o0, or

< M max ||zl
1<k<n

n
\VAEN
k=1

if p = co. Let M®)(X) denote the p-convexity constant of X; that is, the smallest possi-

ble value of M in the inequalities above. Note in particular that every Banach lattice X
is 1-convex with MM (X) = 1. We refer to [231, Section 1.d] for general background on

p-convexity.

Let H[E] denote the linear subspace of RE" consisting of all positively homogeneous
functions f : E* — R; i.e., functions satisfying f(Ax*) = Af(x*) for A > 0 and z* € E*.
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Given f € H[E], set

n

1/p n
1 fllppre g = sup (Z |f(96}2)|p> :neN, z],...,x € E*, sup Z |z (z)P <1

k=1 z€BE 1

It is easy to see that
Hy[E] = {f € H[E]: ||f||FBL(P>[E] < OO}

is a sublattice of H[E] and that [| - ||ppy x5 defines a complete p-convex lattice norm on H,[E]
with p-convexity constant one. Moreover, for x € E, we define ¢, € H[E] by 0,(z*) = 2*(x)
for z* € E”. Note that |0, || pppwg = [|z] for every z € E.

Let FVL[E] denote the sublattice generated by {d,}.cp in H[E]. FVL[E] consists of
all possible expressions which can be written with finitely many elements of the form ¢,
and finitely many linear and lattice operations. In fact, by [12, p. 204, Exercise 8(b)| the

sublattice generated by a subset W of a vector lattice is given by
{\/uk — \/wk n €N, up, ..., Uy, Wi, ..., W, € spanW}. (6.2.1)
k=1 k=1

As we will show in the proof of Theorem below, FVL[E] has the universal property
of the free vector lattice over E. More specifically, every linear map T : £ — X into an
(Archimedean) vector lattice X uniquely extends to FVL[E] as a lattice homomorphism.
This justifies our notation, FVL[E], for this space. We define FBL®[E] as the closure
of FVL[E] in H,[E], and note that the map ¢p: E — FBLW[E] given by ép(z) = 6, is a
linear isometry. The goal now is to show that this space satisfies the universal property of

the free p-convex Banach lattice:

Theorem 6.2.1. Let X be a p-convexr Banach lattice (1 < p < o0) and T: E — X an
operator. There is a unique lattice homomorphism T: FBL® [E] — X such that T\O¢E =T,
and ||T|| < MP(X) ||T||, where M®(X) denotes the p-convezity constant of X .

Proof. We first want to show that there is a unique lattice homomorphism 7': FVL[E] — X
such that f&g = Tz for every x € E. To those familiar with the construction of the free vec-

tor lattice, this should be relatively clear, but we provide an explicit construction nonetheless.

Let f € FVL[E]. By definition, f is a lattice-linear combination of d,,, ..., J,, for some

Z1,...,x, € E. We define ff to be the same lattice-linear combination of T'zy,...,Tx, in
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X. That is, suppose that f = F(0,,,...,0,,) for some lattice-linear expression F(t1,...,t,);
we then define ff = F(Txy,...,Tz,). To show that T is well-defined, suppose f =

G(0y,,- .-, 0y, ) where G(t,...,t,) is another lattice-linear expression. Choose a maximal
linearly independent subset of xi,...,2Z,,y1,...,%n; denote these variables by zi,..., 2.
Then write F(0y,,...,0s,) = F(6.,,...,0,,) and G(8,,,...,0,,) = G(0s,,...,0.,), by re-
placing those elements of {x1,...,Zn, ¥1,.- -, Ym} \ {21, .., 2k} by their representation as a
linear combination of z,...,2,. Since FVL[E] is a sublattice of H[E], the lattice opera-
tions are pointwise, hence f(z*) = F(6.,(x*),...,0,, (z*)) = F(z*(z),...,2*(z)) in R for
each z* € E*. Similarly, f(z*) = G(z*(21),...,2*(z)). Since zi, ...,z are linearly in-

dependent, by picking an appropriate z* we deduce that F(t1,...,t;) = G(ty,..., ts) for
all t1,...,t, € R. Now by lattice-linear function calculus (cf. [231, p. 1.d]) we have that

F(Tz,...,Tz) = G(Tz,...,Tz) in X, and by linearity of T it follows that
F(Txy,...,Tx,) =GTy1,...,Tym).

Hence, T is well-defined. Moreover, it is clear that T is the unique lattice homomorphism
extending T in the sense that féz = Tx for every x € E.

Our next objective is to show that
|77]) . < 290 W1 1 oo (6.2.2)

for every f € FVL[E], as this will ensure that T extends uniquely to a lattice homomorphism
defined on all of FBL?)[E], and the extension has norm at most M®) (X) ||T||. Without loss
of generality, ||T'|| = 1. We split the proof of the inequality in two parts: First we
establish it in the special case where X = L,(u) for some o-finite measure space (€2, %, i),

and then we show how to deduce the general version from the special case.

Thus, suppose first that X = L,(x) for some o-finite measure space (€2, 3, u); one could
even assume that p is a probability measure. Let f € FVL[E]. As explained above, f can
be written as a lattice-linear expression f = F(04,,...,0,, ) for some z;,...,z,, € E and
Tf=F(Tx,...,Tay) in Ly(z). Let & > 0 and fix § > 0 (to be determined later). For each
i=1,...,m, find a simple function y; such that ||Tz; — y;|| < . Let G be the (finite) sub-
o-algebra generated by y1,...,Ym. Let P: L,(1) = L,(G, i) be the conditional expectation.

Consider the lattice homomorphism PT: FVL [E] = L,(G, p). It follows from Py; = y; that
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for every ¢ = 1, ..., m. Since function calculus is norm continuous,

|Tf — PTf|| = HF(Ta:l, o Tan) — F(PTa1,. .., PTxm)H <e

provided that ¢ is sufficiently small. It follows that Hf f H < HI/D? f H + ¢. Now note that
Ly(G, i) is lattice isometric to £} for some n; let U: L,(G,u) — £ be a lattice isometry.
Let R = UPT}; then R = UPT because both are lattice homomorphisms agreeing on the

generators.

Being an operator into £, R can be represented as Rx = ), zj(z)e;. for some
xi,...,z, in B*. We then have
n 1
sup (Yl ()P)” = IRl <1
z€EBE k=1

It follows from

n 1
|PTs| = |oPTs|| = ||Br] = (OZ 1r@r)” < 1 lepuos
k=1
that Hff” < || fllppre g + €. Since € was arbitrary, we get HT\fH < | fllepre g-

We are now ready to tackle the general case where X is an arbitrary p-convex Banach
lattice. Given f € FVL[E], choose * € X with ||z*|| = 1 and x*(]fﬂ) = |ITf|lx. Let N,
denote the null ideal generated by z*, that is, N, = {x e X: x*(|x|) = 0}, and let Y be
= 2*(|z]).
Since this is an abstract L;-norm, Y is lattice isometric to L; (€2, X, p) for some measure space
(Q, %, 1) (see, e.g., [231, Theorem 1.b.2]). The canonical quotient map of X onto X/N,-
induces a lattice homomorphism @Q: X — L1(, %, u) with ||Q] = 1. We may without loss

the completion of the quotient lattice X /N, with respect to the norm ||z + N,

of generality assume that (2, X, p) is o-finite, passing for instance to the band generated by

QTS).
Since (@ is a lattice homomorphism and X is p-convex, we have

Sy, <Gy, oo Gy

for everyn € Nand x4, ..., 2, € X. Hence the Maurey—Nikishin Factorization Theorem (see,
e.g, |9, Theorem 7.1.2.], and recall that p < oo) yields a positive function h € Li(Q, %, )
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with [, hdp = 1 such that Q is bounded if we regard it as an operator into L,(hdyu). More

precisely, we have a factorization diagram

X Li(p)
S Tjh
Ly(hdp)——Li(hdp),

where Sz = h™'Quz satisfies ||S| < M®P(X) and j,(g) = gh is an isometric embedding.

Note in particular that S is also a lattice homomorphism.

Let us now consider the composite operator R = SoT: E — L,(hdu). By the first part
of the proof, we know that there is a unique lattice homomorphism R: FBL®)[E] — L,(hdu)
such that R(8,) = Ra for every z € E, and fiH = ||R|| < M®(X). Since SoT and R are

lattice homomorphisms which agree on the set {d, : © € E}, it follows that S o f|FVL[E} =

§|FVL[E]. Hence we have

|7] == (7D = 1Q@ Dl < STl 10

—Br] <) Wl

Lyp(hdp)

as desired. O

We now consider the case p = oo. By [74, Lemma 3], an oco-convex Banach lattice X
admits an equivalent norm (with equivalence constant equal to M) (X)) under which it
becomes an AM-space. In [185], it was shown that FBL[E] coincides with the closed
sublattice generated by the point evaluations {0, : € E'} in C(Bg+). Here C(Bg-) denotes
the space of continuous functions on the dual ball of E, which is equipped with the relative
w*-topology. In particular, we have, per above,

[ fllppreoz = sup{[f(z7)] - 2" € B, |l2*] <1}

In the case that F is finite dimensional, therefore, one can identify FBL®”[E] with either
the space C'(Sg+) of continuous functions on the unit sphere of E*, or the space Cpp,(Bg«) of
continuous positively homogeneous functions on Bg«. We now give an explicit description of

FBL(>) [E] - for general E - by showing that every positively homogeneous weak* continuous
function on Bp- lies in FBL(™[E]:
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Proposition 6.2.2. Suppose E is a Banach space. Then FBL[E] coincides with the

lattice Cyr(Bg+) of positively homogeneous weak* continuous functions on Bp-.

Proof. We begin by reviewing the aforementioned identification of FBL®V[E] as a lattice of
weak® continuous positively homogeneous functions on Bpgs, with the norm being the sup

norm on the unit ball of F*.

For this, recall that FVL[E] denotes the sublattice generated by {d,}.cp in H[E]. Since

all the functions in this sublattice are positively homogeneous, we can, by restriction, iden-
tify this space with the sublattice of RP#* generated by {0, }.ep. It is clear that, under

this identification, FVL[E]H'Hoo C C(Bg+), when Bpg- is equipped with the w*-topology. We
claim that the closed sublattice of C'(Bg+) generated by {0, : x € E} (or, more specifically,
{l|z||gd = : x € E\{0}}U{0}, which will be our canonical copy of F) satisfies the universal

llzll g

property of FBL[E].

Indeed, let T : E — X be a bounded linear operator into an AM-space X, and as-
sume without loss of generality that ||T|| = 1. We may view T as a map into X**, and,
since X** is the dual of an AL-space, we can identify it lattice isometrically with C'(K) for
some compact Hausdorff space K. As in the proof of Theorem [6.2.1] we can extend T to
T : FVL[E] - X = C(K) in a unique manner. It is clear that the range of T is contained
in X.

Fix ty € K, let ¢, be the evaluation functional at t;, and define * = ¢, o T'. Since
|T|| =1, * € Bgs.

Let f € FVL[E]. Then f = h(d4,,...,0,, ) for some x1,...,z, € E and some lattice-
linear function h. By definition of the extension, T f = h(Tzy,...,Tx,,), which we can

evaluate point-wise in C(K) to get

(Th)(to)] = [MTs(to), ... Tam(to))| = | (22), .., 2" (@)
= A0y, 00, ) (@) < By s G ) oo

Since to was arbitrary, ||Tf||x = ||ff||C(K) < |fllos, s0 |T|| < 1. Hence, T extends uniquely

to a norm one lattice homomorphism on FVL[E]" ™. This verifies the universal property of

the free AM-space.
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We will now show that FVL[E]
where z*,y* € Bg- and 0 < A < 1 are such that f(z*) = A\f(y*) for all f € FVL[E]”"‘OO.
By [195, Theorem 3], W{E]”.”w = C(Bg+; M), where C(Bg; M) consists of all functions
[ in C(Bg+) such that f(z*) = Af(y*) whenever (z*,y*,\) € M. If (z*,y*, A) € M then
0 (%) = Xz (y*) for every = € E, that is, 2*(z) = A\y*(z) and, therefore, z* = Ay*. Since
W{E] oo consists of positively homogeneous functions, we have (z*, y*, A) € M if and only
if z* = A\y*. It follows that C'(Bg-; M) = Cpn(Be+). O

ll-llo

= Cpn(Bg~). Let M be the set of all triples (z*, y*, \)

Remark 6.2.3. Along similar lines, it is easy to check that C'(Bg-) together with the map
¢p(x) = 6, define the free C(K)-space (or free unital AM-space) generated by F (see [185),
Theorem 5.4]).

Theorem 6.2.4. Let E be a Banach space. For every compact Hausdorff space K and every
norm one operator T: E — C(K), there exists a unique lattice homomorphism T: C(Bg+) —
C(K) such that To o =T and T1 = 1, where 1 denotes the constant function 1. Moreover,

T is an algebra homomorphism with Hf” = 1.

Proof. Since ||T'|| = 1, the map ¢ — n, 0T, where 7, is the evaluation functional at ¢, maps K
into Bg-, and it is continuous with respect to the relative weak* topology on Bgs, so we can
define a map T: C(Bg+) — C(K) by T(f)(t) = f(n, 0 T) for f € C(Bg-) and t € K. Since
the algebraic and lattice operations in both C'(Bpg+) and C(K) are defined pointwise, it is
easy to check that T is a lattice and algebra homomorphism with T1 =1 (see also [244,

Theorem 3.2.12] for a more global picture of these maps). Moreover, we have

(T0¢)(x)(t) = Sulm o T) = (g 0 T)(w) = (T)(1)

for every *+ € E and t € K, so that T o ¢r = T. This implies in particular that
|7]] = 171 = 1. On the other hand, |(T)(®)] = |f(n o T)] < |Ifll for every ¢ € K

and f € C(Bg+), so that ‘

ff” < || fllo, and therefore Hf

‘:1.

Finally, to prove uniqueness, suppose that U: C(Bg«) — C(K) is any lattice homomor-
phism satisfying U o ¢ =T and U1 = 1. Then T and U agree on the sublattice of C'(Bg«)
generated by {0, : x € E}U{1}. The Stone-Weierstrass Theorem implies that this sublattice
is dense in C'(Bg-«), and therefore, being bounded, T and U are equal. O

Remark 6.2.5. The universal property of FBL®)[E] can, in a sense, be extended. Indeed,
recall that an operator T': E — X from a Banach space F to a Banach lattice X is called
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p-convex (1 < p < oo) if there is a constant M such that

[ R

for every choice of vectors (zx)p_; in E. In [287, Theorem 3] it was shown that an operator
T : F — X is p-convex if and only if it strongly factors through a p-convex Banach lattice,
i.e., there exists a p-convex Banach lattice Z, a lattice homomorphism ¢ : Z — X and a
linear operator R : E — Z such that T" = ¢R. Using this fact, we see that an operator
T : E — X is p-convex if and only if it strongly factors through FBL® [E]. In this case,
one can choose the first operator £ — FBLP[E] in the factorization to be the canonical
embedding, and then the induced lattice homomorphism FBL®[E] — X is unique as ¢p(E)
generates FBL™[E] as a Banach lattice.

Remark 6.2.6. The above results allow one to identify elements of FBL®[E] as functions
on E*. By positive homogeneity, such functions will be continuous on bounded subsets of
E*, in the weak® topology. Moreover, if E is finite dimensional, then norm and weak* con-
vergence coincide, so every weak® convergent net in E* is eventually bounded. This implies

that elements of FBL®[E] are weak* continuous on the whole of E*.

Although the elements in FVL[E] are weak* continuous on the whole of E*, by contrast,
if F is infinite dimensional, then there exist ¢ € FBL[E] (hence also ¢ € FBLY[E] for any
p) which are not weak* continuous on E*. To this end, find a normalized basic sequence
(zr) C E, and let ¢ = > 7, 27%|4,,|. We will construct an unbounded net (%) C E* so
that w*-lim, 2z = 0, yet inf, |¢(z})| > 1. Indeed, let A be the set of all finite subsets of
E, ordered by inclusion. For each o = (ay,...,a,) € A, let k, be the smallest k for which
zy & spanfay, ..., a,). Find 2} € E* so that z5(a;) = 0 for 1 < j < n, and z}(xy,) = 2k,
The net (2}) has the desired properties.

An issue similar to the above occurs in [269, Lemma 5.1 and Example 5.2]. Our explicit
function space representation allows us to mostly bypass this technicality. On the other
hand, we note that there is a topology on the whole of E* that encodes the continuity of
elements of FBL® [E]. More precisely, we leave it as an exercise to show that if f is in
FBLY)[E], then it is continuous as a map f : (E*,bw*) — R, where bw* is the bounded
weak*-topology. Here, the bounded weak*-topology is the topology on E* for which a set C

is closed if and only if C'N A is w*-closed in A whenever A is a norm bounded subset of E*



CHAPTER 6. FREE BANACH LATTICES 218

(by 93} p. 49], it suffices to take A to be the closed unit ball). The bw*-topology is in many
ways similar to the w*-topology, but it is also more subtle. See |93, Chapter 2] for a study
of this topology.

Next, we mention two other features of the above construction of FBL®[E]. The first
notes that one cannot restrict to extreme points of the ball to evaluate the FBL(®)
The latter notes that the FBL® norms are “nested” on FVL|[E]; the ability to compare

these norms will be useful in various circumstances.

-norim.

Remark 6.2.7. In (6.1.3), we can restrict the supremum of z* € Bpg- to x* in the unit
sphere (this is due to homogeneity). However, we cannot restrict our attention to extreme
points of the unit ball. For instance, let E be the space ¢y, equipped with the equivalent
norm [|(z1,22,...)|| = max, {|z2n_1] + |220|}. In other words, we have E = ¢o(£3), which
implies that E* = £,(¢2 ), and hence the extreme points of the unit ball of E* are of the form
(0,...,0,4+1,£1,0,...). Here, the sequence starts with 2n zeros, n € NU {0}. Now denote
by (ex) the canonical basis of E (or ¢p). Let f = |d.,| — |de,|. Clearly, | fllppreom = 1.
However, if z* is an extreme point of the unit ball of E*, then f(z*) = 0.

Remark 6.2.8. On FVL[E] all the FBL®[E]-norms can be evaluated. It is easy to see
that the FBL-norm is the greatest, and the FBL(®)-norm is the smallest (to confirm this,
note that, for p < ¢, FBL@ [E] is p-convex, hence the canonical embedding ¢@ : E —
FBLY|[E] extends to a contractive lattice homomorphism qg@?) . FBLY[E] — FBLY[E)).
This observation will be useful for describing the behaviour of the moduli of sequences in
the various free spaces. Indeed, suppose (zj) is a sequence in F, so that (|0, |) is equivalent
to the unit vector basis of £; when viewed in FBL®[E]. Then (|d,,|) is equivalent to the

unit vector basis of £; no matter which FBL)[E] we view it in.

We will see next that FVL[E] is always order dense in FBL®W[E]. As was essentially
shown in the first part of the proof of Theorem [6.2.1, FVL[E] has the universal property
of being the free (Archimedean) vector lattice generated by the vector space E. Namely,
every linear map 7' : £ — X to an (Archimedean) vector lattice X extends uniquely to
a lattice homomorphism 7 : FVL[E] — X such that 76, = Tz for all z € E. In other
words, FBL®[E] is simply the completion of the free vector lattice FVL[E] over E, under
the maximal lattice norm with p-convexity constant 1, which agrees with the norm of E on
the span of the generators; see |[185]. Note that in this construction we are viewing E as a
vector space. If A is a Hamel basis of F, then FVL[E] can be identified with FVL(A) (the

free vector lattice over the set A, as constructed in [269, Section 3]).
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Theorem 6.2.9. FVL[E] is order dense in FBL®[E].

Recall that a sublattice A is order dense in a vector lattice Z if for any z € Z,\{0}
there exists a € A\{0} so that 0 < a < z. As explained in [11, Section 5.3], a normed
lattice is order dense in its norm completion if and only if it is regular in this completion.
Moreover, this property admits an intrinsic characterization known as the pseudo o-Lebesgue
property. In [208], an order complete normed lattice X was constructed in such a way that
its norm completion X fails to be o-order complete. It follows from [11, Theorem 5.32] that

the inclusion X C X cannot be order dense.

The proof of Theorem [6.2.9| requires the following:

Lemma 6.2.10. If F' is finite-dimensional, then for any open cone C C F*, any y; € C,
and any € > 0, there exists g € FVL[F], such that g(yg) > 0, g < e on Bpx N C, and g
vanishes outside C'.

Proof. By renorming, we can, and do, assume that F' = ¢}. We represent elements of FVL[F
as piecewise affine functions on F™* = (2 ; further, it suffices to consider the restrictions of

such functions on the unit sphere.

Note that the function s(t1,...,t,) = |[t1| V .-+ V |t,| is in FVL[F| and its restriction
the unit sphere Sgn is 1. Without loss of generality, y5 € S . Restricting functions in
Con(Ben,) to Spn, we may identify Cpp(Ben ) with C'(Spm ); FVL[F] then becomes a dense
sublattice of C'(Sgn ) containing 1. Note that C' N Spn is an open subset of Sy containing
ys- By Urysohn’s Lemma, we can find v € C(Sp ) such that 0 < v < 1, v(y;) = 1, and v
vanishes outside C' N Sgn . Since FVL[F] is dense in C(Sg ), there exists v € FVL[F] such
that ||jv — uHC(Sng) < 3. Put w = (u—31)*; then w € FVL[F], w vanishes outside C'N S,
and w(y;) = 3 # 0. Now put g = ew and extend g to B by homogeneity; it is clear that

g satisfies the required conditions. O

Proof of Theorem [6.2.9. Since FVL[E] C FBL®[E] C FBL([E], it suffices to prove the
theorem for p = oo; recall FBL(®)[E] = C,;,(Bg-) (by Proposition [6.2.2). Take a non-zero
f € FBL(™[E]; our goal is to show the existence of h € FVL[E]\{0} with 0 < h < f.

Since f # 0, there exists 0 # zf € Bp- with f(z) > 0. Hence there exists ¢ > 0
and a weak® open neighbourhood U of xj in E* such that f is greater than € on U N Bps.

Furthermore, we may assume that there exist x1,...,z, € E such that * € U if and only if



CHAPTER 6. FREE BANACH LATTICES 220

x*(x;) — a:(’g(xz)’ < 1lforalli=1,...,n. Since z§ # 0, by adding an extra point, if necessary,

we may also assume that z{(z;) # 0 for some i.

Let F' be the subspace of E spanned by xi,...,x,; let t: F < E be the inclusion map.
Put y5 = "z € Bp« and V = *(U). Note that y* € V if and only if |y*(x;) — y5(z:)| < 1
for all # = 1,...,n. Hence, V is a (weak™) open neighbourhood of y§ in F*. We write

cone(U) = (J,o, AU. Clearly, cone(V) = ¢*(cone(U)).

By Lemma there exists ¢ € FVL[F|; which vanishes on the complement of
cone(V'), and satisfies 0 < g < ¢ on Bp« Ncone(V), as well as g(y5) > 0. This g may
be written as a lattice-linear expression of d,,,...,0d,,. Let h be the same lattice-linear ex-
pression of d,,,...,d,, in FVL[E]. Then h(z*) = g(:*z*) for every z* € E*. It follows that
h > 0 and h(zj) = g(y5) > 0, hence h # 0.

We claim that h < f. Fix 2* € Bg«; we need to show that h(z*) < f(x*). If z* € U then
va* € V C cone(V), hence h(z*) = g(t*2*) < e < f(z*). Since both h and f are positively
homogeneous, it follows that h(z*) < f(2*) whenever z* € cone(U). On the other hand,
if 2* ¢ cone(U) then t*z* ¢ cone(V) and, therefore, h(z*) = g(v*z*) = 0. In either case,
ha*) < f(z*). 0

Theorem allows us to recover an important result from [25]:

Corollary 6.2.11. For 1 < p < 0o, every disjoint collection of elements of FBL® [E] is at

most countable.

Proof. Let (o) be a collection of pairwise disjoint elements of FBL®[E]. Without loss
of generality, all the elements z, are positive and non-zero. Use Theorem to find
0 < Yo < 4, with y, € FVL[E]. Now, identify FVL[E] with FVL(A), where A is a Hamel
basis of F, and FVL(A) is the free vector lattice over the set A. Finally, use the classical
fact that pairwise disjoint collections in FVL(A) are at most countable. See, for example,
[40, Theorem 2.5]. O

We conclude this section by noting some elementary facts about FBL® [E]. As men-
tioned, most of the literature on FBL[FE] discussed in Section generalizes to FBL®[E]
with relative ease, so we only collect here three of the most basic facts. Indeed, the following
can be proved exactly as in [269, Section 6] by looking at the non-vanishing sets of weak*

continuous functions on Bg-:
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Proposition 6.2.12. Let E be a Banach space.
(i) For everyx € E, x # 0, |0,| is a weak order unit in FBL®[E].

(ii) If E has dimension strictly greater than one, then the only projection bands in FBLP)[E)|
are {0} and FBLW[E].

(iii) If E has dimension strictly greater than one, then FBL® [E] is not o-order complete
and contains no atoms.

6.3 Properties of the extended operator: Injectivity,

surjectivity, regularity, and the subspace problem

Recall that the universal property of FBL® yields, in particular, that every bounded linear
operator T': FF — E between Banach spaces extends uniquely to a lattice homomorphism
T : FBL®W[F] — FBL"”[E] making the following diagram commute:

FBL®[F] —ZL -~ FBL®[E]

Jor Jor

F T E

Here ¢ and ¢ denote the canonical isometric embeddings, and ||T'|| = ||T|| (simply consider
the map ¢gT : F — FBLW[E] and set T = (b/E\T) It is easy to check that given operators
S:F—-GandT:FE — F, we have SoT = S oT. In particular, if 7" is an isomorphism
between Banach spaces E and F, then T is a lattice isomorphism between FBL®[E] and
FBL®[F].

The goal of this section is to relate properties of 7' with properties of T. More specifically,
we will discover exactly when T is injective, surjective, a quotient map, etc. We will also

study when T is an embedding, and when it is order continuous.

The following observation will be useful for our purposes:

Lemma 6.3.1. Given T : F — E, the extension T : FBLW[F] — FBLW[E] is given, for
f € FBLW[F], by

T(f) = foT
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Proof. Consider the composition operator induced by T*: Crp-f(z*) = f(T*z*) for f €
FBL®W[F] and z* € E*. It is straightforward to check that Cp. : FBLW[F] — H,[E] is a
well-defined lattice homomorphism. Moreover, Cr«d, = dr, for x € F, which implies that
the range of Cr- is actually contained in FBL®[E]. Because of uniqueness of extension, we
must have T = Cp-. ]

Characterizations of injectivity, surjectivity and density of the

range

We begin with some simple observations on injectivity and surjectivity of the extended oper-
ator T. We thank A. Avilés for sharing with us an argument leading to the characterization

of surjectivity.

Proposition 6.3.2. Let T : F — E be a bounded linear operator and let T : FBLW[F] —

FBL® [E] be its unique extension to a lattice homomorphism given above. Then
(i) T is injective if and only if T is injective.
(ii) T has dense range if and only if T has dense range.

(iii) T is onto if and only if T is onto.

Proof. Suppose 1T is injective. Let T : E* — F™ be the adjoint operator; it is easy
to check that its range T*(E*) is weak* dense in F* (cf. [111, Theorem 3.18]). Also, by
Lemma for f € FBL® [F], we can write Tf = foT*. Suppose Tf = 0 for some
f € FBLW[F]\ {0}. Since T is a lattice homomorphism, we can suppose without loss of
generality that f € FBL®”[F],. By Theorem , we can find g € FVL[F]| such that
0 < g < f, which by positivity also satisfies Tg = 0. It follows that g(T*y*) = 0 for every
y* € E*, and by weak* continuity of ¢ we must have ¢ = 0. Thus, T is injective. The

converse is clear.

If T has dense range then for every y € F and € > 0 there exists x € F with
e > Tz —y| = ||T6, — 4,
phism, RangeT is a closed sublattice; it follows that RangeT = FBL® [E]. Suppose now

. hence RangeT contains dy. Since T is a lattice homomor-

that Range T is not dense. There exists 0 # y* € E* which vanishes on it. Then the map
y* € FBL®W|[E]* given by y*(g) = g(y*) vanishes on T4, for every z € F. Since y* is a lattice
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homomorphism, it vanishes on Range T'; hence the range of T is not dense.

Suppose T is onto. Let Z = FBLY[F]/kerT and let Q: FBL®[F] — Z be the
canonical quotient map. Since T is a lattice homomorphism, ker 7' is an ideal, hence Q
is a lattice homomorphism, and, therefore, Z is a p-convex Banach lattice. There exists
an injective operator S: Z — FBL® [E] such that T = SQ. Since T and @ are lattice
homomorphisms, so is S. Indeed, fix z € Z. By the surjectivity of ), we can find = €
FBL"[F] such that Qz = z. Then

S|zl = S|Qz| = SQ|z| = Tlz| = |Tz| = |SQz| = |Sz|.

Since ker ' C ker Q¢r, there exists an operator R: £ — Z such that Q¢r = RT. Let
R: FBL®[E] — Z be the canonical extension of R. Let y € E. Pick € F such that
y =Tx. Then

SRépy = SRy = SRTx = SQopx = Todrr = dpy.

It follows that SR is the identity on the range of ¢ and, therefore, on the sublattice gener-
ated by it. Since this sublattice is dense in FBL®[E], SR is the identity on FBL®)[E]. It

follows that S is surjective and, therefore, so is T = SQ.

Conversely, suppose now that T is onto. Let Q : F — F/ker T denote the canonical
quotient map and let S : F/kerT — E be the injective operator induced by T: S(z +
kerT) = Tz, for x € F. Thus, we have T' = S@Q. Let us consider the corresponding lattice
homomorphisms @ : FBLP[F] — FBL®[F/kerT], S : FBL®[F/kerT] — FBL®IE],
which in particular satisfy T = S Q. Note that since T is onto, so is S. Moreover, as S
is injective, by part it follows that S is also injective. Hence, S is an isomorphism. In
particular, it follows that S is bounded below and has closed range. But, by part , it
follows that S has dense range, thus S is onto. By construction of S, it follows that 7" must

be onto as well. O

In Section , we will study when 7 is an embedding. Unlike with injectivity, surjectiv-
ity, density of the range and being a quotient map, it is not true that 7" is an embedding if
and only if T is an embedding. In fact, T is an embedding if and only if T is an embedding,
and one can uniformly factor maps into ¢ through 7. This will be made precise - and

quantitative - in Theorem [6.3.7}
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We also note the following form of “restricted projectivity” for FBL) [E]. The proof is

essentially as in |185, Proposition 4.9], but on an operator-by-operator basis:

Proposition 6.3.3. Let E' be a Banach space, X a p-convex Banach lattice, J a closed ideal
of X, Q: X — X/J the quotient map, and T : E — X/J an operator. Then

(i) If T : E — X/J admits a lift to T : E — X then T : FBLP[E] — X is a lattice
homomorphic lift of T : FBLW[E] — X/ J:

(i) If T : FBLW[E] — X/J admits a linear lift S := T : FBL®)[E] — X then S o ¢y :
E — X s a lifting of T';

(iii) If the identity I : X/J — X/J admits a linear lift I : X/J — X then for any lattice
homomorphism S : FBLP[E] — X/J, the canonical extension of IoSo¢p: F— X
to FBL®[E] is a lattice homomorphic lifting of S.

Proof. Argue by diagram chasing. O

Regularity of the inclusion

In this section, we prove that if F is a subspace of E, the canonical inclusion 7 : FBL® [F] —
FBL®[E] is order continuous (that is, if (f,) is a decreasing net in FBL® [F], whose infimum
is 0, then the same is true for (zf,)). This happens regardless of whether 7 is an embedding

in its own right.

To set notation, throughout this subsection we equip Bg+ with its relative weak™ topol-
ogy. We let F' be a closed subspace of ¥ and ¢: F' — FE the canonical embedding. Then
v B* — F* is the restriction map: *z* = z, and : FBL®[F] — FBL®[E] is injective.

Recall from the construction of FBL®[E] that we defined FVL[E] to be the (non-closed)
sublattice generated by {0, }zep in H[E]. FBL[E] was then constructed as the closure of
FVL|E] in H,|[E).

Theorem 6.3.4. Let F be a closed subspace of E; let v: F' — FE be the inclusion map.
Then 7: FBLW[F] — FBLW|E] is order continuous. That is, FBLP[F] is a regular (not
necessarily closed) sublattice of FBL®W[E].
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Proof. First we consider the case when F' is complemented in E. In this case, the argument
is an adaptation of [269, Proposition 5.9], which proves that FBL[¢;(B)] is regularly embed-
ded in FBL[¢;(A)] whenever B C A. Let P : E — F denote a projection (so that Pt = idp).

To this end, let f, | 0 in FBL®[F], and suppose g € FBL®[E] satisfies 0 < g < 7f, for
every . Let zf € E* be such that g(zf) > 0. It follows from 0 < g(z3) < Tfa(xf) = fa(t*x)
that t*zf # 0. We may assume without loss of generality that ||¢*z|| = 1. Pick any yo € F
with (¢*z8)(yo) = 1. Put 2§ = o — P*/*z}. Note that t*P* = idp«, hence t*z§ = 0.

Consider the operator T': E — FBL®[F] given by Tt = dp, + 23(x) |0,,]. Being a rank
one perturbation of ¢ro P, T is bounded, and, therefore, extends to a lattice homomorphism
T: FBL®[E] — FBLW[F]. Put h = Ty.

For every y* € F* and x € E, we have

o~ A~ A~

(i 0 T)(62) = (T6.) (1) = v (Pa) + 25(x) ly* (90)| = 6. ((y")) = 2(y") (62),

—

where @(y*) = P*y* + |y*(yo)| 2. The lattice homomorphisms y* o T and ©(y*) agree on
every d,, hence they are equal. It follows that

h(y™) = (T'g9)(y")

I
—~
<

*

o

S
N
—
)
SN~—

I
S
—
<

*
~—
—
<
~—

I
Q
—~
jS
—~
<

*
S~—
~—

for every y* € F*. This yields

hy") <tfale) = fa(CoW) = fa(PY* + 1y (vo)| 25) = faly®)

for every y* € F* and every « because (*P* = idp«. Therefore, 0 < h < f, for every «,
which yields h = 0. It follows from p(t*zf) = xf that g(zf) = h(c*zf) = 0. This contradiction
proves the statement in the case when F' is a complemented subspace of E.

We now proceed to the general case. For this, suppose that f, | 0 in FBL®W [F] and
there exists ¢ € FBL[E] such that 0 < g < if,, for every a. Since FVL[E] is order dense
in FBL®[E] by Theorem [6.2.9, we may assume without loss of generality that ¢ € FVL[E].

Then g is a lattice-linear combination of d,,,...,J,, for some yy,...,y, in E.

Let G be the closed subspace of E spanned by F and yi,...,y,. Let j and k be the
inclusion maps: F & G 5 E. Clearly, t = ko j. Let h € FVL[G] be defined by the same
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lattice-linear combination of dy,, ..., d,, as g but viewed as an element of FVL[G]. For every

z* € Bg+, we can extend it to some y* € Bg«; it follows that
W) = g(y") < ifaly) = [a(y") = fo(§727) = G fa(27)

for every a, where j: FBL®[F] — FBL®[G] is the canonical inclusion induced by j. It
follows that 0 < h < jf, in FBL® [G] for every a. Since F' is complemented in G, the
special case yields h = 0. For every z* € Bg«, we have g(z*) = h(k*z*) = 0,80 g =0. O

Remark 6.3.5. In the above theorem we assumed that F' is a subspace of F, so that ¢ is an
embedding. However, since T : F' — FE is injective if and only if T : FBL®[F] — FBL® [E] is
injective, to identify FBL®)[F] as a vector sublattice of FBL®)[E] only requires the injectivity
of ¢. Since regularity is a pure vector lattice property, one may think that injectivity of ¢
would be enough to ensure regularity of the inclusion 7 : FBL®[F] — FBL®[E]. However,
the above proof fails under this weaker assumption, and it remains an open problem to
characterize those T : F — F such that T : FBL®”[F] — FBLW[E] is order continuous.

The embedding problem, and its connection to extensions of

operators

A direct consequence of Proposition is that if E is a Banach space quotient of F',
then FBL(®[E] is a Banach lattice quotient of FBL®[F]. This partly motivates the ques-
tion of whether the dual version of this fact also holds. To properly formulate this, note
first that Proposition also yields that if F' is a (closed non-zero) subspace of E,
then the canonical embedding ¢ : F' — F induces an injective lattice homomorphism
7 : FBL®[F] — FBL®W[E] of norm 1. In this section, we consider the embedding prob-
lem: Suppose F' is a subspace of E. Does the canonical embedding ¢ : ' — FE induce a
lattice embedding 7 : FBL®)[F] — FBL"[E]?

For context, recall that an inclusion of metric spaces always induces an isometric embed-
ding of the associated Lipschitz free spaces, cf. |129, Lemma 2.3]. As we will see, however,
the situation for free Banach lattices is more subtle. Our main result is Theorem [6.3.7 which
shows that 7 being a lattice embedding is equivalent to every operator T : F' — L,(u) having
an extension to E. In particular, this reduces a problem about Banach lattices to a purely
Banach space one. In the next section, this criterion will be combined with various Banach

space techniques to provide several examples where 7 is an embedding, as well as several
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examples where it is not.

To reiterate our goal, we aim to explore under which conditions the (injective) map 7
defines an isomorphic embedding, so that we can consider FBL®[F] as a closed sublattice
of FBLW[F] in a natural way. Equivalently, we ask whether 7 is bounded below — that is,
whether there exists C' > 0 so that any f € FBL®W[F] satisfies |[7f|| > ||f||/C. Since 7 is

norm one, this is equivalent to asking 7 to be a lattice C-isomorphic embedding.

Remark 6.3.6. As alluded to above, we only consider isometric embeddings ¢ : F' — F in
this subsection. Nevertheless, the results add to Proposition [6.3.2] a characterization of when
an operator T : F' — E induces a lattice isomorphic embedding T : FBL® [F] — FBL®[E].
Indeed, the restriction to isometric embeddings presents little loss in generality, as given an
operator T : F' — E, one can factor it as T' = jyj;, where j; : F — (T'(F),|| - ||g), and
g2 o (T(F),]|| - |lg) — E is an isometric inclusion. If T is an embedding, then it is easy to see
that 7 is as well. On the other hand, if 7" is an embedding then T' = j, 0 j; is an embedding
if and only if j5 is. Thus, T is an embedding if and only if both T and 7, are. It therefore

suffices to understand the map j,, which is the extension of the isometric mapping j,.

We now reduce the problem of whether an embedding ¢ : F' — E induces a lattice em-
bedding 7 : FBL® [F] — FBL")[E] to a certain Banach space question involving extensions

of operators:

Theorem 6.3.7. Let v : ' — E be an isometric embedding and C > 0. The following are

equivalent:
(i) 7: FBLW[F] — FBLW[E] is a lattice C-isomorphic embedding;

(11) For every o-finite measure p, any T: F — L,(j) extends to T:E — L,(p), with
|7[ < cimi;

(iii) For every n € N and ¢ > 0, any T: F — {3 extends to T:E — 0y, with HTH <
C(l+e) 7.
Proof. :> is trivial.
(i)=(@): Fix e > 0. Since 7 is a lattice homomorphism with [|z]| = [||| = 1, we
immediately get that

[2flepreE < I fllepre #):
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for all f € FBL®W[F].

Now, take f in FVL[F]. Given z7,...,7; € F*, we define T : F' — (3 by T(z) =
(3 (x))f_;. Recall that

P

17| = sup (Z \iﬁé(iﬂ)!”)

r€Bp

By hypothesis, there is an extension T : E — £, with IT|| < C(1+¢)||T]|. Let y7, ... Yn €
E* be such that T(z) = (yi(z))p_, for each z € E, so that t*yf = z}. It follows that
f(zy) = f('yp) =tf(y;) for k =1,...,n. Therefore, we have

(Z |f(x2)lp> g (Z IZf(yZ)V’)

P

< HZf”FBL(p)[E] Sup (Z |y2(x)|1?)
r€BER k=1

P

< C(1+e)|[ef lpprwm sup (Z |3?Z(37)!p>
rEBR k=1

Taking supremum over z7, ...,z € F*, it follows that

||f||FBL<P>[F] <C(1+ 5)||Zf||FBL(p)[E]'

By density, this inequality holds for all f € FBL®[F]. Now let ¢ tend to zero.

:>: The case of p = oo follows from the injectivity of L.,-spaces, so we restrict
ourselves to 1 < p < oco. Let T : F' — L,(p). By the properties of a free Banach lattice T
extends to a lattice homomorphism 7 : FBL®)[F] — L,(p), with IT|| = ||IT||. Let S be the
inverse of 7, taking Z(FBL[F]) back to FBLY[F]; clearly S is a lattice isomorphism, with
IS <.

By [231, Theorem 1.c.4], there exists a band projection from L, (p)** onto L,(u). By [278,
Theorem 4] (for p = 1, see also [235]), T'S extends to a regular operator U : FBL®[E] —
L,(p), with ||U]| < ||fS|| < C|IT|. Now let T = Ugpg (here, as before, ¢ : E — FBL® [E]
is the canonical embedding). Clearly |T|| < ||U| < C||T||. Moreover,

T = Udp = Utpr = TSiow,
and, since S is the one-sided inverse of 7,
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In other words, T extends T. O
Theorem [6.3.7| motivates the following definition:

Definition 6.3.8. Fix p € [1, 00]. We say that a pair (F, E) with F' a subspace of F has the
POE-p with constant C', or C-POE-p, if for every n € N, every operator T': F' — (]} extends
toT: E — £y with IT|| < C||T|. Here POE-p stands for “Property of operator extension
into L,”. A Banach space F is said to have POE-p with constant C' (or C-POE-p) if, for
any space E containing F', (F, E') has the POE-p with constant C. If (F, E) (or F') has the
POE-p for some C, then we shall simply say that (F, E) (resp. F') has the POE-p.

In these terms, Theorem yields the following equivalent characterizations of the
POE-p:

Proposition 6.3.9. For C' > 1, p € [1,00], and a subspace F of a Banach space E, the

following are equivalent:
(i) (F,E) has the C-POE-p;

(11) For any o-finite measure p, any T : F' — L,(u) has an extension T:E— L,(p) with
17| < C|T;

(i) For any n € N and ¢ > 0, any T : F — ( has an extension T:E — ty with
1T < C(1+ &)Y

We note that the 1-injectivity of ¢ implies:

Proposition 6.3.10. Any Banach space F' has the POE-0o, with constant 1. Consequently,
if v F = E is an isometric embedding, then the map T : FBL®[F] — FBL®[E] is a

lattice isometric embedding.

The case of 1 < p < oo is more interesting, and upcoming (sub)sections will discuss

criteria for determining whether a pair (F, E'), or a space F', has the POE-p.

Remark 6.3.11. As was noted in |26, Corollary 2.8], if F' is a complemented subspace of F,
then 7 : FBL[F] — FBL[FE] is a lattice isomorphic embedding. This, of course, also follows
immediately from Theorem [6.3.7, However, [26, Corollary 2.8] (and slight modifications of
its proof) show a lot more: If ¢+ : F' < FE is an embedding, and P is a projection from E onto
L(F), then P defines a lattice homomorphic projection from FBL® [E] onto 7(FBL®[F]). A

partial converse also holds.
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Proposition 6.3.12. Suppose F' is isomorphic to a complemented subspace of a p-convex
Banach lattice, and v : F — E is an embedding such that the induced map 7 : FBLP[F] —
FBL® [E] is an embedding, and there is a projection P (which is not assumed to be a lattice
projection) from FBL®[E] onto 7(FBLW[F]). Then F is complemented in E.

Proof. As F is isomorphic to a complemented subspace of a p-convex Banach lattice, there is
a projection Q : FBL® [F] — ¢r(F) by [185, Proposition 4.2]. Diagram chasing shows that
Vi=¢n oQol loPogp: E — F satisfies [r = V or. In other words, F is complemented
in F. O

As an example, Theorem [6.3.7] (see Corollary [6.4.12)for additional details) shows that the
inclusion ¢ : ¢y < fo induces a lattice embedding of FBL® [¢y] into FBL®[(,]. However,

o is not complemented in /.., hence FBL® [co] cannot be complemented in FBL® [loo)-

Examples of lattice structures on a subspace spanned by

Rademacher functions

In the previous subsection, we reduced the embedding problem for free Banach lattices to a
pure Banach space problem involving extensions of operators into L,(u). This perspective
on the embedding problem will be further expanded on in Section [6.4. However, before that,
we examine the embedding problem from a lattice point of view. More specifically, here we
consider an embedding ¢ : F' — E, and explicitly calculate the norms of certain elements of
Z(FBL™[F]) € FBL®[E]. By discovering that, for certain f € FBL®[F], || f||pgpw s may

be very different from |[zf||ppy @iz, we conclude that 7 is not bounded below.

We denote by Rad, (1 < ¢ < oc0) the span of independent Rademacher random variables
in Ly; R, shall stand for the corresponding embedding. Khintchine’s inequality shows that for
finite ¢, Rad, is isomorphic to {5, and it is easy to verify that Rad can be identified with ¢;.

It is well known that, for 1 < ¢ < oo, Rad, is complemented in L,, hence the pair
(Rad,, L,) has the POE-p for any p. Below we examine the edge cases ¢ = 1,00. In the
next section, we will revisit this question from an extension of operators point of view and
prove in Proposition that (Rady, L) fails the POE-p, for any 1 < p < oo, and in
Proposition that (Rads, L) has the POE-p if and only if 2 < p < co. However, this

section presents a direct proof, in order to illustrate the structure of free Banach lattices:
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Example 6.3.13. R, : FBL®[Rad,] — FBL®[L,] is not a lattice isomorphic embedding
for any p € [1,00).

Proof. Let (ex) denote the unit vector basis of ¢, and (1) the sequence of Rademacher

functions. Define
R: 0y — [4]0,1] : Zakek > Z@H’k-
k k

As Rad; is canonically isomorphic to a Hilbert space, it suffices to show that R is not bounded

below.

Assume first that p € [1,2]. Then for each m € N we have that

e

Indeed, let I : {5 — £ be the identity map, and 7:FBL® [62] — {5 the lattice homomorphism
extending I, which exists because of the assumption that p < 2. It follows that

=l =V ], <] V.

If instead p € (2, 00), consider the inclusion i : £5 — £,. Extend this to a contractive lattice

> /.

FBL(®)[¢,)

FBL(®)[¢y]

homomorphism 7 : FBL®)[(,] — £, to get

i [, <] V.

On the other hand, for every m € N we have that

| Vo

Indeed, note first that if K is a compact Hausdorff space and (f;)7_; € C(K), then as

a consequence of the fact that the extreme points of the dual unit ball Bo(x)- are point

FBL®)[t5]

FBL[Ll]

measures of the form 40, for k € K, we have that

o 3| fgl—supZIf] =15l
j=1

x GBC(K)* j=1




CHAPTER 6. FREE BANACH LATTICES 232

Combining this observation with (6.1.2)) yields that

H k\/lérk FBL[L{] = sup { Z ’ \! /kaj
= j=1 k=1

Since we have that

;‘k\n}l/’f’kfj

neN, fi,..., fn € L,

sl <1}
j=1

Y

SZ/|fj|=/Z|fj| < HZ\fil
j=1 j=1 j=1
it follows that

Vo

FBL[Ll]

For the converse inequality,

H k\:/15r FBL[L1] ‘\:/ Tk 7“1

Now, since \/,_, 9, lies in FVL[L1], all || -||ppy ey, -norms can be evaluated on this element,

and we have

H \/ FBL[L1] \/ FBL( \/ "llFBLO Ly
k=1 k=1
Thus, R is not bounded below. O

Example 6.3.14. The lattice homomorphism R, : FBL®[Rad,] — FBL®[L,[0, 1]] is not
an embedding for p € [1,2).

Here we provide a direct proof of this fact. Later, in Proposition [6.4.19] we will use a
different technique to show that R. : FBL®[Rad,] — FBL®[L,[0,1]] is an embedding if
and only if p € [2, 00].

Proof. Consider the Rademacher isometry R := Ry : {1 — Lo : € > 1%; here, (ex) form
the canonical basis in ¢;, while (r;) are independent Rademacher random variables. As
mentioned above, we shall show that R is not bounded below if p € [1,2).

To this end, first note that H Vi e, = m!'/?. Indeed, the upper estimate

FBL®)[¢;]
follows from the p-convexity of FBL®[¢,]:

& P e 2\ /PP
H \/ 5ek FBL®) [¢4] = H <Z|5€k‘ )
k=1 k=1

FBL®[¢] —

T

s
=
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For the opposite inequality, modify the arguments in Example [6.3.13| (using the formal iden-
tity from ¢; to £,).

On the other hand, we shall show that

N

FBL(") [Lo]

p\ 1/p
\/21:1 ,uj(Tk)‘ ) , with the

is the supremum of (Z”

By G, || Vit

" FBL®) [Log] J=1
supremum taken over all juq, ..., u, € L% with
sup 3 )P < 1.
IEBLOO j=1

IN

Now consider the contractive operator u : L%, — % : 1 — (u(ry)), . Note that ’ Vi, u(rk)‘

is no greater than
FBL®) Lo

lup], hence || Vi, o,

" 1/p
sup{(ZHuuij> n €N, uy, ..., pu, €LY, sup Z\,uj )P < 1}
j=1 2€BLo i

Arguing as in (6.1.2)), this last quantity equals m,(u), the p-summing norm of the operator

u.

By |97, Theorem 2.8], m,(u) < m(u), so it suffices to bound 7 (u). Denote by ¢ the formal
identity from ¢™ to ¢5'. Note that ||:7!|| = 1, and [|i]| = /m, hence ||i o u|]| < y/m. By
[97, Theorem 3.1], mi(i o u) < Kg||i o ul| < Kgy/m, where K¢ is Grothendieck’s constant.
Thus, mi(u) = m (i o (iou)) < [i7|m(iou) < Kgy/m by [97, p. 37]. Consequently,

Vi o gy, <

FBL(P)

For the opposite inequality, recall that || - [[pgrez.) = [+ [lpprer.)- Therefore, it

m > L — C [* ; ine’

Vi Oy PBLOL] 2 vm. Let u; =r; € Ly C L . By Khintchine’s

inequality, the map ¢o — L; : e; — p; is contractive, where (e;) now stands for the canonical
2\ 1/2
basis in fy. Therefore, sup,cp, >0, |p(2)]* < 1. However, (Zm Ve, ,uj(rk)‘ ) =
O

j=1
N

suffices to show that
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6.4 Extensions of operators into Lebesgue spaces

In the previous section, we were able to reduce the embedding problem for FBL® to the
POE-p, or in other words, the study of extension properties of operators into L,. We now
embark on a detailed study of the POE-p. To begin, we provide several reformulations
in terms of operator ideals and L)-spaces. We then study how the POE-p behaves under
duality, which provides us with several examples of embeddings satisfying the POE-p; in
particular, (F, F**), (F, Fy) and (F, E) whenever F is locally complemented or an ideal in
E. We then show several stability properties of the POE-p, compare POE-p with POE-q,

and provide numerous (non-)examples.

General facts about the POE-p

We begin with several basic facts about the POE-p; namely, its relation to operator ideals,
extensions into £,-spaces, and previous literature. Firstly, the universality of ¢, (I) spaces
allows us to reformulate the definition of the POE-p in terms of the ideal of ¢ -factorable

operators (I's, 7o) (see [97] for information about this and other operator ideals).

Proposition 6.4.1. Suppose F' is a Banach space, and 1 < p < oo. The following statements

are equivalent:
(i) F has the C-POE-p;

(i) For any operator T : F' — {,, and any isometric embedding F' — (. (1), there exists
an extension T : (o (I) — €,, with Hﬂ’ < C|T);

(11i) For any operator T : F' — £, we have v (T) < C||T|;
(iv) For any compact operator T : F — {,, we have 7o(T) < C||T||.
In statements (2), (3), and (4), ¢, can be replaced by any infinite dimensional L,-space.
Proof. The implications (1) = (2) = (3) = (4) are trivial.
(4) = (1): We suppose I' < FE and show that, for any ¢ > 0, any T : F' — £
has an extension T : E — ¢, with IT| < (C + €)||T]|, so the conclusion will follow by
Proposition [6.3.9) Find a factorization 7' = uv, with v : F' — lo(I) and u : loo(I) — €3,

with [Jul||[v]] < (C + &)|T||. Extend v to ¥ : E — £oo(I), with |[v]| = ||7]]. Then T = u@ has
the desired properties. O
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In a similar fashion, we establish:

Proposition 6.4.2. If (F, F}) has the C;-POE-p, and (Fy, Fy) has the Cy-POE-p, then
(F, F3) has the C1Cy-POE-p. In particular, if (F,E) has the C;-POE-p, and E is Cy-
injective, then F has the C1Cy-POE-p.

For 1 < p < 2, the POE-p can be characterized in terms of 2-summing operators as
follows. First, recall that an operator 7' : F' — FE between Banach spaces is p-summing
for 1 < p < oo (T € II,(F, E)) if there is a constant C' such that for any finite collection

(xk)i_y € F we have
(Z HT%H”) < C'sup (Z |x*<xk>|p) ot e ot <1
k=1 k=1
The smallest possible C' appearing in this inequality is denoted m,(7") (cf. [97]).
Proposition 6.4.3. Let F' be a Banach space and 1 < p < 2. The following are equivalent:
(i) F has the POE-p;

(i) There is a constant C' > 0 such that, for alln and all T : F' — (3, we have my(T) <
cliTl;

(i1i) B(F,l,) =1Is(F,¢,);
(w) B(Fv Lp) = H2<F> Lp)'

Proof. (1)=(2): Consider an embedding ¢ : F' — C(K). By assumption any 7" : F' — (7
has an extension 7 : C(K) — £y with IT|| < C||T||. By [97, Theorem 3.5],

m(T) < m(T) < Ke||T|| < KeC|Tl,

where K is the Grothendieck constant.

(2)=-(1): By the IIy-extension theorem [97, Theorem 4.15], if E, F,Y are Banach spaces
with F' a subspace of E/ then any 2-summing operator 7' : F' — Y has an extension T:-E—Y
with mo(T) = mo(T).

The equivalence of (2), (3), and (4) is a classical localization argument. O
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Remark 6.4.4. Using Proposition we see that POE-1 and POE-2 are actually well-
studied Banach space properties. Indeed, by [184], F' is POE-2 if and only if F is a Hilbert-
Schmidt space. Moreover, by [279, Proposition 6.2], F' is POE-1 if and only if F* is a
G.T. space.

Remark 6.4.5. The POE-p was also studied (under a different name) in [75]. Indeed, [75]
investigates the spaces E so that (F, E) has the POE-p for every F' C E. For instance, it
is shown that, if £ is a Banach lattice with such property for some p € (2,00), then F is
weak Hilbert, and satisfies a lower 2-estimate. If E is a K6the function space on (0, 1), then
it must be lattice isomorphic to Ls(0,1). If E is a space with a subsymmetric basis, then
[282, Proposition 12.4] can be used to show that this basis is equivalent to the ¢y basis. On
the other hand, Maurey’s Extension Theorem [97, p. 12.22] yields:

Proposition 6.4.6. Suppose E has type 2, F is a subspace of E, and 1 < p < 2. Then
(F, E) has the POE-p.

The definition of the POE-p involves extending operators into L,-spaces. It turns out

that we can extend operators into the wider class of £,-spaces.

Proposition 6.4.7. Suppose 1 < p < oo, F s a Banach space, and X 1is an infinite

dimensional L,-space. Consider the following statements:
(i) (F,E) has the POE-p;
(i1) Any compact operator T : F — X has a bounded extension T:E— X;
(i1i) Any compact operator T : F' — X has a compact extension T:E— X;
(iv) Any bounded operator T : F' — X has a bounded extension T:E—X.

Then (1) < (2) < (3). Moreover, if X is complemented in X**, then (4) is equivalent to the

three preceding statements.

By [228], a £,-space X is complemented in X** if and only if it embeds into L, as a
complemented subspace. It is well known (see e.g. [191]) that, for 1 < p < oo, any L,-space
is reflexive, hence, in Proposition [6.4.7, (1) < (2) < (3) < (4). For p =1, [228| Section 5]

provides an example of a Li-space which does not embed complementably into L;.



CHAPTER 6. FREE BANACH LATTICES 237

Proof. Note that, if (4) holds, then there exists C' > 0 so that any 7' : F' — X has an
extension T : E — X with ||| < C||T. Indeed, (4) implies that the map ® : B(E, X) —
B(F,X) : S+ S|r is surjective; thus, there exists C' > 0 so that for any 7" there exists T
with || T|| < C||T||, and ®(T) = T. We can reach similar conclusions in cases (2) and (3).

By [228, Theorem 1], X contains a complemented copy of £,. Consequently, either (2),
(3), or (4) implies (1). Clearly (3) = (2). The implications (1) = (3) and (modulo comple-
mentability of X in X**) (1) = (4) remain to be established. The proofs use [228, Theorem
3]: there exists a constant p so that for every finite dimensional Z C X, we can find Y so
that Z C Y C X, Y is p-isomorphic to Kgimy, and p-complemented in X. Use this to find
an increasing net of finite dimensional spaces (Y, )aez, 50 that X = U,Y, and, for any a,
denoting dim Y, = n, we have d(Yy, (;~) < p, and there exists a projection P, : X — Y, so
that || P,| < p.

For the remainder of the proof, we assume that (F, E') has the POE-p with constant C,
X is a L,-space, and T : F' — X is a contraction.

(1) = (3): Fix ¢ > 0. Assuming 7T is compact, we shall find a compact extension
T:E — X, with || T|| < Cp(1 + 3¢). We proceed recursively. Let Ty = 0, T}, = T. Our first
goal is to find ay < g < ..., and operators Ty, T} € B(F, X) so that, for any k, we have

T, =T+ T, Tp = P, T, |Th]| < 27"

Note that for any k we have T = T} + --- + T} + 1}. By the triangle inequality, ||7| <
| T7_ |l + 177 < €227 for k > 2, and likewise, ||T1|| < 1+ ¢&. Moreover, >, | Ty converges
to T

Suppose we have already found oy < ... < «,, and the operators T, ..., T,, T’ with the
desired properties (if n = 0, then we have taken Ty = 0 and T} = T, and we ignore the
condition about a, ..., ay,). Find a,,1 > a, so that

sup inf ||T.f -yl <elp+1)7'27""
FEF| fII<1YEYan 1

Let Ty11 = Py, T} and T),, = T, — T,,11, and note that |7}, ]| < e27""'. Indeed, fix

f € Br,and find y € Y, , so that | T f —y|| <e2™ ' (p+1)~'. Then

n+1

1T s fIl = (T = Pay o NI f = )| < (14 1 Pa D ITLS = yll < e2770
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So, T41 and T}, have the desired properties.

Recall that Ty, (F) C Y,
has an extension T}, : E — Y, , with IT4|l < Cpl|T}||. Recalling the estimates on the norms
| T3|| obtained above, we conclude that ||T1 < Cp(1 + ), and || T|| < Cpe22~* for k > 2.
Then T = P T, extends T, and has norm not exceeding Cp(1 + 3¢). This proves (3).

., and the latter space is p-isomorphic to 0, . Consequently, T},

Denote by @ a projection from X** onto X; we will show that (1) = (4). For each
a € T, we find ﬁ : E — Y, C X, which extends P,T, and has norm at most Cp?. It is
well-known (see e.g. [97, p. 120]) that B(E,X*™) = (E®X*)", where ® denotes the pro-
jective tensor product. Hence, the net (T;) has a subnet (ﬁ) sey which converges to some
S F — X* in the a(B(E,X**),E@X\)X*) topology. Testing convergence on elementary
tensor products e ® x* (e € E,xz* € X*), we conclude that ﬁ — S point-weak*, hence
IS|| < limsupg || T3] < Cp?.

Let T = QS. Then |T| < |Q||Cp?. We claim that T extends T — that is, T'f = T'f for
any f € F. We shall show that, in fact, Sf = T'f. Indeed, fix ¢ > 0, and find 5y € J so
large that, for any 8 > [y, we have

inf ||Tf — :

Jnf |Tf —y] <e
As in the proof of (1) = (3), show that |Tf — PsTf|| = |Tf —Tsf|| < e(p+1) when 3 = f.
As Sf is the weak* limit of (ﬁf), then ||Tf — Sf|| <e(p+1). To conclude that Sf =T,

recall that € can be arbitrarily small. ]

The POE-p: duality, local complementation and ultrapowers

We now explore the interplay between the POE-p and duality. To fix the terminology below,
recall that an operator @ : X — Y between Banach spaces is said to be A-surjective if for
any y € Y with |ly|]| < 1 there exists z € X with Qx =y, ||z|| < A. A standard functional
analysis result states that @) is A-surjective if and only if @Q* is bounded below by 1/ if and

only if Q** is A-surjective.

For any Banach space Z, we can identify B(Z,(};) with (Z*)", as a vector space. More
precisely, any T' € B(Z, ;') can be written as T = )", 2} ® e;, where ey, ..., e, form the
canonical basis in £, and z{,...,2; € Z*. Then T, or T* € B((;,,Z*) (1/p+1/p’ = 1),
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can be identified with (z7,...,2%) € (Z*)". By Local Reflexivity (as laid out in [95]),
B(Z,6)™ = B(Z*, ().

Proposition 6.4.8. A pair (F,E) has the C-POE-p if and only if the same is true for

Proof. Define, for any n € N, the operator (IJ%"BE 1 B(E,0y) — B(F, () : S+ S|p. Fix n; we
henceforth omit the upper index (n). By the preceding paragraphs, 3k can be identified
with @ p«« g=+, hence one is A-surjective if and only if the other is. In light of Proposition m,
(F, E) has the C-POE-p if and only if ®p g is C-surjective. By the above, (F, E) has the
C-POE-p if and only if (F**, E**) does. O

For a Banach space E and n € N, let E(™ denote its n-th dual. The preceding result
yields:

(2k

Proposition 6.4.9. Let F' be a closed subspace of E and suppose that F**) is C-complemented

in E@*) for some k € N. Then (F, E) has the C-POE-p.

Similarly, since any operator T : F' — 2 has an extension TG : F@F — ¢ (k € N)

with the same norm, we see that:

Proposition 6.4.10. For any Banach space F, k € N, and p € [1,00], (F, F®*) has the
1-POE-p.

Using (. (I) spaces we can convert Proposition into a statement about Banach
spaces with the POE-p (rather than pairs of Banach spaces with the POE-p):

Proposition 6.4.11. F has the C-POFE-p if and only if F** does.

Proof. Suppose F' has the C-POE-p. Embed F' isometrically into ¢, (I). By Proposi-
tion [6.4.1] F has the C-POE-p if and only if (F, ¢s(I)) does. By Proposition [6.4.8] this, in
turn, is equivalent to (F**, ¢ (I)**) having the C-POE-p. By [333, Theorem 4.1], £ (1)™
is 1-injective. Thus, by Proposition [6.4.2] if (F**, (. (I)**) has the C-POE-p, then so does
.

Conversely, suppose F** has the C-POE-p. Embed F** into ¢, (), for a suitable index
I. We have to show that (F,l«([)) has the C-POE-p. By Proposition [6.4.10| (F, F**) has
the 1-POE-p, hence Proposition yields the desired result. O
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We now give three examples where the above results apply. First, recall that by [333]
Theorem 4.2], F** is C-injective if and only if whenever F is a closed subspace of E and Y
is finite dimensional, every operator T : F' — Y extends to T : E — Y with || < C||T.
Hence, L, .-spaces have POE-p for all p € [1,00]. To be more precise, by combining [229,
Theorem 3.3] with [333, Theorem 4.2], we observe that, if F' is a L ,-space for all p > A,

then F** is A-injective. This implies:

Corollary 6.4.12. If F' is a Lo ,-space for all > X, then it has the \-POE-p for every
p € [1,00]. In particular, co and C(K) spaces have the 1-POE-p.

In a similar fashion, we apply Proposition and Proposition to two well-studied
classes of subspaces. Recall, following [197], that a closed subspace F' of E is locally com-
plemented in E if there is A > 0 such that whenever G is a finite dimensional subspace of
and € > 0, there is a linear operator 7' : G — F' such that | T|| < X and ||Tz — z|| < ¢||z]| for
x € FNG. Tt follows from [197, Theorem 3.5] that F' is locally complemented in F if and
only if F** is complemented in E** under the natural embedding. Proposition thus

implies:

Corollary 6.4.13. If F is locally complemented in E, then (F, E) has the POE-p for every
p € [1,00].

On the other hand, recall that a subspace F' of a Banach space E is called an ideal
(cf. [130]) if Ft = {z* € E* : 2*(y) = 0 for y € F'} is the kernel of a contractive projection
on E*. In this case F** is contractively complemented in E**. Note that here, neither F
nor F'is assumed to have any order structure. One should distinguish between the “Hahn-
Banach ideals” described above, and order ideals we are discussing in the context of Banach

lattices.

For ideals (in the Banach space sense) Proposition implies:
Corollary 6.4.14. If F' is an ideal in E, then (F, E) has the 1-POE-p for any p € [1,00].

Embeddings of Banach spaces into their ultrapowers behave in a fashion similar to em-
beddings into second duals. Recall that given a Banach space £ and a free ultrafilter ¢/ on an
infinite set I, the ultrapower of E with respect to U is given by Ey = o (T, E') /Ny, where
Ny is the subspace of elements in ¢, (I', ') which converge to zero along U. A “natural

embedding” of F into Fy is determined by mapping e to the equivalence class of (e,e,...).
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Proposition 6.4.15. For any p € [1,00] and any Banach space F, the pair (F, Fy) has the
1-POE-p.

Proof. Given T': F' — (7, let Ty, : Fyy — (£} )y denote the natural extension (cf. [3, Theorem
1.64]) which satisfies ||Tu|| = ||T'||. By compactness we have that (), = (7. O

Further characterizations of the POE-p

In the definition of POE-p there is a uniform constant C' which is selected independently of

the embedding F' — E. However, it is not necessary to require this:
Proposition 6.4.16. For 1 < p < oo and a Banach space F', the following are equivalent:
(i) F has the POE-p;

(ii) For any Banach space E containing F there is a constant C' > 0 such that every
operator T': F' — () exlends to T:E — £y with IT| < C||T).

Proof. Clearly (1) = (2). Now suppose (1) fails; we will show that (2) fails as well.

For each k € N, find an isometric embedding jj : F' < Ej, and a contraction T}, : F' — £7*
so that any extension of T} to Ej has norm at least k. We “amalgamate” the spaces FE:
let E = (3, Ex)1/G, where G consists of all elements (axjry)r € (O Ex)1 (v € F) with
> & @x = 0 (this sum is well defined, since the membership in (), Ej); implies ), |ax| < 00).
Define uy : B, — E by taking x € Ej, to the equivalence class of ) := (0,...,0,2,0,...)
(x is in the k-th position). Then wuy is an isometry. Indeed, clearly this map is contractive.
On the other hand, for any x € Ej,

ol =t o4 o =gt {Josi ]+ 3 o]
2 {llzll = laxlllyll + ; lailllyll} = =]l

For i,k € Nand y € F, [jy]® — [ixy]® € G, hence u;j; = ugjp. Denote uyji (no
matter what k is — all these maps coincide) by j; then j : ' — E is an isometric embedding.
Consider T}, : F — EZ’C as described above (that is, T} is an operator with no “small norm”
extension to Ej). Suppose S : E — (% extends Tj. Then |S]| > HS|uk(Ek)H > k. As k is

arbitrary, we conclude that (2) fails. O
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We can also restrict to superspaces of the same density. For a Banach space E, let us
denote by dens(F) the density character of £ — that is, the least cardinality of a dense

subset.

Proposition 6.4.17. For C' > 1, 1 < p < o0, and a Banach space F', the following are

equivalent:
(i) F has the C-POE-p;

(i) Whenever F is a closed subspace of E with dens(E) = dens(F), every operator T :
F — (7 extends to T:E— 0y with 1T < C|T].

Proof. Suppose (2) holds and let F' be a closed subspace of an arbitrarily large £. By [165]
(see also [302]), there exists a closed subspace G, such that F* C G C E, dens(G) = dens(F)
and G is an ideal in E. It T': F' — {7, then by hypothesis we can find an extension
T:G— 3 with IT|| < C|T||. Since G is an ideal in E, then we also have an extension

T: E — (2 with | T|| < C|| T by Corollary 6.4.14] O

The relations between POE-p and POE-q, and several examples

In this section we give several examples of pairs (F, E) (or spaces F') which have the POE-p,

and several which do not. We begin with £;-spaces:

Proposition 6.4.18. Suppose 2 < p < oo, and F' is a L, ,-space for all n > X\. Then F' has
the \-POE-p.

Proof. In light of Proposition [6.3.9] it suffices to show that, for any embedding ¢ : F' — F,
and any C' > A, any operator T": F' — £ has an extension T:E— £y, with 1T < ||
To this end, find > X\ and € > 0 so that u(1 +¢) < C. Let p’ be the “conjugate” of p,
so that 117 + z% = 1. As 1 < p' < 2, there exists an isometric embedding j : KZ, — Ly (see
e.g. [191} Section 4]). Then j* : Lo, — £} is a quotient map. By [228, Theorem 4.2, T" has a
lifting S : F' — Lo, with ||S|| < u(14¢)|| 7|, and j*S = T Find an extension S : E — Le,
with ||S]| = ||S]|. Then T := j*S is the desired extension of T O

We next discuss the relations between the POE-p, for different values of p. As a corollary,
we deduce from Proposition [6.4.19|that Proposition [6.4.18|fails for 1 < p < 2 and one cannot

replace ¢y by ¢; in Corollary [6.4.12| when p € [1,2).

Proposition 6.4.19. (i) If1 <p < q <2, and F has the POE-p, then it has the POE-q;
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(1) If 2 < p < o0, and F has the POE-p, then it has the POE-2;
(iii) The space ¢y has the POE-p if and only if 2 < p < oo.

Proof. (1) By [191, Section 4], ¢, (or even L,) embeds isometrically into L,. If F' has
the POE-p, then, by Proposition [6.4.3] there exists a constant C' so that the inequality
(1) < C||T|| holds for any T : F© — L,. The ideal of 2-summing operators is injective,
hence we have m3(7T") < C||T’|| holds for any T : F — {,. Thus, F' has the POE-q.

(2) Suppose F has the POE-p with constant ¢. We need to show that, for any E O F,
any operator T : F — (% has an extension T : E — (2, with ||T|| < C||T]| (C is a universal
constant). Denote the canonical basis in €5 by (ex), and let j : £3 — £2" be the “Khint-
chine” embedding — that is, jep = r, for 1 < k < n, with ry,...,r, being Rademacher
random variables realized in ¢2°. Then ||jz|| > ||z for any z. Further, there exists A = A,
so that [|j]] < X, and there exists a projection P : 2 — j(¢3) with ||[P|| < X. Consider
T : F — (3. As F has the POE-p, jT : F — (2" has an extension S : E — (2" with
1S]] < cllFIT]l < eA||T||. Then T = j~LPS extends T, and ||T|| < eA2||T|.

(3) The fact that ¢; has the POE-p for p > 2 follows directly from Proposition .
Now suppose 1 < p < 2. By Proposition [6.4.3] it suffices to show that for every C' > 0 there
exists a contractive T : £; — (7 so that m(T") > C. Denote by (e) the canonical bases in
both ¢; and £, and set Tey = e, if 1 <k < n, Te, = 0 otherwise. By [125, Theorem 9(v)],
7o(T) ~ nt/P=1/2, O

The class of POE-1 spaces, albeit more restrictive than that of POE-2 spaces (by Propo-
sition [6.4.19)), is still fairly large. For instance, by Proposition and [329, Corollary
II1.1.13], the disk algebra A has the POE-1. However, for spaces with an unconditional

basis, the POE-1 condition is very restrictive, as we will next see.

Proposition 6.4.20. A space F' with a normalized unconditional basis (xy) has the POE-1

if and only if () is equivalent to the cy basis.

Proof. Due to Corollary [6.4.12] ¢y has the POE-1. Now suppose F' possesses a normalized
unconditional basis (zy), and has the POE-1. It is easy to see that the (semi-normalized)
biorthogonal functionals (z}) form an unconditional sequence in F*. By Remark F*
is a G.T. space. For m € N, denote by P,, the canonical basis projection from F' onto

spanfzy : 1 < k < m]. Then P} is a projection from F* onto span[z} : 1 < k < m|. As
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sup,, || Pm|| < oo, we conclude that there exists a constant C' so that, for any m,n € N, any
operator T': span|z} : 1 < k < m] — (4 satisfies w1 (T") < C||T||. The proof of [279, Theorem
8.21] shows the existence of a constant C” so that ()7, is C’-equivalent to the canonical

basis of £*. In other words, the inequality
1 *
&2 lal < | Y ai
k k

holds for any finite sequence (ay). Thus, (zj) is equivalent to the ¢q basis. O

<D lal

k

Remark 6.4.21. An alternative proof for Proposition [6.4.20] can also be deduced from [291],
where it is shown that a space with an unconditional basis has the POE-2 if and only if it
is isomorphic to f1, cg, or ¢o @ ¢1. Indeed, if F' has the POE-1, then by Proposition [6.4.19]
it also has the POE-2, and since ¢, fails POE-1, the previous characterization yields that F

can only be isomorphic to cy.

Remark 6.4.22. The relations between the POE-p for different values of p remain unclear.

For instance, we do not know whether POE-p implies POE-¢ in the following situations:
(i) p€[l,00), q € (2,00).
(i) 1<g<p<2

Also, we do not have a characterization of POE-p (2 < p < o0) in terms of operator ideals,
along the lines of Proposition [6.4.3] Using [97, Corollary 10.10], one can observe that, if F
has the POE-p for 2 < p < oo, then B(F,{,) =11, ,(F,¢,) = IL.(F, {,) whenever s < p < r.

However, this condition does not seem to be sufficient.

Above, we have observed that the disk algebra A has the POE-p for 1 < p < 2. We do
not know whether A has the POE-p for 2 < p < co. We know that, by [97, Corollary 10.10]
and 329, Corollary II1.1.13], B(A, ¢,) = 11,.(A, {,) when 2 < p < r. Also, by F. and M. Riesz
Theorem, A*™ = H, @ M, where M is the set of measures singular with respect to the
Lebesgue measure (cf. [329 p. 181]). As the POE-p passes to the double dual, we conclude
that H,, has the POE-p for 1 <p < 2. As with A, we do not know what the situation is for
2 < p<oo.

Finally, we examine the POE-p for some “natural” pairs (F, E'), where F' is a subspace
of L,(p).
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Proposition 6.4.23. Suppose 1 < p < oo, and F' is isomorphic to a complemented subspace
of L,(), for some measure p. If a Banach space E contains F, then the following are

equivalent:
(i) F is complemented in E.
(ii) F is locally complemented in E.
(iii) (F,E) has the POE-p.
Remark 6.4.24. Proposition [6.4.23|is applicable in the following situations:

(i) 1 < p < o0, and F is isomorphic to a Hilbert space. Indeed, suppose I is an index set,
and 4 is the uniform probability measure on {0, 1}. Then ¢5(I) is isomorphic to the span

of independent Rademacher functions in L, (,u®f ); the latter space is complemented in
Ly(u®").

(ii) 1 <p < oo, and F is a L,-space. Indeed, by [22§], such an F' embeds complementably

into an L,-space.

Proof of Proposition[6.4.23. (1) = (2) is easy, and (2) = (3) follows from Corollary [6.4.13]

(3) = (1): Let £ be a complemented subspace of L, () isomorphic to F', P : L,(u) — F'
a projection, and T : F — F’ an isomorphism. By Proposition [6.3.9) T has an extension
T: E — Ly(y). Then Q := T~!|PT is a projection from E onto F. O

Specializing to Hilbertian subspaces of L, we obtain:

Proposition 6.4.25. If F' is an infinite dimensional subspace of Ly, isomorphic to a Hilbert
space, then (F, Ly) fails the POE-p for 1 <p < cc.

Proof. If 1 < p < oo, the result follows from Remark It remains to examine the case
of p = 1. Note that, if F' is Hilbertian, and (F, E) has the POE-p, then (F’, E) has the
POE-p whenever F’ is a subspace of F'. Indeed, there exists a projection P from F' onto F’.
For any T' € B(F', L,), the operator TP has an extension S : E — L,, which clearly also
extends T'. Therefore, it suffices to establish the failure of POE-1 for separable F. Also, we

can restrict ourselves to F' C Li(u), where p is a probability measure.
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Suppose, for the sake of contradiction, that (F, Li(u)) has the POE-1 with constant C.
In particular, any operator T : F' — F extends to T : Ly () — Ly (u), with |T|| < C||T.

Recall that a normalized (in L;) Gaussian random variable g can be realized on a mea-
sure space (£, 7p). Then independent normalized Gaussian variables (g;);en can be realized
in Ly(v), with v = ®;ento; denote by G the closure of their linear span. It is well-known
that G is Hilbertian. As operators on F' have an extension property described above, [286]
shows that, for any isomorphism J : F' — G there exists operators u : Li(u) — Ly(v) and
v: Li(v) = Li(p), extending J and J !, respectively. From this, we conclude that (G, L1(v))
has the POE-1. Indeed, fix J,u,v as in the preceding paragraph. For any T' € B(G, L,),
the operator S = T'J has an extension S : Li(u) — Ly, with ||§H < CIIJ|IIIT||. Then
Sv: Li(v) — Ly extends T.

Therefore, by [279, Theorem 6.6, and the remark following it], Li(v)* = Ly (v) has
cotype 2 (and satisfies Grothendieck’s Theorem), which is clearly false. This is the desired

contradiction. ]

Remark 6.4.26. Fix p, and suppose F' is a closed subspace of a Banach space E. We have
found a characterization of when the canonical embedding extends to a lattice embedding of
FBL®[F] inside FBL®[E]. However, one might still wonder when FBL®[E] at least con-
tains some lattice isomorphic (or isometric) copy of FBL® [F]. Similarly, if F' is, moreover, a
p-convex Banach lattice, when does FBL®[E] contain a (nicely complemented) lattice copy
of F'? In general, these questions will have a negative answer: take for instance E = C|0, 1],
and let F' be a subspace which is isomorphic to ¢;. It will follow from Theorem that
FBLI[C|[0, 1]] never contains a sublattice isomorphic to £y, so it fails to contain FBL[(;] as a
sublattice as well (this is due to Theorem [6.8.3)).

6.5 Basic sequences in free spaces

In this section we study the structure of basic sequences in free Banach lattices. More
specifically, we begin with a basic sequence (zy) in a Banach space E, and try to understand
the sequence of moduli (|d,,|) it generates in FBL®[E]. This is important, since, due to
the universal nature of free Banach lattices, the behaviour of the sequence (|0, |) reflects all
possible embeddings of F into arbitrary p-convex lattices. As an illustration of this, we note

the following:
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Proposition 6.5.1. Suppose (x},) is a sequence in E, and (|0, |) is weakly null in FBL®P)[E].
Then, for any p-convexr Banach lattice X, and any bounded map T : E — X, the sequence
(|Txg]) is weakly null.

Proof. For T as above, T : FBL® [E] — X is bounded, hence weak-to-weak continuous,
hence if (|0,,]) is weakly null then so is (f|5mk|) = (|Tzx])- O

Taking into account the description of (|é,,|) € FBL[/,| obtained in [30], we obtain:

Corollary 6.5.2. Suppose 2 < r < oo, and (ey) is the canonical basis in £, (if r = oo, we
take ¢y instead of s, ). If X is a Banach lattice, and T : £, — X is a bounded operator, then
(|Tex|) is weakly null in X.

The preceding result fails for 1 < r < 2. Indeed, |26, Theorem 5.4] (see also Proposi-
tion below) shows that (|d,|) is equivalent to the ¢; basis for 1 < r < 2. However,
by Proposition (|9¢,.|) is equivalent to the ¢, basis (hence weakly null, if » > 1) in
FBL([(,]. These observations are consistent with the fact that the standard Rademacher
random variables give a copy of f5 in L, (1 <7 < oo) but their moduli are not weakly null.
Actually, the unit vector basis of £, (1 <7 < 2) has weakly null moduli in FBL®[¢,] if and
only if p = oo; the Rademacher functions in L., shows that the moduli of ¢; in FBL® [(1] can

never be weakly null. We will expand on these observations significantly in the results below.

Next we generalize |30, Proposition 1]. Recall that a basic sequence (xy) is called C-
suppression unconditional if for every choice of scalars (ax) and any set A C N we have
1> ken arel] < C| D ey axxr||. It is standard to check that every C-suppression uncondi-

tional sequence is 2C-unconditional.

Proposition 6.5.3. Let (zx) be a sequence in a Banach space E. Then, for the sequence
(162, ]) in FBL®[E], we have:

(i) If (zx) is minimal then (|0,,|) is minimal;
(11) If (xy) is a basis then (|0, |) is basic;

(111) If (zx) is a C-suppression unconditional basis then (|0z,|) is C-suppression uncondi-

tional, hence 2C-unconditional;

() If (zx) is a symmetric basis then (|0,,]) is symmetric.



CHAPTER 6. FREE BANACH LATTICES 248

Recall (see [303, p. 54]) that () is called minimal if it admits a system of biorthogonal

functionals.

Proof. (1): Let (z}) be biorthogonal functionals for (zj), and extend them so that z} €
E*. Then z}: FBL®[E] — R is a lattice homomorphism for every k, so that z7(]d,,|) =
|2;(21)| = 0k, showing that (a:A};) are biorthogonal functionals for (|d,,]). The proofs of
statements (2)-(4) are similar to [30, Proposition 1]. O

Remark 6.5.4. In (3), 2C-unconditionality cannot be replaced by C-unconditionality, even
if C = 1. Indeed, suppose (ex) is the canonical basis in f3, and p = 1. We first show that
H ‘561’ + ’562H|FBL[£2] = 2. Let R: {5 — Lo be the Rademacher mapping, which is known to

be isometric. This lifts to a lattice homomorphism R : FBL[¢5] — Lo of norm one. Hence,

2 2 2 2
3 I S 1l > HEZM S I
k=1 k=1 k=1 k=1

To contrast this we shall show that ||[d,| — [0c,]|| = V2. It follows from ||d, | — [de,]| <
|0e, — 0e,| that

2> = || R = =2

H’661| - |562|H < ||661 - 662” = ||61 - 62” = \/E
For the converse inequality, let T': £2 — ¢% be the formal identity. Then

1

1
7 [|Tes| = |Tes||| = —= -2 = V2.

V2

Note that in Proposition it was shown that if (xy) is a basis of E, then (]d,,]) is

basic in FBL®[E]. However, the following question is open.

|||561| - ’562|H 2

Question 6.5.5. Suppose (xx) is a basic sequence in a Banach space E. Is the sequence
(162, |) basic in FBL®[E]? If (z;) is, further, unconditional, is (|d,, |) unconditional as well?

We now present some partial progress on this question:

Proposition 6.5.6. If E has a basis (uy), then for every block basic sequence (xy) of (ug)
the sequence (|04, |) is basic in FBL®)[E].

Proof. By a well-known result of Zippin (cf. [9, Lemma 9.5.5]), a basis (f,) of E can be
constructed such that (xy) is a subbasis of (f,), say f,, = xx. By Proposition|6.5.3] we have
that (|0f,|) is a basic sequence in FBL[E]. Hence, being a subsequence, so is (|0,,[). O
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Remark 6.5.7. Using that |||0,, | — |0y, |]] < |2k — vk ]|, it follows from Proposition and
the principle of small perturbations that if £ has a basis (uy) then small perturbations of
blocks of (u;,) have moduli that are basic in FBL®[E].

A well-known result due to Bessaga and Pelczynski allows one to extract a basic sequence
from every semi-normalized weakly null sequence in a Banach space E. We will see next
that this extraction can be made so that the corresponding sequence of moduli in FBL®)[E]
is also basic:

Proposition 6.5.8. Let E be a Banach space and (z,) a weakly null semi-normalized se-

quence in E. There is a subsequence such that (|0, |) is basic in FBL® [E].

Proof. Due to [302] there is a separable subspace F' C E which is an ideal in F and such
that (z,) C F. Hence, by Corollary|6.4.14] FBL®)[F] is an isometric sublattice of FBL®[E].
Therefore, for our purposes, we can assume without loss of generality that F is actually sep-

arable.

Let us suppose that the set S = {|d,, |} € FBL®)[E] does not contain any basic sequence.
Since (z,,) is semi-normalized, 0 ¢ EH'”, hence, by [9, Theorem 1.5.6], the weak-closure of S,
K = 5" is a weakly compact set with 0 ¢ K.

Now, let + : E — C[0,1] be an isometric embedding and 7 : FBL”)[E] — FBL®[C(0, 1]]
the induced lattice homomorphism. Since 7 is weak-weak continuous and injective, it fol-
lows that 7(K) is a weakly-compact set and 0 ¢ 7(K'). Thus, again by [9, Theorem 1.5.6],
(16.:2,,]) = (@6,]) € FBL®[C[0, 1]] does not contain a basic sequence.

However, «(x,) is a semi-normalized weakly null sequence in C[0, 1]. Therefore, we can
extract a subsequence (x,, ) which is a small perturbation of a block basic sequence of the
monotone basis of C[0,1]. Hence, Remark yields that for some subsequence (|6,(,,, )|)
is a basic sequence in FBL®[C(0, 1]]. This is a contradiction. We can thus assume that S
contains a basic sequence, which implies that we can extract an increasing sequence (ny) C N
such that (|d,,, |) is basic in FBL®[E], as claimed. O

Remark 6.5.9. Of course, building on Proposition [6.5.3] it is natural to study how other
properties pass between the sequences () and (|d,,|) (e.g. shrinking, boundedly complete,

etc.) Although this will not be our focus, our results will indirectly shed partial light on such
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questions. In particular, we will discover some “rigidity” results, i.e., properties of (|d.,|)

that force (xy) to take a particular form.

Lower 2-estimates, /;, and ¢

In this subsection we explicitly compute the moduli of certain bases, refining some results

from [30]. We begin by characterizing the behaviour of ¢y in FBL®[cq]:

Proposition 6.5.10. If (e;) is the canonical basis of ¢y then the sequence (|d.,|) in FBL®[co]

s equivalent to the canonical basis of Uy for all 1 < p < o0.

Proof. By Proposition , the sequence (|66k|)k is an unconditional basic sequence. We
shall show that, for finitely supported sequences (ay),

- - 1/2
2
H Z ag|0e, | FBL®)[a <Z |a| )
k=1 k=1

holds (with an equivalence constant depending on p € [1,00)). Fix such (ay). Let

A, ={k:a, >0} and A_={k:ax <0}
Define an operator 1T': ¢g — L,|0, 1] via

Tx = Z ager(z)ry.

keAy

If ||z]] < 1 then Khintchine’s inequality yields

1Tall < B,( 3 |aci@)!)” < Bo( X ).

k€A+ k€A+

=

It follows that ||T'|| < B, (Zk€A+ az) ® . Note that Tey, equals airy, it k € Ay and zero other-

wise.

N|=

Let T': FBL®)[¢o] — L,|0,1] be the canonical extension of 7. Then 1T < B, (ZkeA+ a%)

and
f(Z aj |6ek|) = Zak |Ter| = Z ag |agry| = (Z ai)l.

k=1 k=1 keA, keA,
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It follows that

Y

Z ap = Hf<i ay \(5%\) H < Bp< Z ai)éui ag |0e, |
k=1 = k=1

k€A+

so that

N|=

By

()

k’GAJr

[e.e]
Zak |55k‘
k=1

Similarly, we get

(NI

By

()

keA_

o0
Zak |56k|
k=1

Combining these estimates, we get

Z a |6€k|

V2B,

00 1
> 2) .
FBL(®) [¢g] - (; |ak|

Conversely, it was shown in [30] that

00 00 1/2
| > el ~ <§ j|ak|2> .
FBLco]
k=1 k=1

Hence, since the FBL norm is the largest of the FBL® norms,

0o 00 1/2
Hi:ak’ ’561@' ~ (E ’%’2) .
FBL[co]
k=1 k=1

0
<[
FBL(P)[CO} - 1 | ek|

]

Corollary 6.5.11. Suppose a sequence (e) in E is equivalent to the canonical basis of
co. Then the sequence (|6,,|) in FBLW[E] is equivalent to the canonical basis of Uy for all

1 <p<oo.

Proof. Combine Proposition [6.5.10] with the fact that c¢q has the POE-p (Corollary [6.4.12)).
O

Combined with Proposition [6.5.10| the next result establishes a lower 2-estimate for the

moduli of an arbitrary basic sequence:



CHAPTER 6. FREE BANACH LATTICES 252

Proposition 6.5.12. Let (xy) be a sequence in E, and assume that there are biorthogonal
functionals (x7) to (xy) such that K := supy ||zi]| < oo. Then for any finitely supported

sequence of scalars (ay) we have

o0
| > o]
k=1

where (ex) denotes the unit vector basis of ¢y. Consequently, for 1 < p < oo,

00 1/2 00
(3] =[S
k=1

o0
< KH ag 0.
FBL®[co] — ; 92| FBL®)[E]’

FBL®) [E]

Proof. The assumptions tell us that the operator T': [zx] — s given by Tz = (z}(z)) has
norm at most K and Tz = e;. By injectivity of ¢, (or Hahn-Banach), we have an extension
T : E — ly with ||T]| < K. Let ¢y : loo — FBL®[l,] denote the canonical isometric
embedding and let S = ¢, T : E — FBL®[(]. Let now S : FBL®[E] — FBL®[(,.] be
the lattice homomorphism extending S, and note that ||S|| < K. It follows that for any

finitely supported sequence of scalars (ay) we have

o0
| > auldl
k=1

_ 35, < KH 5,
FBL®) 6] H kz:; ak| k| FBL®) [fos] — kz:; ak| kl

FBL®)[E]
Using Proposition [6.4.10[ and the above estimate we get that
ar|0e :H ai|0e <KH ag |0y .
H Z kldey | FBL®) [¢o] Z kldey | FBL®) [(o] — Z 10| FBL(®)[E]
k=1 k=1 k=1
Finally, the “consequently” statement follows from Proposition [6.5.10 O]

Statement (3) of Proposition |6.4.19| suggests that ¢; could be a counterexample to Ques-
tion [6.5.5 However, basic sequences equivalent to ¢; will always have moduli equivalent to

/1 in free spaces. More generally, we have the following proposition:

Proposition 6.5.13. Suppose (z1) is a C-unconditional basic sequence in a Banach space
E. Then, for1 <p < oo, and for any ay,...,a, € R,

n 1 n
Hzak‘dﬂ%mFBL@)[E] = %Hzakxk“
k=1 k=1



CHAPTER 6. FREE BANACH LATTICES 253

Proof. 1t suffices to consider p = oo, as this is the weakest of the FBL®-norms. By Propo-
sition [6.3.10] we may assume that (xj) is a basis. The result then follows from statement
(3) of Proposition [6.5.3}

2C||Zak}5mk|HFBL(°°)[E =z HZ ’aklka’”FBL(w)[E]

k=1
2 HZOWSH%HFBUoo HZ%%H

]

Remark [6.5.19| below will show that the unconditionality assumption in the preceding
proposition is essential, in general, for the sequence of moduli to dominate the original se-

quence.

We now look to characterize those bases (zy) of E such that the sequence (|d,,|) in

FBL®[E] is equivalent to the unit vector basis of £;. We begin with a sufficient condition:

Proposition 6.5.14. Let E be a Banach space with a normalized basis (xy) satisfying a
lower 2-estimate. Then for all p € [1,00) the sequence (|6,,|) in FBLW|[E] is equivalent to

the unit vector basis of (1.

Proof. We first prove this for the unit vector basis (e;) of ¢5. Let R : ¢, — L, be the
Rademacher mapping. This extends to a lattice homomorphism R : FBL® [ls] = L,. Now,

HRZIakHéekl =3 Jal
k=1

where the first domination is by the unconditionality statement in Proposition [6.5.3]

n

Zak|5€k|

k=1

2]

x|

Now suppose that (z) is normalized with a lower 2-estimate. Then the basis to basis
map T : E — {5 is bounded, so we can extend it to a lattice homomorphism T : FBL® [E] —
FBL®[¢,]. Note T(|0,,|) = |0, |. From this we get that

n

Zak|6dfk|

k=1

n

Zak|5€k|

k=1

177l

n
~ 2l
k=1
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Example 6.5.15. Let 1 < r < 2 and let (e;) be the canonical basis of . Then the sequence
(16, ) in FBL®]£,] is equivalent to the canonical basis of £;, when p € [1,00). Similarly, the

Walsh basis in L,[0, 1] is normalized and satisfies a lower 2-estimate if 1 < r < 2.

One cannot replace “basis” with “basic sequence” in Proposition see Proposi-
tion [6.6.5] The dual to the summing basis in ¢y (see below) satisfies the conclusion but not
the hypothesis of Proposition |6.5.14]

Example 6.5.16. Let (z;) be the basis for ¢; such that x; = e; and zp = e, — ey for
k > 2. Then for all p € [1,00] the sequence (|d,,|) in FBL®[¢,] is equivalent to the unit

vector basis of /;.

Proof. By Remark it suffices to work with FBL®?[¢;]. Recall that the norm

m
Z ak‘5$k|
k=1

is computed by taking sup;ep, > 5, axlf(zr)]] -

Choosing f = (1,—1,1,—1,1,—1,1,—1,...) we get

> al fla)]

This tells us (}(5% |) . 1s either conditional, or equivalent to the ¢; basis.

:\a1+2a2—|—2a3—|—~--—|—2am\.

Now, in general, to take care of signs, one picks f to be a sequence of ones and negative

ones, but now aligns them with the signs of the a; (we can safely ignore x;). This easily

gives
m m
Zak|5wk| > max ( Z 2ay| , Z 2a > > Z |lag|,
k=2 FBL(>) [£4] k:a, >0 k:a, <0 k=2
and proves the claim. O]

In contrast to Example [6.5.16 Proposition [6.5.14] is sharp for unconditional bases:

Proposition 6.5.17. Suppose that (xy) is a 1-unconditional basic sequence in E, ay, ..., a, =
0, and 1 < p < oo. Then

n
|3 aclond
k=1

<K ( )5 H . 6.5.1
FBL®) 5] G ;Gk kz_;\/a_wk 5 ( )
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Here, K¢ denotes the universal Grothendieck constant. In particular, suppose (zy) fails to
have a lower 2-estimate — that is, there exist ¢1,...,t, so that || Yr_, trrg| < (Oop_, t2)Y2

Then by (6.5.1),
2 2
Hztkléz’“| FBL®)[E] < Ztk’
k=1 k=1

implying that (|0,,|) is not equivalent to the ¢; basis.

Proof. Let F = spani|z; : k € N|. Let T = ¢p|p: F — FBLW[E] be the natural inclusion.
In FBL® [E], using Cauchy-Schwarz inequality we have

Sl < () (Calaa) = (o) (Clrevaaf)-

k= k=1 k=

View F as a Banach lattice under the order induced by (x). Using Krivine’s inequality
[231, Theorem 1.f.14.], and the fact that (x)) are disjoint in F', we get

H; Qy, ’6:ck| FBL®) 5] < (Z ak>2 - K¢ HTH H(;M\/a_kxk)‘z)Q

F

S

k=1

3

n
Z\/akl’kH .
k=1 E

]

As already mentioned, if (z;) is an unconditional basis of E, then the sequence (|d,|)
is unconditional in FBL®[E]. As we saw in Example [6.5.16, the modulus of a conditional
basis need not be conditional - it also need not be unconditional. For the sake of an example,

consider the summing basis in ¢y, consisting of vectors s = (1,...,1,0,...) (k I’s in a row).

Proposition 6.5.18. For all p € [1,00] the basic sequence (|(55k‘) is conditional (even for

constant coefficients) in FBL®W [co]. In fact, if n is an even integer, then

n
HZMS’C‘HFBL((’O)[CO] =n,
k=1

but:

(i) HZZ:l(_l)k}ésk‘||FBL(00)[CO] =1
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1) ky/n < k15, < Kgv/n, where Kg 1s Grothendieck’s constant, and
k 1 kI FBL[co)

k>01sa umversal constant.

Proof. (1) The case of FBL®[cq]:

The norm on FBL([¢] arises from ||f|| = sup {If(z*)| : llz*||l, < 1}. By the triangle
inequality, || Y i_; |05 ||| < Yopei Iskll = n. For a lower estimate take 2* = (1,0,0,...) € 1.

Then . .
1D 10l = > o (si)| =
k=1 k=1

Now recall that

n

> (=14 (su)l|

k=1

I Z<—1)k\58le = s

Write 2* = (a1, as,...). Then x*(s;) = a; + - -+ + ax; hence

25—1

2j n/2  2j 2j—1
}Z )la"(sul| = \Z;(\Zak\ —IZ%D\ S;H;ak\ —I;akl\-

By the triangle inequality, ’ Z?Zl ak‘ - | szz_ll ak” < |ag;|, hence
n/2

‘Z Ve (sl < D lag| < llo*ll < 1,
7j=1

which leads us to conclude that

H; ol = sup |1l < 1.

le*li<1 4=

On the other hand, testing on z* = (0,1,0,...), we obtain H > ‘(5 |H > 1.
(2) The case of FBL[cy:

The lower estimate for || Y=,_;(=1)*|d,, ||| follows from Proposition [6.5.12| (the norms of
the biorthogonal functionals (0,...,0,1,—1,0,...) € ¢; do not exceed 2).
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For an upper estimate, we view s1,...,s, as living in ¢Z, (spanned by the first n coordi-
nates of ¢p). We need to prove that, if 23, ..., x} € ¢} are such that maxiHZ;":l +zi|| <1,
then

m  n
3 ‘ S (-1 m;(sk)\) < Kov/n.

j=1 k=1

As noted in part (1),

| S0 s ]| < Dl

k=1
We have to therefore show that, for our sequence (z7), >, [z} < Kgv/n. To this end,
consider the operator u : £} — (7 : e; — ¥ (here (e;)7L, is the canonical basis of (7). Note
that >, ||zl = D2, llue;ll, and [| 32, 6;e;]l = 1 whenever 6; = £1; thus, > |lue;|| < mi(u).
Therefore, it suffices to show that m(u) < Kgy/n.

Note that [ju|| = sup(;j:ﬂHZ;.n:l 0;%|| < 1, hence, by Grothendieck’s Theorem (see
e.g. |97, Theorem 3.5]), my(u) < Kg. Write u = id o u, where id is the identity operator on
¢%. Then by [97, Theorem 4.17], m3(id) = v/n, and therefore [97, Theorem 2.22] implies that
m(u) = m(id o u) < mo(id)ma(u) < Kgy/n.

We can now interpolate these results to general p: We know that, for even n,

D18l = and D (=110 gy S 2%
k=1 k=1

If (|0s,|) were unconditional in FBL® [¢,] then there would exist a C' such that

1180l lproeg < CID (1 05e e
k=1 k=1

But now using that the FBL®-norm is minimal and the FBL-norm is maximal, we get

n= HZ‘(SS/’CH‘FBL(OO)[CO] < HZMSkH‘FBL(?)[CO}
k=1 k=1

< C”Z(_l)kw%‘HFBL@)[CO} < CHZ(_l)k’(gsleFBL[co] < n'/?,
k=1 k=1

a contradiction. ]
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Remark 6.5.19. Proposition|6.5.13|states that, if (x)) is an unconditional basis in a Banach
space FE, then the inequality H ok ak|5xk | H > CH Yok CLkZBk” holds, with a constant ¢ indepen-
dent of (ay). However, this is false for conditional bases. Indeed, consider the “alternating

Csill =
= || 2k ( |6Sk‘HFBL[co} \/_7 due

summing” basis s, = (— 1)k5k in co It is easy to see that, for any n,
H ZZ:I ‘5%
to Proposition [6.5.18]

Example: moduli of the Haar system in 4]0, 1]

In what follows, Ny = N U {0}. Let (hy,x)1<k<2n nen, denote the normalized Haar basis in
L;. That is,
hn,k = 2nX[@ 2k—1y — 2nx[2k—1 k-

PICERPYORS on+1°27

For more information about the Haar system the reader is referred to e.g. [231, Section 2.c].
Clearly, for a fixed n € Ny, (hnx)i_; is 1-equivalent to the basis of /1", and so is (|0x, . |)i—;
in FBL[L,] as the following shows:

Lemma 6.5.20. For every n € N, and scalars (a;)r., we have

on on

g a0 = g agl.
H lOn | FBL[L1] &
k=1 k=1

Proof. Since ||h, || = 1, the triangle inequality trivially implies that || 33:. ar|on, ||| <

271
Zk:l |a|.

For the converse, let T': L; — £2" be the operator given by

Qk;% 2% 2"
Tf = (/ fan— [ fdu>

2n on+1 k=1

Clearly, ||T|| = 1 and Thy, = e; for 1 < k < 2". Let T : FBL[Ly] — 2" denote the lattice
homomorphism extending 7". Note f|6hn’k| = |Thy, x| = ek, which implies that

$ b= | S = [ i < | St
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By a branch of the Haar basis, we mean any sequence (h,, x;)jen such that, for each

J
7 € N, the support of h is contained in that of ..

nj4+1,K54+1

Lemma 6.5.21. For every branch (hn;,)jen of the Haar basis, we have that the sequence

(](5;17%7%\)]-61\; in FBL[L,] is equivalent to the ¢y basis.

Proof. We will do the computations for (A, 1)nen,, since this can be translated to any other
—k

branch. Let T': L; — ¢1(Ng) be the norm 1 operator defined by T'f = (f;_k_l fdu)gen,, and

let T : FBL[L;] — £1(Ny) denote the lattice homomorphism extending 7. Note that

0 it k< n,
(Tha )k =4 -1 ifk=n,

We claim that (ﬂdhn’l\)neNO is equivalent to the ¢; basis. Indeed, T\|5hn’1\ = |Thpl,

which coincides with the sequence (0, ...,0, %, }L, %, ...), starting with n zeros. Note that if
S : 4y — {1 denotes the right shift, and we set R = ZneNO #S", then this defines an

invertible operator with R™! = 21 — S. Now, notice that for the unit vector basis (e,) in £,
we have Re, = T\](Shn’1| and this proves the claim. Therefore, there is C' > 0 such that for

every sequence of scalars (a,)n,en we have

O lanl < || 2 el < 071]| X el
neN neN neN

This finishes the proof. O

< A |-
FBL[L1] ~ HGZN’ n’

Remark 6.5.22. We do not know whether the double indexed sequence (|04, ,|) is equivalent

to the ¢, basis. However, (h, ) is a monotone basis in L1(0, 1) (see e.g. |231, Section 2.c]),
hence, by Proposition [6.6.13| below,

1S sl ol 2 5 3 an
n,k

n,k

whenever (ay, ) are positive scalars.

6.6 Sequences with prescribed moduli

In this section, we continue our investigation of connections between properties of the se-
quence (z) € E, and those of (|d,,]) C FBL®[E]. In Section , we show how p-summing
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norms can be used to compute the norm of certain expressions on FBL® [E], which will be
a helpful tool in the sequel. In Section we show that, under fairly general conditions,
if (zx) and (|(5xk|) are equivalent, then they both are equivalent to the ¢; basis. We also
give examples showing that our conditions are necessary, and characterize when the span
of (|64, |) is complemented in FBL®[E]. Section is devoted to analysing (|d,,|) for se-
quences (z;) C Ly. Finally, in Section 6.6/ we investigate (z4)’s for which (|d,, |) is equivalent
to the ¢y basis.

Using linear operators to compute non-linear expressions

Throughout this subsection, we fix p € [1,00]. For T = (x1,...,2,) € E™, we define the
operator
Tz E* = 0y s a™ — (2% () )iey -
Note Tz = S% for Sz the operator given by
Sz ily = Eep > xy,
where ¢ is conjugate to p (zla + % = 1) and (eg)p_; is the canonical basis of £} .

Proposition 6.6.1. In the above notation,
“ 1/p
030§
Proof. Put T'=T; and f = (Zk 1102, [ ) By the definition of 7,, we have
(1) = sup < Tz} ) cxy,..,x, € B sup ( (] p>;§1
(i) (S
1 1
—sup{<ZHTfop>p caxy, ..., € EY) sup (Z}x ),, §1},
i=1

r€BE

— 7 (T%). 6.6.1
FRL®[E] mp(Tx) ( )

3=

by an argument similar to (6.1.2). For each i, we have

irail = (Slaital)’ = st

hence

(1) = sup{ (o 1rar) s (Sliw))” < 1} = o

rEBE i=1
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We now mention some corollaries. Suppose () is a 1-unconditional basis of F and a =
(ay,...,a,) € R". We use the notation T|a] = (a121,...,a,x,) € E™. The corresponding
operator Tyq) 1 E* — £ : 2% = (apx™(w))i-, is diagonal with respect to the 1-unconditional
bases given by the biorthogonal functionals in £ and ¢} respectively. The next result shows
equivalence between the problem of computing the moduli of an unconditional basis in

FBL[E], and the problem of computing a certain 1-summing norm:

Corollary 6.6.2. Assume that (zy) is a 1-unconditional basis of E, and let the notation be

as above. For a = (aq,...,a,) € R",

n
[ e
k=1

Proof. First apply Proposition with x; replaced by apxy to obtain

FBL[E]

FBL[E] < m(Tow) < 2“;%‘5%‘

— 71 (Totor).-
I bl = ()
k=1
Now invoke Proposition to get that (|d,,|) is 2-unconditional. O

In particular, for the canonical basis of /., setting % + % = 1 we have

3

Summing norms of diagonal operators between /,-spaces have been investigated in [125]

(@), with @ = diag((ax)ren) : bv — l1. (6.6.2)

~ 7]'1
FBL[(,]

(specifically, Theorems 4 and 9 — although the latter contains some typos). Combining these
results with gives an alternative proof of some of the results from [30]. Generally,
Corollary is a useful tool for computing the moduli of unconditional bases in FBL[E],
as there is a large theory concerning 1-summing norms. However, due to the p-sum inside
the norm of , the case when p € (1, 00) is more difficult, and, in particular, we don’t
know the behaviour in FBL®[(,] of the moduli of the basis vectors from ¢, when both
p,r € (2,00). The case when the basis is conditional is also more difficult, as Corollary

only allows us to control positive scalars, but the moduli of a conditional basis need not be

unconditional (see Proposition [6.5.18]).
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When are (z;) and (|d,,|) equivalent?
Our next result can be considered as a converse of Proposition [6.5.13 when p € [1, 00).

Proposition 6.6.3. Fiz p € [1,00) and let (x)) be a normalized basis of E such that (|.,])
in FBLW[E) is equivalent to (x1). Then (x3) must be equivalent to the unit vector basis of

.

Proof. By Proposition [6.5.10, Proposition |6.5.12| and the hypothesis, we have that

1
) s PR
< ; ak) ~ H ; a’k‘|5l’k| FBL<p) [E] ~ ; a’k‘xk‘ E‘

Therefore, we have a bounded map T : E — {5 with T(xy) = eg, where (ex) is the unit
vector basis of £5. Let T : FBL®[E] — FBL®[/,] be the lattice homomorphism extending
T. By Proposition [6.5.14] it follows that

< ~
S lael £ | el 0, < ITH| DD anls
k k k
< < .
<[ o, = i

FBL®[E]

The case p = oo is completely different.

Proposition 6.6.4. Let (z) be an unconditional basic sequence in a Banach space E. Then
(d2) ~ (|62,1) in FBLOV[E].

Proof. By Propositions [6.3.10{and [6.5.3, we may assume that (z,) is a basis and that (|d,,|)

is unconditional. For any a4, ..., a,, we have

n n L3
PRSI SERN ) AT
k=1 k=1 k=1

Fix z* € Bg- and put ¢ = sign x*(xy); we then have

n n n n
‘Z@k |00 || (%) = ’Z 5kakx*($k)) < HZ%%%H ~ HZ akl"kH-
k=1 k=1 k=1 k=1

n
~ X o]
k=1

Taking sup over x* € Bpg«, we get szzl ag [0z, ]| < HZZ=1 akka. O
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Example [6.5.16] shows that the hypothesis of unconditionality in Proposition [6.6.4] cannot
be removed. If “basis” is replaced by “basic sequence” in Proposition |6.6.3, the situation,
again, is dramatically different:

Proposition 6.6.5. Suppose Q) is a compact Hausdorff space and (xy) is a sequence in C(QQ)
equivalent to the o basis. Then for all p € [1,00] the sequence (|6,,|) in FBL®Y [C(Q)] is

equivalent to the (5 basis.
Proof. We assume that (xy) is normalized and C-equivalent to the ¢; basis.

Fix ay,...,a, € R. Using Proposition and the fact that the FBL®)-norm is the
weakest of the FBL®-norms, we get

/
I Zak|5ﬂ%|HFBL<P>[C(Q)1 > || Zakka’”FBL(m)[C(Q)] 2 (Z ‘ak|2)1 B
! K k

To establish the converse, it suffices to work with the FBL-norm as it is the strongest of
the FBL®-norms. Note that

1> anldn || <3 lal |6z, .
k k

hence it suffices to prove that there exists a universal constant K such that

137 asleul ey < K (32 ad)™”
k

k

whenever aq,...,a, > 0.

By Proposition || >k ak|5ka| = m(T), where T : C(Q)* — (7 takes the measure
i to (app(zg))p_y. Write T' = (jT0)*, where

To : 0%, — E =span|xy, ..., o, : ex — apTg,

and j is the embedding of E into C(Q2). Then m(T") < ||Ty||m1(j*). As (zx) is C-equivalent
to the ¢5 basis, we obtain ||Ty|| < C(Y, a}) 12 Further, the domain of j* is an AL-space,
hence, by Grothendieck’s Theorem, 7 (j*) < Kgd(F, (3) < KgC? (here d(-,-) stands for the
Banach-Mazur distance). We conclude that m(T') < KeC3*( >, az)l/ ? which is what we
need. [
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Corollary 6.6.6. Suppose Q is a compact Hausdorff space and (y) is a sequence in C(2),
dominated by the 5 basis, and admitting a bounded sequence of biorthogonal functionals.
Then for all p € [1,00) the sequence (|dy,|) in FBLP[C(Q)] is equivalent to the Ly basis.

The above conditions are verified, for instance, if (yy) is a semi-normalized basic sequence,

dominated by the /5 basis.

Proof. By Proposition , (|5yk ‘) dominates the /5 basis. To establish the converse, find a
basic sequence (xy) in C(€'), equivalent to the ¢, basis. It is well-known (see, e.g., [333, Sec-
tion 4]) that C(Q2)** is injective, hence there exists T' € B(C(2), C(2)**) so that Tz = yg,
for every k. This T extends to a lattice homomorphism T : FBL® [C'(€)] — FBL®[C(Q)*].
By Proposition , ¢y dominates (|5yk ‘) C FBL®[C(€Q)**]. To complete the proof, invoke

Proposition [6.4.10] O

Remark 6.6.7. In Proposition W, one can replace C'(§2) with an arbitrary L. space (the
equivalence constant will then depend not only on C but also on \). Likewise, Corollary
works for L. ) spaces as well (combine [228, Theorem 4.1} with [333, Theorem 4.2]).

One can also describe sequences (xy) which are equivalent to (’53% ‘) via regular operators.

Proposition 6.6.8. Let (zx) be a 1-unconditional basic sequence in a Banach space E, and
view [zx] as a Banach lattice with the coordinate order induced by the basis. Let j : [xy] —

FBL® [E] be the canonical inclusion xy — 04, . Then the following are equivalent:

(1) (10z, 1) ~ (@)
(i1) j is regular;
(iii) j is pre-reqular.

Recall that an operator T between Banach lattices is called pre-reqular if T* is regular; we
set ||T|lpre—reg = |7+ (the regular norm). For more information on this class of operators,
the reader is referred to [89, Section 4]. This class also coincides with that of (1, 1)-regular

operators considered in [295].
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Proof. (i)=-(ii): Consider the linear extension of the map T (zy) = (0, )+ and T_(zg) =

(04, )—. These maps have well-defined extensions to [xj] because

n n n
‘ Ty (Z ak%) = Zak(5$k>+ < Z a0, |
k=1 FBL(®)[E] k=1 FBL(®)[E] k=1
n n
~ Z |ak|$k ~ Z ApLE||,
k=1 k=1

and a similar estimate holds for 7. Clearly these extensions are positive and j =T, —T_.
(ii)=-(iii) is trivial.

n

(iii)=-(i): By Proposition [6.5.13| (|d,,|) dominates (x;). On the other hand,
Z CLl€|5Ik|

<Y lakde | =D lilara)|-
k=1 k=1 k=1

By [89, Theorem 4.40] we conclude that

n n

n
E AT
k=1

Zak|51'k| < |lillpre—reg Z |kl wr)|| = illpre-reg :
k=1 k=1
Here, | - |[z,) denotes the modulus in span|z;, : k € N|, arising from the order determined
by the unconditional basis (zy). O

We now answer the question of when span||d,, | : k¥ € N] is complemented in FBL[E]:

Corollary 6.6.9. Let E be a Banach space with a normalized unconditional basis (xy). The

following statements are equivalent:
(1) span[|d,, | : k € N] is complemented in FBL[E];

(ii) There is an unconditional sequence of biorthogonal functionals (u}) to (|6,,|) € FBL[E]

such that span||d,,| : k € N] is normed by Span|uj, : k € NJ;

il
(7ii) (xx) is equivalent to the ¢y basis.
Here, for a Banach space E, and subspaces F' C F, G C E*, we say that I is normed

by G if there is K > 0 such that for every z € F, there is 2* € G with [|z*|| = 1 and
2" ()] = [|l=[|/ K
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Proof. By Proposition , (‘5@ |) is an unconditional basic sequence in FBL[E]. The im-
plication (1) = (2) is clear.

(2) = (3): If (u}) is an unconditional sequence of biorthogonal functionals to (|d,,|) €
FBLI[E] such that span[|d,,| : £ € N] is normed by span[u} : k£ € N|, then the argument
in the proof of [231, Theorem 1.d.6(ii)] would go through and we would have that for any

scalars (ag)}_q,

132 auldeal] ~ 13- laads, ) 2]l
k=1 k=1

On the other hand, applying [231, Theorem 1.d.6] (and its proof) to (d,,) yields

n

1O tandan )2 < 11D audss ||

k=1 k=1

Thus, for any scalars (ax)}_;,

122 el < 11X tanlldanlf ~ (13 axlén|
k=1 k=1 k=1
Ol P) S (1D andie |
k=1 k=1

Hence (z1,) and (]d,,|) are equivalent. By Proposition [6.6.3] (1) is equivalent to the unit

vector basis of /;.

(3) = (1): Suppose (eg) is the unit vector basis of ¢;; we will show that (|d,|) is
complemented in FBL[/;]. Denote by (e}) the canonical sequence in ¢, = ¢} biorthogonal
to (eg). Define the map 7' : FBL[{,] — ¢, by f — (f(e?)). From the definition of the

J
FBL[(;] norm, T is contractive. Also, T'(|d.,|) = ex. Since (|d,|) ~ (ex) we can define
S : ¢(¢1) — span[|de,| : k € N] : d¢, > |0, |- Then SopoT : FBL[(;] — span]|de,| : k € N]

is our desired projection. O]
For p € (1,00), the situation is considerably different.

Proposition 6.6.10. Let E be a Banach space with an unconditional basis (xy). Then
spai||0,, | - k € N] is not complemented in FBLW[E] for any p € (1, 00).

Proof. Without loss of generality, (zj) is normalized. Suppose, for the sake of contradiction,
that spain[|d,, | : k € N] is complemented in FBL®)[E]. As in the proof of Corollary we
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conclude that (xy) and (|0, |) should be equivalent to the ¢; basis. By [231, Theorem 1.d.7
and the remark after], this is a contradiction with the p-convexity of FBL®[E]. O

Note that Proposition [6.6.10] fails for p = oo, as the moduli of the ¢y basis will be

complemented in FBL(*[¢y]. Moreover, the converse holds as well:

Proposition 6.6.11. Let (z) be a semi-normalized unconditional basis of a Banach space
E. Then (|0,,|) is complemented in FBL[E] if and only if (z1) ~ co.

Proof. Since FBL(™) [E] is generated by E' as a lattice, it is separable. By Proposition m,
(10,]) ~ (zx). Hence, if (zx) ~ ¢o, then (|d,,|) ~ co, and Sobczyk’s theorem applies.

For the converse, we note that by [97, p. 74] the only complemented semi-normalized
unconditional basic sequences in L.-spaces are those equivalent to the unit vector basis of
co. Since AM-spaces are Lo, it follows that if (|0,,|) is complemented in FBL*[E] then
(162, ]) ~ co. Hence, if (z) is not ¢y, then by Proposition [6.6.4] (|6,,|) is not co, so (|0,,]) is
not complemented in FBL(™[E]. O

In the above three results (Corollary [6.6.9} Proposition [6.6.11]) we assumed that (z)) was
an unconditional basis; it is unclear how to characterize complementation of (|0,, |) when the

unconditionality assumption on (xy) is dropped.

Remark 6.6.12. Throughout this and the previous section we have dealt with the sequence
of moduli of a basis. As noted in [30] one could consider other lattice expressions; for
example, ((0,,)+) or ((dz,)-). Moreover, in [30] it is shown that ((d,,)+) and ((d,,)—) are
1-equivalent to each other. For their relation to (|d,,|), note that

Zak|6$k‘ Za’k(aﬂﬂk)Jr
k=1 k=1

This shows that (|0,,]) < ((6z,)+). The converse domination is easily seen to be true for

~J

> aul6)s + Do an(s)-| <2
k=1 k=1

unconditional bases.

Basic sequences in FBL[L]

Let us say that a sequence (xy) in a Banach space E is C-minimal if it admits biorthogonal
functionals of norm not exceeding C'; () is said to be uniformly minimal if it is C-minimal

for some C.
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Proposition 6.6.13. Suppose (zx) is a normalized C-minimal sequence in Ly. Then for all

n € N and ay,...,a, >0, we have

iak > H iakka‘
k=1 k=1

Proof. The left hand side follows from the triangle inequality. Proposition [6.6.1] states that

>
k=1

(here f(xy) represents the dual action of L., on Ly, and ey, ..., e, form the canonical basis
of £1). The domain of T"is L, hence m(T') = ¢1(T") (the integral norm, cf. [97, Corollary
5.8]). By the trace duality |97, Theorem 6.16],

1 n
> — .
FBL[L,]  C ;ak

=m(T), with T : Lo, — 0} : [ — Zakf(xk)ek
k

u(T) =sup {tr(T'S) : S € B({}, L), ||S| < 1}.

By C-minimality, there exist fi,..., f, € Lo so that f;j(xy) = 65 (the Kronecker’s delta),
and max; || f;|| < C. Then T'f; = aje; € £}. The operator S : {7 — Lo, : €; — C1f; is
contractive, and T'Se; = C~'a;e;. Thus, m(T) > tr(TS) = C~' 37 a;, as desired. O

We can now easily deduce the following:

Corollary 6.6.14. Suppose (xy) is a normalized uniformly minimal sequence (in particular,
a normalized basic sequence) in Ly. Then the sequence (|5mk|) is unconditional in FBL[L,]

if and only if it is equivalent to the {1 basis.

Corollary [6.6.14] may be useful for answering Question in the special case that
E = Ly and p = 1. Here is another particular case when the above corollary is applicable:

Corollary 6.6.15. If (zy) is a sequence of normalized independent random variables in L,
then (|0.,|) is equivalent to the {1 basis in FBL[Ly].

Sketch of a proof. For A C N, denote by ¥4 the o-algebra generated by the random vari-
ables {zy}rea. Let Q4 be the conditional expectation from L; onto Li(X4). Clearly Q4 is
contractive, and Q axp = x if k € A, Qa2 = 0 otherwise. Thus, ()4 generates a contractive
lattice homomorphism (denoted by Q4) on FBL[L,], with @}6xk| = |5xk‘ if ke A and 0

otherwise — that is, the sequence (‘(59% |) is 1-suppression unconditional. O
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Remark 6.6.16. In [30] it was shown that the sequence (|d,|) in FBL[/5] is equivalent
to the standard ¢; basis. In contrast to Example Corollary shows that the
sequence (|d,,|) (ry, are independent Rademachers) in FBL[L,[0, 1]] is equivalent to the stan-
dard ¢; basis. Proposition implies that the sequence (|d,,|) in FBL®[L,[0,1]] is
equivalent to the standard ¢; basis for all p € [1, 00}, but we don’t know how (|d,, |) behaves
in FBL®[L,[0,1]] for p € (1,00). For p = 0o we obtain a copy of f5, see Proposition m

Normalized Haar functions form another notable sequence in L;. These were investigated

in Section [6.5] above.

Creating copies of /5 in free Banach lattices

In earlier sections we proved several results in which we assumed knowledge about a basis
(21) of F and analysed the behaviour of the basic sequence (|d,, |) in FBL®[E]. In particular,
Corollaryshows that, if (x;) C E is equivalent to the ¢, basis, then (|d,,|) € FBL®Y) [E]
is equivalent to the /5 basis. It is also of interest to study the opposite question. Specifically,
suppose we have an (unconditional) basis (xy) of E and we know the behaviour of (|d,,|) in
FBL®[E]. Can we deduce from this the behaviour of (z;)? When (|d,,]) is equivalent to

the {5 basis, the answer is yes:

Theorem 6.6.17. Suppose E is a Banach space with an unconditional basis (xy), such that
the sequence (|6s,]) in FBL®[E] (for some 1 < p < 00) is equivalent to the ly basis. Then

(xy) is equivalent to the ¢y basis.

The rest of the subsection is devoted to proving this result. First we fix some notation

and conventions.

Since (|0, |) is equivalent to the ¢y basis, it is semi-normalized. Renorming if necessary,
we can and do assume that the basis (xy) is normalized and 1-unconditional in F, so that
FE is a Banach lattice when equipped with the order induced by the basis. In view of
Proposition and [30, Theorem 5|, what we are really assuming is existence of a C' > 0

so that, for any a; € R,
| s
k

We shall denote by (x}) the corresponding biorthogonal functionals in £*, and let £ be

<o &) (6.6.3)

k

the subspace of E* spanned by them.
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Denote by (e;) the canonical basis on a space ¢,. If Y and Z are spaces with semi-
normalized unconditional bases (y;) and (z;) respectively, and a = (ay,aq2,...) € {,, we
denote by A, : Y — Z the diagonal operator which takes y; to agz;. Further, |||, refers

to the £, norm of « like this.

Abusing the notation slightly, we often identify finitely supported elements of these spaces
with their sequence representation. For instance, we identify f = ), byxy € E' with
> cbeer € £, and use || f||z and ||f||, as a shorthand for || >, byzi||e and || Y, brekllp,

respectively.

For the rest of this section, we use the notation introduced above (E,(xy),C,...); the
proof of Theorem [6.6.17] begins with a lemma:

Lemma 6.6.18. For any o = (a) € coo, we have

(Za,z)l/% 180 : E = £]|.

k

Proof. By unconditionality, we can assume that ay > 0 for any k. We clearly have

(32ad)"” 2 |Aa: B b

(compare with A, : ¢g — ¢3), hence we only need to show that

(Y a2)? <A B =t
k
To establish this, consider the isomorphic embedding J : ¢, — L, induced by the Rademacher
functions (1), i.e., Jex = 1. Then JA, has a lattice homomorphic extension 7" = @ :
FBLW[E] — L,, with [|T|| < [|[JAu| < | 7|||Asll. Clearly T|8,,| = axre| = axl. Let now
u =Y akl0ny], then [lul ~ (3, a2)"?, while |Tul| = 3=, a2, which implies (32, a2)"* <
|T||. Then
180 B 6| > % > (Y )
k
O

Proof of Theorem |6.6.17. By Lemma[6.6.18| there exists a constant C' so that the inequality
A : by = E'|| > CTH( X, |ak]2)1/2 holds for any a = (ax) € cgo. Suppose, for the sake
of contradiction, that the formal identity ¢; — E’ : e — x} is not bounded below. Then
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there exists a finitely supported f = (fy) € E', so that ||f|1 =, fu =1, yet || fllg < C72
By Lemma W A sz (where \/f = (\/fi)) defines an operator from f, to E', with norm
at least C~1. Consequently, we can find a finitely supported norm one g = (gx) € (62) LS
that

= |(\/ feg) || p = C

However, using [231, Proposition 1.d.2] we conclude that

(gk) ‘

which yields the desired contradiction. Thus, (z}) is equivalent to the ¢; basis, which implies

[evanle i oG = o,

< (ol

that (zy) is equivalent to the ¢, basis. O

Remark 6.6.19. Proposition shows that Theorem |6.6.17| fails if (x,) is assumed to be
not a basis, but merely an unconditional basic sequence, in E. We do not know whether the
unconditionality assumption in Theorem [6.6.17] can be dropped.

A general question in this direction is:

Question 6.6.20. Given a basis (), does there exists a basis (yx) (possibly with some nice
additional properties) such that (z;) ~ (|d,,|) € FBL®[span[y]]? If so, classify/analyse
such (y).

6.7 Bibasic and absolute sequences in free Banach

lattices

Recall that a sequence of non-zero vectors (zy) in a Banach lattice is bibasic if there exists
a constant M > 1 such that for every m € N and scalars a4, ..., a,,, the following bibasis
inequality is satisfied:

n
E ApT

k=1

v

n=1

(6.7.1)

The least value of the constant M is called the bibasis constant of (zy). Clearly, every
bibasic sequence is basic. Indeed, to arrive at the bibasis inequality (6.7.1]), one begins with

the usual basis inequality

n

E ApT

m
n=1
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and brings the supremum inside the norm. In general, a basic sequence need not be bibasic;
however, this implication does hold in AM-spaces. For further details on bibasic sequences
and their equivalent characterizations we refer the reader to [144} 314]. The importance of
bibasic sequences stems from two places. The first is that there are several natural examples,
including martingale difference sequences in L,(P) (P a probability measure and p > 1), the
Walsh basis, unconditional blocks of the Haar in L;[0, 1], and the trigonometric basis. The
second important fact is [314, Theorem 2.1], which shows that several forms of convergence
are equivalent for bibasic sequences. To set notation, for a basic sequence (zy), we let

P, : [xx] — [xx] be the n-th canonical basis projection. Here, [z;] denotes the closed span of

(zg), and for x = Y 72 | agxy, we have P,x := > | ayry. By definition, P,z LN

Theorem 6.7.1 (Bibasis Theorem). Let X be a Banach lattice and (zx) a basic sequence in

X. The following statements are equivalent:
(i) (z) is bibasic;
(ii) For all x € [x}], Pyx = x;
(iii) For all x € [xy], Pur = ;
() For all x € [xy], (P,x) is order bounded in X ;

(v) For all x € [xy], (/[ |Paz])oo_y is norm bounded.

Above, we use several modes of convergence. The norm convergence is denoted by M),
while % and % stand for the uniform and order convergence respectively. Specifically,
26 — 0 if there exists e > 0 with the property that for every e > 0 there exists N such that
|z1| < ee for any k > N. The condition z; — 0 is significantly weaker: There exists a net
(Ya), decreasing to 0, with the property that for every « there exists N such that |zx| < y,
for any k > N. The reader is referred to e.g. |[314] for more details.

A subspace of a Banach lattice without bibasic sequences

In this subsection we show that the unit vector basis of ¢, is not bibasic in FBL®[¢,] for
finite p, and we use this to answer a question from [314], by exhibiting a subspace of a

Banach lattice without a bibasic sequence. Let us begin with the following observation:

Lemma 6.7.2. Let (x},) be a basis of a Banach space E. If (3,,) is bibasic in FBL®[E], then

(xx) is also bibasic in any p-convexr Banach lattice where E linearly isomorphically embeds.
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Proof. Let X be a p-convex Banach lattice and (yx) a basic sequence in X equivalent to
(zx). Then there is a linear isomorphic embedding 7' : £ — X with Tz), = y;. Extend this
map to a lattice homomorphism 7' : FBL®[E] — X. Then

VIS | = Hf\/ 3 b \ <ITIV [ e \ <
n=1 | k=1 n=1 | k=1 =1|k=1
ITIM || > || < ITINTHIMP (XM Dyl
k=1 k=1
where M is the bibasis constant of (8, ) in FBL®[E]. O

Remark 6.7.3. For general p, it is therefore of interest to know which normalized bases

(21) of E are such that (4, ) is bibasic in FBL?)[E] - when p = oo this is true for every basis

(1)

Theorem 6.7.4. The canonical copy of the ¢y basis (3., ) in FBL®[cy] is not bibasic as long
as 1 < p < oo.

Proof. Suppose, for the sake of contradiction, that (d,,) is bibasic in FBL®[co] with bibasis
constant M. Fix m. Let H,, be the m x m Hilbert matrix defined by

1 1
m—1 m—2 1 0
1 1
m—2 -3 0 —1
Hp= |
1 1
1 0 — T
1 1
L 0 _1 Tm—2 _m—l_

Here the (7, j)-th entry is m++ﬂ when 7 + j # m + 1 and zero otherwise. We view H,,
as an operator from (7} to £;'. Clearly, H has the same upper-left quadrant as H,, but
zeros in the lower-right quadrant. In the proof of Proposition 1.2 in [216], it is shown that

|H5|| = Clnm ||Hy,||, where C' is an absolute constant.

Identifying (70 with spanles, ..., en] in co, we extend H,, to an operator from cy to £
by setting H,,e;, = 0 whenever k > m. Let ?I;: FBL® [co] — E;” be the extension of H,, to
a lattice homomorphism with || H,,| = ||Hwm||. Applying the bibasis inequality to d.,’s with
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ap =+ = = 1 and using the fact that H,,e, = ﬁ;éek for all k£, we get
V|3 e \ VSTt | = [ (V[ )| <[] | VI3e
n=1 n=1|k=1 n=1 k=1 n=1

< M |[Hp|| = M || Hp|l M || Hypl| -

k=1

-

Fix 7 < m. Then, clearly,

i Hmek 2

m—j
E Hmek .
k=1 k=1

The j-th entry of the vector on the right hand side is 1 + l +- 4+ mLﬂ This number is also
the j-th entry of Ht 1. It follows that \/["_, [> 7, Hmexl > H*1, so that

\/‘ZH ek

n=1 k=1

v

n=1

2 [ Hpt| = [ Hll = Clum | Hall,

which is a contradiction because m is arbitrary. O]

It was asked in [314, Remark 4.4] whether every subspace of a Banach lattice contains a

bibasic sequence. We next provide a negative answer to this question:

Theorem 6.7.5. The subspace ¢(co) in FBL® [cy] does not contain any bibasic sequence as

long as 1 < p < .

In particular, for every finite p there exists a p-convex Banach lattice containing a sub-
space without any bibasic sequence. This result is sharp, since, as noted above, any basic

sequence in an AM-space is bibasic.

Proof. Suppose the contrary, that there is a sequence (y;) in ¢ such that (d,,) is bibasic
in FBL®[¢y]. Let (z1) be a block sequence of (y;) which is equivalent to the ¢, basis, and
complemented in ¢, (cf. [230, Propositions 1.a.12 and 2.a.2]). As a blocking of (d,,), (0,,) is
bibasic in FBL®[co] by [314, Corollary 4.1].

Let P be a projection from ¢y onto E = span|zy : k € N]|. By the results of Section [6.3]

for every finite sequence (ay), and every m € N, we have

H n\/l ‘ ;akéx’“ FBL(®[¢o] = H \/ ’Zak " |lFBL®) [E]
1Pl V | ws

n=1 k=1

FBL® [co]
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Define now an isomorphism T : F — ¢ : z; — ex. Then T is a lattice isomorphism, and,

)

for (a) and m as above,

m n
|V X @
n=1 k=1

FBL® ¢y - HT(H\:/1 ‘ ; aks(szk

FBL(®) [¢o]
i [ S o
< I V[ ot g
< |PI|IT H ) 5 -
_H ||H H n\z/l ;ak k FBL(®) [¢o]

Now, using that (d,,) is bibasic in FBL®[cy] and equivalent to the ¢, basis, it follows easily
from the above that (d, ) is as well. This contradicts Theorem [6.7.4} O

€k

Remark 6.7.6. The above argument shows that the subspace ¢(f,) of FBL®[¢,] does not
contain a bibasic sequence, as long as the canonical copy of the ¢, basis is not bibasic in
FBL®[¢,]. For what values of p and ¢ is the latter condition satisfied? By Theorem we
know the answer for ¢y. Furthermore, the canonical copy of the ¢y basis (J,,) is not bibasic
in FBL®[¢,], for 1 < p < 2: use [314, Example 6.2] to get an orthonormal basis of L,[0, 1]
which is not a bibasis, then apply Lemma On the other hand, it was shown in [314]
that every copy of the ¢; basis is bibasic in every Banach lattice; in particular, the canonical
copy of the ¢; basis is bibasic in FBL®[¢;]. This leads to the following conjecture: Let (zy)
be a normalized (unconditional) basis of a Banach space F, and fix 1 < p < oo; if (d,,) is

bibasic in FBL®[E] then (z}) is equivalent to the unit vector basis of ¢;.

Being a basis is critical for Lemmal[6.7.2]- Proposition [6.6.5] shows that, for any basic se-
quence (x) in C(€2), equivalent to the £, basis, the sequence (d,, ) is absolute in FBL® [C/(Q)]

(see Section below for a discussion on absoluteness), hence in particular is bibasic.

Note that, as in Proposition [6.5.12] ¢ gives a lower bound on the growth of the left
hand side of the bibasis inequality. In other words, the inequality in the statement of
Proposition [6.5.12| admits a natural “bibasis” analogue, where one places sups inside the

norms.

A connection with majorizing maps

Let E be a normed space and X an Archimedean vector lattice. A linear map T : £ — X

is called majorizing (see [298, Chapter IV]) if for every norm null sequence (zy) in E,
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the sequence (T'zy) is order bounded. There are several equivalent characterizations of
majorizing operators, which we record in the following proposition. The equivalence 4:>
is well known, see, for example, [298, Proposition IV.3.4], but we include the simple proof
for the sake of analogy with Theorem Our proof also does not require linearity, only
positive homogeneity (and, in particular, it works for sublinear mappings, which seem to be

underrepresented in the vector lattice literature, but are important in applications):

Proposition 6.7.7. Let T : E — X be a positively homogeneous map, where E is a normed

space and X is an Archimedean vector lattice. The following are equivalent:
(i) T is majorizing;

(i1) N implies Ty, — 0 for all sequences (vy) in E;

(111) xy, LN implies Txy, 2 0 for all sequences (xy) in E.

Moreover, if X is a Banach lattice then these statements are further equivalent to:

(1v) xp LNy implies (\/_, |Txx|) is norm bounded for all sequences (xy) in E;

(v) T is oco-convex in the sense of [231), Definition 1.d.3], i.e., there exists M > 1 such

that for each x1,...,x, in F,

\/ 1Tz
k=1

n
< M \/ ||z
k=1

Proof. Clearly, (ii)=-(iil)=-(); we show ([{)=-(). Suppose (z) is a sequence in E and x LR
0. Then there exists a sequence 0 < A\; T oo in R such that A\ g M) 0. Hence, T'(A\gzy) is
order bounded in X, so there exists 0 < z € X with |T'(Agzg)| < x for all k. It follows that
|Txy| < ix, so that Tz, — 0 in X.

:> is obvious.

([iv)=(il) Assume zy, LN implies (\/_, |Txx|) is norm bounded for all sequences ()
in E. Then, since X** is monotonically complete, (T'zy) is order bounded in X**. Now,
viewing T" as a map from E to X** T satisfies (i), and hence . Hence, Tz, = 0 in X**

and hence in X since X is a closed sublattice of X** (use [314], Proposition 2.12]).

ﬁ: Suppose M> 0. Then (xj) is norm bounded so there exists K such that
Ve, llzk]| < K for each n. Then || \/j_, |Tz||| < KM, and we get (iv]).
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é: Suppose fails. Then by positive homogeneity of the inequality, for every m

there exists 27", ...,z with \/}™, ||27]] < 5= and || V7, [T2}"||| > m. Then the sequence
&y, ..., xh a3, ... is || - [|-null but after applying T, fails. O

The infimum over all such numbers M as above is called the majorizing norm of T7; it is
denoted by ||T| -

Proposition 6.7.8. If, in the notation of Proposition|6.7.7, E is finite dimensional, and T

is linear, then V. <1|Tz| exists, and || T||m = || Vizi<1 |T2]|-

Proof. First we show that T'(Bg) is order bounded. To this end, let (e;)?_; be an Auerbach
basis of E. Let z = Y " ,|Te;]. Any z € Bg admits a decomposition z = >, a;e;, with
\/l|a1| S 1. Then

Tz| = |Zaﬂ’ei| < Z la;||Te;| < x.

Find a nested sequence of finite subsets S; C Sy C ... C Bpg, so that, for every m,
Sy is @ 27™-net in Bg. Let x,, = V.eg,,|Tz|. Then clearly z; < o < .... On the other
hand, for any m, any z € Bg can be written as z = u + v, with v € S,, and ||v|| < 27™.
Then |Tz| < |Tu|+ |Tv| < 2y, + 272, In particular, z,,+1 < z,, + 27", and therefore,
|Tmi1 — || < 27™||z||. Thus, the sequence (z,,) is increasing to its limit (in the norm
topology), call it . As we have seen, the inequality |Tz| < x,, + 272 < zp + 27"z
holds for any m, hence zo, = V. <1|T2|. Clearly, ||T|l» < [|[Z||. On the other hand,
[T |lm = sup,, [Zml|l = ||zcol|- u

Remark 6.7.9. In general, Proposition fails for non-linear maps, as the following map
T : 03 — {5 shows. For n € N let T'(cos ==, sin ) = e,/y/n, where (e;) is the canonical

basis for fy; let T'(1,0) = 0. Extend T to be continuous and homogeneous on 3. Then
{|Tz| : 2 € Bp} 2 {n""?e, : n. € N}, and the latter set is not order bounded.

On the other hand, one can show that the formula ||T|,, = ||V|zj<1|7'2||| holds for various
non-linear maps 7', if T': E — X takes a finite dimensional E into an AM-space X . For this,
it suffices to show that, if S C X is relatively compact, then z,, = V,eg|z| exists in X, and
moreover, for any € > 0 there exists a finite set F' C 5 so that || Vyer 2] —2oo|| < €. Imitating
the proof of Proposition [6.7.8] find a nested sequence of finite subsets S; C Sy C ... C S,

so that, for every m, S, is a 27™-net in S. Let x,, = Vies

|z|. Then clearly z1 <z < ...

Consider a lattice isometric embedding J : X — C(K), for some Hausdorff compact K.

For each m, Jx,41 < Jx, + 27™1k, hence the sequence (Jx,,) converges in norm. As J is
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isometric, the sequence (z,,) converges to some x,, € X, hence no upper bound on S can

be strictly less than x,,. On the other hand, for any = € S and m € N, we have
|JZE| S J[L’m + 2—m1K S JQTOO + 2—m1K’
and so |z] < x4, due to m being arbitrary.

We now specialize to operators of the form S = S; : EZ — X : e, — xp, where X is a

Banach lattice, and (e;);_, is the canonical basis of £j. Then

5ol = |V 3] = ()

Dok lbrldi<l K

. (6.7.2)

In particular, given an operator S = Sz: £y — E : e — x, where E is a Banach space, we

can compose it with ¢ to get an operator of the above form. Applying (6.7.2)) to ¢ppSz, we

[(18aP) || = 6sSl..
k

This gives a connection with (6.6.1)).

get

Proposition presents several equivalent characterizations of operators that map
norm convergent sequences to uniformly convergent sequences. In [314) Propositions 5.3
and 5.4] the authors study operators that map uniformly convergent sequences to uniformly

convergent sequences. We now present an analogue of the equivalence of statements (2) and
(5) in Proposition for such operators:

Proposition 6.7.10. Let T : E C X — Y be a positively homogeneous map where X and

Y are Banach lattices and E is a subspace of X. The following are equivalent:

(i) T is sequentially uniformly continuous; i.e., r;, — 0 implies Txy, — 0 for all sequences

(11) T is (0o, 00)-reqular in the sense of [295]; i.e., there exists M such that for any n and

any xi,...,Ty i E,

<M

n n
\/ 1Tz \VAEN
k=1 k=1
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Proof. (2)=(1): Suppose x; — 0. Then () is order bounded so there exists K such that
| Ve, |zx]|] < K for each n. By (2), || Vi—; |Txx||| < KM, and we can apply [314, Proposi-
tion 5.4]. Formally, [314], Proposition 5.4] is stated for linear maps, but the proof works for

positively homogeneous maps.

(1)=(2): Suppose (2) fails. Then by positive homogeneity of the inequality, for every m

there exists 7", ..., 2™ with || \/}7, [27|]] < 5= and || /37, [T2}]|| > m. Then the sequence
xy, ..., 2y, 23,... is u-null but after applying 7' 314} Proposition 5.4] fails. ]

Remark 6.7.11. Sequentially uniformly continuous operators also appear in the theory of
multinormed spaces, and it is known that a bounded operator between Banach lattices is
oo-multi-bounded if and only if it is 1-multi-bounded if and only if it is pre-regular; see
Sections 4.2 and 4.5 in [89]. If X and Y are Banach lattices and E a subspace of X then one
can also show that a linear map 7': £ C X — Y is sequentially uniformly continuous if and
only if it is order bounded (in the sense of [314]) when viewed as a map T': E C X — Y™**.
Here, an operator T': A C B — C defined on a subspace A of a vector lattice B and taking
values in a vector lattice C' is order bounded if for any b € B, , the image of [—b, ] N A under
T is order bounded in C.

Indeed, if T : E C X — Y** is order bounded, then it is sequentially uniformly continuous
as a map into Y** (see [315, Proposition 24.1]), and hence into Y since uniform convergence of
sequences passes between closed sublattices ([314, Proposition 2.12]). Conversely, let B C E
be order bounded. Then there exists z € X with |b| < z for each b € B. Now note that for
bi,...,b, in B we have [||b1] V-V |b,||| < ||z|| so that by Proposition [6.7.10)

\ ITb]

k=1
Now let F = Py(B) be the family of finite subsets of B, directed by inclusion. For F' € F
set yp = V{|Ty| : y € F}. Then (yr) is an increasing and norm bounded net in Y, hence

< M||z]|.

has supremum in Y**. Hence, T'(B) is order bounded in Y** and we are done. Note the only
property of Y** we need is monotonically bounded, so we can replace Y** by any monoton-

ically bounded Banach lattice containing Y as a closed sublattice.

As a corollary, since order bounded embeddings map absolute sequences to absolute
sequences (this follows directly from [314], Proposition 7.5]; see Section below for more
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information on absolute sequences), so do sequentially uniformly continuous embeddings.

Given the fact that from every u-null net one can extract a u-null sequence, one may
wonder if sequences can be replaced with nets in Proposition [6.7.7] This is not true. In-
deed, in [137] the authors study strongly majorizing and Carleman operators. A linear map
T : E — F from a normed space E to an Archimedean vector lattice F'is strongly majorizing
if T"maps the unit ball of F into an order interval in F' - one can easily show that these are ex-
actly the operators which satisfy conditions (2) and (3) in Proposition when sequences
are replaced by nets. Note, for instance, that the identity map on ¢ is majorizing, but not
strongly so. The reason that there are sequentially uniformly continuous but not uniformly
continuous operators (even though uniform convergence is a sequential convergence) stems

from the fact that uniform convergence is not topological.

For Carleman operators (operators mapping the unit ball into an order interval in the
universal completion of the range), another nice characterization is available: T is Carleman
if and only if 7" maps norm null nets to uo-null nets. We refer the reader to [122} 198, [317]
for information on wo-convergence and its applications. In summary, many of the operators
defined via “boundedness” in the literature are in fact merely continuous operators, if one
finds the right notions of convergence. Moreover, many of the fundamental results hold if

the operator is merely defined on a subspace of the lattice.

Absolute bases

Recall that the bibasis inequality (6.7.1]) arises by commuting the supremum with the norm

in the usual basis inequality. If one instead begins with the inequality

m m
\/ E ERARTy E ATy
k=1 k=1

Ek::tl
characterizing unconditional sequences, brings the sup inside the norm, and notes that

<M

Y

Ve—i1 D okey evarzr] = Y 0L, lapwk|, one arrives at the notion of an absolute sequence from
[314]. More formally, we say that a basic sequence (z) in a Banach lattice X is absolute if

there exists a constant A > 1 such that

m m
|2 ] < A S|
k=1 k=1
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for all m € N and scalars ay, ..., a,. [314, Theorem 7.2] shows that (x)) is absolute if and
only if the convergence of Y 7~ | ayxy is equivalent to the convergence of "7, |ayxy|. Note
that H ok akka < H >k \akxk\” Consequently, for any absolute basic sequence we have
| 3o, avr|| ~ || ) lanzi]||. As is easy to see, absolute sequences must be both uncondi-

tional and bibasic.

By [314, Proposition 7.8], any sequence (xj) in a Banach lattice, equivalent to the ¢,
basis (on the Banach space level), is absolute. On the other hand, from the above discussion
it is clear that in AM-spaces a sequence is absolute if and only if it is unconditional. In

this short subsection, we examine conditions on the sequence (z;) C E so that its canonical
image (,,) is absolute in FBLY)[E].

Proposition 6.7.12. If (x) is a normalized basis of E, and (0,) is an absolute basic

sequence in FBLW[E] for p < oo, then (x},) is equivalent to the ¢ basis.

Proof. As noted above, the sequence (d,,) (equivalently, (z)) is unconditional. Proposi-
tion [6.5.13[ shows that, for any finite sequence of scalars (ay),

[ = [ < [ Sl < St~ | s
k k k k k

Now apply Proposition [6.6.3] O

Remark 6.7.13. Above we showed that, for a semi-normalized basis (xy) of E, the following
two statements are equivalent: (i) (xy) is equivalent to the ¢, basis; (ii) for any sequence
of scalars (ay), >, arxy converges if and only if ), |ayJxy| converges for any embedding
J : E — Z, where Z is a Banach lattice. This provides a converse to [314, Proposition
7.8], which states that any sequence in a Banach lattice which is equivalent to the ¢; basis is
absolute - we now know that ¢; is the only normalized basis with this property. One can also
notice the similarity with the well-known fact that, for a normalized basic sequence (xy), the
norm convergence of », ayzy is equivalent to the convergence of >, |Jajzk| if and only if

(xy) is equivalent to the ¢; basis.

For positive sequences, being absolute is the same as being unconditional. Hence, for
every unconditional basis (z3) of E, (|d,,|) is absolute in FBL®[FE]. However, Proposi-
tion shows that (|0, |) need not be absolute if (z;) is a conditional basis. Is it at
least true that (|d,,|) is bibasic? If p = oo then this is clear, as FBL(*)[E] is an AM-space.
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However, when p € [1,00) the situation is not as transparent. For example, we do not know
whether (|d,, |) is bibasic in FBL®[cq] (here (s;) is the summing basis of ¢, and p € [1, 00)).
Example [6.5.16/shows that the dual to the summing basis is not bibasic in FBL®[¢,] for any

finite p, though its modulus is absolute.

Remark 6.7.14. The proof of Lemma can be easily adapted to show that if (zy) is
a normalized basis of E such that (d,,) C FBL®[E] is absolute, then every isomorphic
embedding T from E to any p-convex Banach lattice X maps (z;) to an absolute sequence.
In fact, if (J,,) € FBL®[E] is absolute and p < oo, then (z) is equivalent to the unit vector
basis of ¢; by Proposition [6.7.12] hence so is (T'z), which implies that (T'zy) is absolute. On
the other hand, for p = oo, we note that every unconditional basic sequence in an AM-space

is automatically absolute.

6.8 Sublattices of free Banach lattices

In this section we investigate the sublattice structure of FBL®[E]. Let us begin with some
necessary conditions for a Banach lattice to be a sublattice of FBL®[E] (compare with [31],
where conditions under which £ embeds into FBL[E] as a lattice-complemented sublattice
are explored). First, recall that a Banach lattice X satisfies the o-bounded chain condition
(0-bee) if there is a countable decomposition X \ {0} = |, >, Fn such that for every n,
every subset G C F,, of size n contains a pair of non-disjoint elements. This is stronger than
the countable chain condition, meaning that every uncountable family in X, contains a pair

of non-disjoint elements (see [25]).

Proposition 6.8.1. If 1 < p < oo, and F is a closed sublattice of FBLW[E] for some
Banach space E, then:

(i) F is p-convex;
(ii) F satisfies the o-bee;
(11i) The real-valued lattice homomorphisms separate the points of F.

Proof. (1) is clear. (2) follows from the fact that Cp,(Bg-), the lattice of positively homo-
geneous weak*-continuous functions on Bpg-, satisfies the o-bee [25, Theorem 1.3], and this
is transferred to (not necessarily closed) sublattices. By construction, recall that FBL®[E]

can be seen as a (in general, non-closed) sublattice of Cpp,(Bg+).
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(3) is analogous to |26, Corollary 2.7]: For every z* € E*, the evaluation functional
z* : FBL® [E] — R given by z*(f) = f(z*) is a lattice homomorphism and clearly f = g in
FBLW[E] if and only if z*(f) = 2*(g) for every z* € E*. It follows that for every sublattice
F of FBLWE], the real-valued lattice homomorphisms (obtained by restricting z* to F)
separate the points of F. O

Remark 6.8.2. As a direct consequence of Proposition we see that L,(x) can possibly
embed as a sublattice of FBL®[E] only when p is purely atomic (with countably many
atoms).

We will actually see next that ¢, always embeds as a sublattice of FBL® [0, if ¢ > p.

Specifically, we show:

Theorem 6.8.3. Suppose E is a Banach lattice, p-convex with constant 1, with the order
induced by a 1-unconditional basis. Then FBL® [E] contains an isometric copy of E as
a sublattice. Moreover, there exists a contractive lattice homomorphic projection onto this
sublattice.

This provides an alternative approach to [31, Theorem 4.1], valid for arbitrary p € [1, co.

Throughout, we work with a fixed E from Theorem [6.8.3] For this proof, we change our
notational conventions slightly and denote the normalized 1-unconditional basis for E by
(e;). The corresponding (normalized) biorthogonal functionals shall be denoted by (e);en.
For N € N with N < dim E, denote by Py the canonical (contractive) projection from
E onto spanfe; : 1 < ¢ < N]. Then Py projects E* onto spanlef : 1 < ¢ < NJ, with
Pyer =ef if i < N, Pyef = 0if i > N. We thus observe that spanfe; : 1 < i < NJ| and
spanfe; : 1 <4 < NJ are in duality with each other.

We need to establish a technical lemma:

Lemma 6.8.4. Denote by P the set of all finite sequences (B;) so that ). !@m}p <1

whenever || Y-, vies|| < 1. Then for every choice of scalars (c;) we have
Sup {(Z }Oéiﬂi{p)l/p L (Bi) € P} = || Zoéiez“-

Proof. Denote by E(, the p-concavification of £, as described in e.g. [231, Section 1.d]. If

t;) is a finite sequence, then we can view » . t;e; as an element of E,y, with the norm
q 7 (»)

H ZtieiHE(p> = H Ztg/peiH};, where /7 = signt - [t|'/?.
i i



CHAPTER 6. FREE BANACH LATTICES 284

Such finitely supported sequences are dense in E(y).

Due to the unconditionality of the basis (e;), we can assume «; > 0, and there exists
N € N so that a; = 0 whenever ¢ > N. Projecting onto spanfe; : 1 < i < NJ] and
spanfe; : 1 < i < NJ|, we can assume that 5; = 0 = «; for i« > N. By unconditionality, we
also assume f3;,v; > 0. Now let t; = of, s; = 7, z; = ~7. Then (5;) € P if and only if

19

I3l = | Y il <1
i i

> sizi < 1 whenever

By duality, H > sier

. < 1if and only if (5;) € P, and therefore,

(Ep))
sup { (D Jati)"”: (3 € Py =sup { (S ts) " | S sietll - < 1)
=l Zi:tiei\\i;/f; =12 el
which is what we want. [

Proof of Theorem[6.8.3 We present a proof in the case of infinite dimensional E. Only mi-

nor adjustments are needed to handle the finite dimensional setting.

We find a sequence of disjoint functions f; € FBL® [E]4, so that, for any finite sequence

of positive numbers («;);,
H Z O‘ifiHFBL(P)[E] - H Z O‘ieiHE' (6.8.1)
Once this is established, we conclude that F is lattice isometric to F' = span|[f; : i € NJ.

For k € N, define f, € H[E],:

o= ([ - 24 (0[] + 027,

i<k i>k

).

As 37,2776, | converges in norm, fi actually belongs to FBL®[E]; in fact,

).

N

fio =i ([0 | = 22D o] + 3 27]ae,

i<k 1=k+1
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Moreover, the functions f; are disjoint. Indeed, suppose ¢ < j, and e¢* € E* is such that
both f;(e*), fj(e*) > 0. We will derive a contradiction. To this end, observe that

file") < e (ei)].

*(ei)‘ -

e*(ej)‘ and f;(e*) < |e*(e )

Since both fi(e*) and f;(e*) are strictly positive, we have

e*(e;)] > e*(e)] >

e’ (e’t) |7

which is impossible.

To establish (6.8.1)), let f = 25:1 apfr (recall that ap > 0). By scaling, assume

1>, apex||, = 1. Recall that | fllppre)g is the supremum of (>, |f(xj)|p)1/p, given
SUP,ep, 2 i |77 ()P < 1 (with finite sums).

We first obtain a lower estimate on || f||. By Lemma we can find (3;)Y, C [0, 00)
so that (Zi(aiﬂi)p)l/p = || >, cueil| = 1, and Y~ |Bivi|P < 1 whenever || >, vies]| < 1. Let
vy = Bie; (1 <i < N). Then clearly sup,cp, >, [z;(z)[P <1, and

11> ( Zu )= (S (up)r)” =

7

Next we need to establish an upper bound for || f ||FBL(p)[E]. Specifically, we suppose

SUp,ep, > ; |7 (2)|P < 1, and show that (>, |f(z *)\p)l/p < 1. As f(z*) = f(—a*) for
every z* € E*, we can and do assume that f(x}) > 0 for any j.

Define an auxiliary function g : E* — [0, 00) (not necessarily continuous) in the following
manner. For z* € E* let Z(2*) = {k : fr(z*) # 0}. As the functions f; are disjointly
supported, Z(z*) is either empty or a singleton. If Z(z*) = 0, let g(z*) = 0. If Z(2*) = {i},
et g(a*) = as|a(er)|.

Now define the disjoint sets S; = {j : fl( %) # 0} (that is, j € S; if and only if Z(z}) =
{i}). For j € S;, we have | f(z})] < s

‘ = g(7), hence it suffices to show that

Z lg(x3)["
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Find (positive) scalars (¢;) so that > [t;|? =1 and (Z?:l \g(xj)]p) =>_,tjg(zj). For
J €S, let g5 = |5 (es)| /2] (e;) if }(e;) # 0 and €5 = 0 otherwise, and set

v =rit 3 tiegas, where = (3 |t17) ",
JES; JESi

Note first that, for x € Bg, >, |yf(z)|? < 1. Indeed, find scalars (s;) so that ), [s;|9 = 1,
and (>, |y;"(x)|p)1/p = >, sy (x). Write u; = s;/k; if j € S;. Then

S swi(e) =Y uytyesai(@) Zw £5]9) “Zr o))"
i J

We have

ZMI t]7 = Z|s,|% 3 jtyle = Z 5,9 = 1,

JES;

so Y. siyf(x) < 1.

Next we gw)|” = X, |9
definition of f;, Z(z*) = {i} if and only if

x*(ei)} > 2%(

) P To this end, note first that, by the

z*(er)| + 227}C " (ex)

k<i k>1

For any j € S;, we have

\w;(el)] > 22i(

i (er)| + ZQ"“ x%(ex)

k<i k>1

By the convexity of the absolute value, it follows that

lyF(e;)] Zt |x ei)| > 22Z( ?‘(ek)‘ +22’k‘yf(ek)‘)

JES k<i k>1

as well. Therefore, g(y;) = a;|yf(e;)| = k; lzjes g(x5). However, >~ ki = 1, hence

)

(S lat ) 3 math) = (oo
The reasoning above implies that it suffices to show that
7‘(62)| < 1 whenever sup Z |yZ = 1. (6.8.2)

> o
rEBER

% %
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By projecting, we can assume that yj,...,yy “live” in E} = spanfef : 1 < i < NJ; this

space can be interpreted as the dual of Ey = spanfe; : 1 < i < NJ. Consider the operator

where (0;) is the canonical basis for £2. The condition sup,cp, >, [y7(2)|” = 1 is equivalent

to T being contractive. Tong’s argument [230, Proposition 1.c.8] shows that the diagonal-

ization of T' — that is, the operator
N
T : Exy — f;v ST ny(ei)ef(l‘)%’
i=1

is contractive as well. Taking x = Zf\il «,e;, we conclude that

1Tl = (Yot

7

1/p
vie)l”) " < llall = 1,

which implies (6.8.2]).

It remains to show that there exists a contractive lattice homomorphic projection from
FBL®[E] onto span[f; : i € N]. To this end, recall that the identity map I : E — F has

a unique lattice homomorphic contractive extension I : FBL®) [E] — E. In particular, we

have
p
T(10e] = 22X Joe] + D 276, ))+
i<k i=k+1

p

= (|zex] =2 (X |1ei] + Y- 27|1el)) =en,

i<k i=k+1
hence by continuity, 1 fr = e for any k.
Note that the map U : E — FBLP[E] : e, — f, is a lattice isometry, and 1U is the

identity on E. Therefore, U 1 is a contractive projection onto span|f; : i € N], and a lattice

homomorphism. O

Remark 6.8.5. Note that if £ is a p-convex Banach lattice, then the identity on E extends
to a lattice homomorphism Sg : FBL® [E] — E, that is fg¢r = idg. This allows us to see
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F as a complemented subspace of FBL® [E]. There is a partial converse to this: Suppose E
is a Banach lattice which is isomorphic to a complemented subspace of FBL®[E] for some
1 < p <2, then E must be itself p-convex (see [231, Theorem 1.d.7] and the remark after
it).

For the next proposition, we need some notation. Let us denote by FBL®" E] the n-
fold iterate of FBL®)’s, i.e., FBLW![E] = FBL®W[E], FBL"?[E] = FBL®W[FBL®[E]], etc.

Following the same ideas in [31] we have:

Proposition 6.8.6. For every Banach space E and n > 1, there is a lattice isometric em-
bedding S : FBLP[E] — FBLY"[E] and a contractive lattice projection onto S(FBL®W[E]).

Proof. By convention, let us set FBL(p)O[E] = E and for k € N let ¢, : FBLW*1E] —
FBL®*[E] be the canonical embedding. Let

T=¢,0---0¢,: E— FBLP"[E]
Since FBL®"[E] is p-convex, there is a lattice homomorphism 7 : FBL® [E] — FBL®"[E]
extending 7T, that is, T o ¢, = T, with | T|| = | T = 1.
Now for k € N let f; := I, : FBLP*[E] — FBL®*[E] be the extension of the identity
map I, : FBL®*[E] — FBLW¥[E], i.e., By 0 dps1 = I and ||Bx|| = 1. Finally, define
B:=po-0f,y: FBLO"[E] - FBLW[E].

We claim that Bf = Ipgrw (E]- Indeed, given x € E we have

BT¢1(x) = fro--0Pu10¢y0---0d1(x) = ¢ ().

Since ﬁf is a lattice homomorphism and FBL®)[E] is lattice-generated by the elements of
the form ¢4 (x) with = € E| it follows that Bf = Ipprwp, as claimed. O

Remark 6.8.7. Proposition is related to the fact that the pair (E, FBL®[E]) has the
1-POE-p. Actually, (E,FBL®[E]) has the 1-POE-q for every q > p.

Finally, we remark that some other results from [31] are valid in the p-convex category.
For example, if a p-convex Banach lattice P is projective for p-convex lattices (in the sense
of [185]) then it embeds as a lattice-complemented sublattice of FBL®[P].
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6.9 Encoding properties of E as properties of the free
space

In this section we begin to build a dictionary between Banach space properties of E and
Banach lattice properties of FBL® [E]. There are several results already known in this

direction:

(i) E is isomorphic to a complemented subspace of a p-convex Banach lattice if and only
if ¢(F) is complemented in FBL®Y [E];

(ii) E is C-linearly projective for p-convex lattices if and only if FBL®[E] is C-projective

for p-convex lattices [220];

(iii) More generally, we have characterized some relations between an operator 7' : F' — FE

and the induced operator T : FBL®[F] — FBL®[E]. See Proposition [6.3.2]

In this section we significantly expand this list.

Finite dimensionality corresponds to strong units and separability
to quasi-interior points

Recall that when FE is finite dimensional, FBL®W[E] is lattice isomorphic to the space of
continuous functions C(Sg+), where Sg- is the unit sphere of E*. In particular, it is oo-
convex. The situation is completely different when F is infinite dimensional. Indeed, we now
show that when dim E = oo, FBL®[E] never has a strong unit. Moreover, in Section We

show that FBL[E] can never be more than 2-convex.

Proposition 6.9.1. For any 1 < p < oo, FBLW[E| has a strong unit if and only if E is

finite dimensional.

Proof. When FE is finite dimensional, all the FBL®)[E] are lattice isomorphic to each other,
and to a C'(K)-space, so in particular they have a strong unit. Conversely, suppose there
exists e € FBL®[E] such that |6,| < e for all 2 € Bg. Now, for each 2* € Sg. and € > 0,
we can find ¢ € Bp such that |z*(z)] > 1 —e. Hence, from |0, < e and the pointwise
ordering we get 1 — e < e(z*). Hence, e takes at least the value one on Sg-. However,
FBL® [E] is the closure of the sublattice generated by {d, : x € E}. By [12, p. 204, Exercise
8(b)], a typical element of the (non-closed) sublattice generated by {6, : € E} is of the
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form f = \j_,0s, — Vie 0y, Withn € N, zy,... 2, y1...,y, € E. Since E is infinite

dimensional, we can find * € Sg+ such that 2*(zy) = 2*(yx) =0 for k =1,...,n. Then

le = Fll = fe(z”) = f(z7)| = 1.
Hence, e is not in the closure of this sublattice, so is not in FBL®[E]. ]

Remark 6.9.2. By contrast, FBL(™ [E] may be linearly isomorphic to a Banach lattice with
strong unit: Proposition |6.10.32 shows that, if £ separable, then FBL®[E] is isomorphic
to C|0, 1]. Separability is essential here, per Remark |6.10.33]

Remark 6.9.3. The proof of Proposition [6.9.1| can be adapted to show that for infinite
dimensional E, FBL®[E] cannot be monotonically bounded (increasing norm bounded
nets are order bounded). Indeed, if FBL(*”[E] were monotonically bounded, we could order
the finite subsets of Bg by inclusion, and consider the net {xy,...,2,} = [0z,| V-V |0z,]-
By definition of the FBL®)-norm, this net is norm bounded, hence order bounded. Hence,
there exists e € FBL(®[E] such that |J,| < e for all z € Bg and we proceed as in the proof
of Proposition to reach a contradiction. Note, however, that it is possible for FBL[E]
to be monotonically bounded - even strong Nakano (cf. [26] Theorem 4.11]). On the other
hand, there are Banach spaces E for which FBL[E] does not even have the Fatou property
([26, Theorem 4.13]), which is a non-trivial weakening of the strong Nakano property. A
characterization of when FBL[E] has these, or related, properties in terms of properties of

FE is not currently known.

We now characterize when FBL® [E] has a quasi-interior point. Recall that an element e
of a Banach lattice X is a quasi-interior point if the closed ideal generated by e is the whole
of X. The center of X, denoted Z(X), is the space of all linear operators 7" on X for which
there is a real number A > 0 satisfying |Tz| < A|z| for all z € X. The center is trivial if the
only elements of Z(F) are the scalar multiples of the identity operator; the center is called
topologically full if for each z,y € X with 0 <z <y there is a sequence (7,,) in Z(X) with

T,y — x in norm.

Proposition 6.9.4. Let E be a non-zero Banach space and p € [1,00]. The following are

equivalent:
(i) E is separable;

(ii) FBLW[E] has a quasi-interior point;
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(i) Z(FBLW[E]) is topologically full;
(iv) Z(FBLW[E]) is non-trivial.

Proof. If E is separable then FBL® [E] is separable and, therefore, has a quasi-interior point.
Conversely, suppose FBL® [E] has a quasi-interior point, say e. Without loss of generality,
e > 0. If * € Bg« satisfies e(z*) = 0 then f(z*) = 0 for every f € I. and, therefore, for all
f € FBLW[E]. Thus, e only vanishes at 0. For every n, let U, = {z* € Bp- : e(z*) < 11
Then U, is a weak*-open subset of Bg« and (., U, = {0}. Now the relevant direction of
the proof of [87, Theorem 5.1, p. 134] shows that E is separable. This shows (1) < (2).

The rest of the proof is inspired by [269, Theorem 8.4]. From the proof of [269, Theorem
8.4], every Banach lattice with a quasi-interior point has a topologically full center. Since £
is non-zero, the center being topologically full implies it is non-trivial. For the implication
(4)=(1), suppose that the center is non-trivial. By [327, Theorem 3.1}, {0} is a G4 set which,
as before, implies that F is separable. O

Remark 6.9.5. Unlike with strong units and quasi-interior points, FBL® [E] always has a
weak unit, as was noted in Proposition [6.2.12]

Number of generators

For a Banach lattice X, we denote by n(.X) the smallest cardinality of a set S which generates

X as a Banach lattice. For general information on this parameter, see [298| Section V.2].
Proposition 6.9.6. Suppose E is a Banach space.

(i) If iim E = n € N, then n(FBLW[E]) = n.

(i) If dim E = oo, then n(FBLW[E]) = cc.

Proof. If dimE = n, and ey,...,e, € F form a basis of E, then é,,...,0d., also generate
FBL")[E] as a Banach lattice.

Now consider fi, ..., fm € FBL®[E], with m < dim E. By Borsuk-Ulam Theorem, these
functions cannot separate points of the sphere of E*: There exist distinct e, e} € Sg+ such
that fi(ef) = fi(e3) for 1 < i < m. As point evaluations are continuous on FBL®[E],
f(er) = f(e5) for any f in the Banach lattice L generated by fi, ..., f,, inside of FBLY[E].
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There exists e € E so that e](e) # ej3(e), or equivalently, d.(e}) # d.(eh). Consequently, L is
a proper sublattice of FBLY)[E]. O

Weakly compactly generated spaces

Free Banach lattices played a fundamental role in solving a problem regarding weak compact
generation, raised by J. Diestel in a conference in La Manga (Spain) in 2011 (see [26]). Recall
that a Banach space F is weakly compactly generated (WCG) provided there is a weakly
compact set K C E whose linear span is dense. The Diestel question was first analyzed in
[36], where the following terminology was introduced: A Banach lattice X is weakly com-
pactly generated as a lattice (LWCG, for short) if there is a weakly compact set K C X so
that the sublattice generated by K is dense in X. Diestel asked whether, for Banach lattices,
the notions of LWCG and WCG are equivalent. A few years later, this was answered in the
negative: [26] shows that FBL[(,(I")] (for 1 < p < 2) is LWCG but not WCG as long as the

index set I' is uncountable.

The following observation was made in [26] for p = 1: If E' is a p-convex Banach lattice,
and FBL®[E] is LWCG, then so is E. This is because the identity I : E — E extends to
a surjective lattice homomorphism 7:FBL®W [E] — E, and a lattice homomorphic image of
an LWCG lattice is again LWCG.

Clearly, if E is WCG, then FBL®[E] is LWCG. We can also establish a partial converse:

Proposition 6.9.7. Suppose 1 < p < oo, and E is either a p-convex order continuous
Banach lattice, or an AM-space. Then FBLP[E] is LWCG if and only if E is WCG.

Proof. As noted in the above paragraph, we only need to show that, if E is a p-convex
order continuous Banach lattice or an AM-space, and FBL®[E] is LWCG, then F is WCG.
The reasoning above shows that, if FBL® [E] is LWCG, then so is FE. Consequently, F is
WCG (apply [36, Theorem 2.2] for AM-spaces, and [36, Theorem 3.1] in the order continuous

case). O

Remark 6.9.8. Let FBL®[E] be LWCG and let K C FBL®[E] be a weakly compact set
generating FBL[E] as a lattice. Note that if K C ¢(E), then E is WCG. Indeed, let
F' denote the closed linear span of K, and suppose F' C ¢(FE). Let x € E be such that
0, ¢ F. By Hahn-Banach we can take * € Bpg- such that y(z*) = 2*(¢"'(y)) =0 for y € K
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and z*(x) > 0. As y(z*) = 0 for every y € K, and K generates FBL®[E] it follows that
f(x*) = 0 for every f € FBLW[E]. This is a contradiction with d,(z*) > 0. Therefore,
F = ¢(F) and E is WCG. However, there seems to be a priori no reason to guarantee that
when FBL"[E] is LWCG, there is a generating weakly compact set lying in ¢(E).

We can characterize when FBL®[E] is LWCG as follows:
Proposition 6.9.9. Given a Banach space E, the following are equivalent:
(i) FBLW[E] is LWCG.

(ii) There exist a WCG Banach space F and a lattice homomorphism T : FBLP[F] —
FBLW[E] with ||T|| =1 and dense range.

Proof. Suppose first that FBL®[E] is LWCG. Let K C FBL?)[E] be a weakly compact set
whose lattice span is dense. Let F C FBL®[E] be the closed linear span of K. Clearly F
is WCG, and the formal inclusion ¢ : ' — FBL®[E] extends to a lattice homomorphism
T =7 : FBLY[F] — FBLW[E] with ||T|| = 1. Since the lattice span of F' is dense in
FBLY[E] it follows that T has dense image.

For the converse implication, note that if F is WCG, then FBL®[F] is LWCG. The result
follows directly from [36] Proposition 2.1]. O

Remark 6.9.10. Note that for p < ¢ < 0o, the formal inclusion FBL®[E] — FBLY|E]
has dense image. Hence, if FBL®[E] is LWCG, then so is FBLY[E] for every p < ¢ < oo.

Remark 6.9.11. Recall that a Banach space F is a subspace of a WCG space if and only
if its dual unit ball B« in the weak® topology is an Eberlein compact. Moreover, C'(K) is
WCG if and only if K is Eberlein compact. See, for example, [108] and [110, Theorem 14.9].

Although at this point we do not know whether E must be WCG whenever FBL®)[E] is
LWCG, we can at least show that if FBL® [E] is LWCG, then E must be a subspace of a
WCG space. We will use the following result, which actually proves quite a bit more than
what is needed to deduce that F must be a subspace of a WCG space:

Proposition 6.9.12. If FBL® [E] is LWCG then there is a positively homogeneous homeo-
morphism between Bg« with its weak™ topology and a weakly compact set in a Banach space

mapping weakly p-summable sequences to weakly p-summable sequences.
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Proof. Suppose FBL® [E] is LWCG. By Proposition there exist a WCG Banach space
F and a lattice homomorphism 7 : FBL®[F] — FBL®[E] with dense image. By Proposi-
tion below, it follows that the induced map @ : Bg« — Bp- is in particular injective,
and since it is weak* to weak* continuous, we deduce that B« is homeomorphic to &7 (Bg~)

both with the weak* topology.

As F'is WCG, [110, Theorem 13.20] guarantees the existence of an injective weak*-weak
continuous bounded linear operator S : F* — ¢o(I") for some I". The composition S®r is pos-
itively homogeneous, injective, and weak*-weak continuous, so it defines a homeomorphism
between Bp- and its image (a weakly compact set in ¢(T')). Further, by Proposition [6.10.1],
&1 sends weakly p-summable sequences to weakly p-summable sequences, hence so does

S®r; this completes the proof. n
Corollary 6.9.13. If FBLW[E] is LWCG then E is a subspace of a WCG space.

Proof. By Proposition [6.9.12] Bg- in its weak® topology is homeomorphic to a weakly com-
pact set in a Banach space. Thus, Bg+ is Eberlein compact. Now use Remark [6.9.11] O

Remark 6.9.14. We outline an alternative approach to Corollary [6.9.13] which is simpler
but less informative than going through Proposition . Suppose FBL® [E] is LWCG.
As FBL®[E] is dense in FBL®[E], the latter lattice is also LWCG, hence WCG by [36,
Theorem 2.2].

Above, we noted that, if F is WCG, then FBL®[E] is LWCG. The WCG assumption
on E cannot be weakened to E being LWCG (provided it is a Banach lattice). Indeed,
take E = FBL[/5(I")] for any uncountable I'. Clearly, £ is LWCG; however, it contains a
subspace isomorphic to ¢;(T) by [26, Theorem 5.4]. Therefore, if FBL®[E] were LWCG,
Corollary would imply that ¢,(I") embeds into a WCG space. This is impossible (see
e.g. [26, proof of Corollary 5.5]).

In a similar fashion, one can show that, for p € [1,00), it may happen that E is WCG,
while FBL®”[E] does not embed into a WCG space. Indeed, take E = £y(I"). Modifying
the proof of [26, Theorem 5.4] with the help of Example [6.5.15 we conclude that FBL® [E]

contains a copy of ¢1(I"), hence it cannot embed into a WCG space when I is uncountable.

Observe that the converse of Corollary [6.9.13| does not hold in general. Indeed, it is well-

known that L, (u) is WCG, for any o-finite measure p (indeed, it suffices to consider the case
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of u being a probability measure; then the unit ball of Ly(u) is relatively weakly compact,
and generates Li(u)). [290] gives an example of a non-WCG subspace Xz of Li(u), which
has a long unconditional basis. Thus, X% is an order continuous Banach lattice, so FBL[Xx]
is not LWCG, by Proposition [6.9.7]

As noted above, for p € [1,00), it is in general false that if E is a subspace of a WCG

space, then so is FBL®[E]. However, this is true for p = oo:

Proposition 6.9.15. Let E be a Banach space. The following are equivalent:
(i) (Bp«,w*) is Eberlein compact.
(it) (Bppreo(g)-s w*) is Eberlein compact.

(iii) FBL[E] is a sublattice of a WCG Banach lattice.

Furthermore, if E and F are Banach spaces such that (Bgs,w*) is Eberlein compact and
FBL() [F] is a subspace of FBL(>) [E], then (Bp~,w*) is Eberlein compact.

Proof. We use Remark [6.9.11f The implication (3)=-(2) follows immediately from it. If
(2) holds, then FBLV[E] is a subspace of a WCG space, and since F is a subspace of
FBL([E], (1) follows.

(1)=(3): If (Bg-,w*) is Eberlein compact, then C'(Bg-) is WCG. Since FBL™®[F] is a
sublattice of C'(Bg-), it is a sublattice of a WCG Banach lattice.

To address the “furthermore” statement, suppose (Bg+,w*) is Eberlein compact, and

FBL)[F] embeds as a subspace into FBL®® [E] ( )=(3), FBL*[E] embeds into
a WCG space, hence the same is true for FBL[F]. By (2)=(1), (BF* w*) is Eberlein
compact. O

Remark 6.9.16. Proposition [6.9.15] implies that for any uncountable set I', FBL([¢,(T")]
does not embed (isomorphically) into FBL®[¢,(I)] for any r € (1,00) and any set I".
However — as a special case of the results in the next section — we will see that FBL(®[¢,]

and FBL®[(,] are lattice isometric.
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Complemented copies of /;

In this subsection, we show that E contains a complemented subspace isomorphic to ¢ if
and only if FBL[E] contains ¢; in various ways. In preparation, we need a lemma relating T’
and T', which complements the various relations between T and T discussed in Section .

Lemma 6.9.17. Let X be a Banach lattice not containing cy. Given a Banach space E, an
operator T : E — X is weakly compact if and only z'ff : FBL[E] — X is weakly compact.

Remark 6.9.18. Lemma [6.9.17| fails if no restrictions on X are assumed. Indeed, suppose
E is 2-dimensional, X = FBL[E] (which is lattice isomorphic to C(S"), where S is the unit
circle), and 7' = ¢g. Then T is the identity on FBL[E], which is not weakly compact, since

the latter lattice is not reflexive.

Proof. We will make use of the Davis-Figiel-Johnson-Pelzcynski factorization method, and

in particular its version for Banach lattices explained in [12, Theorems 5.37 & 5.41].

Suppose T : E' — X is weakly compact. Let W denote the convex solid hull of T'(Bg),
which by [12, Theorems 4.39 & 4.60] is a relatively weakly compact set. Let W be the reflexive
Banach lattice induced by W as in [12, Theorem 5.37 & 5.41]. This means that we have a

commutative diagram
L X
~ A
v

where J is a lattice homomorphism. Let S FBL[E] — U be the lattice homomorphism such
that S¢z = S. Note that JS : F BL[E] — X is a lattice homomorphism with the property
that J§¢E = T. Hence, we must have T=1J §, which implies that T factors through the

reflexive Banach lattice W, so T is weakly compact as claimed. The converse is clear. O

E

Remark 6.9.19. The method of proof of Lemma is quite general. For example,
with Remark in mind, a similar argument to Lemma shows that an operator
T : E — X from a Banach space E to a Banach lattice X is p-convex if and only if
T : FBL|E] — X is p-convex.

Theorem 6.9.20. For a Banach space E, the following are equivalent:

(i) E contains a complemented subspace isomorphic to .
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(i) FBL[E] contains a lattice complemented sublattice isomorphic to FBL[(1].
(i7i) FBL[E] contains a lattice complemented sublattice isomorphic to (.
(iv) 0y is a lattice quotient of FBL[E].
(v) 01 is a sublattice of FBL[E].
(vi) €1 is a complemented subspace of FBL[E].

[12, Theorem 4.69] provides more equivalent characterizations of Banach lattices contain-

ing a lattice copy of /;.

Proof. (1) = (2) follows from |26, Corollary 2.8] together with the observation that if
P : E — FE is a projection onto a subspace isomorphic to ¢, then P : FBL[E] — FBLI[E]
is a lattice projection onto the corresponding sublattice isomorphic to FBL[¢;]. (2) = (3)
follows from Theorem [6.8.3} (3) = (4) and (3) = (5) are straightforward. (5) < (6) comes
from [12, Theorem 4.69].

(4) = (5): Let P be a lattice quotient from FBL[E] onto ¢;. By [269, Theorem 11.11],
there exists a lattice isomorphic embedding 7' : ¢; — FBL[E] such that PT = id,,.

(5) = (1): By [244, Theorem 2.4.14], (5) holds if and only if FBL[E]* is not order
continuous, if and only if there is ¢y € FBL[E]’ and ey > 0 such that for any f € FBL[E],,

Brswiey € [, £+ {9 € FBLIE] : o(lg]) < <0}. (6.9.1)

Let No = {f € FBL[E] : ¢o(|f|) = 0}, which is an ideal in FBL[E] so that ¢q(]-|) defines
an AL-norm on the quotient FBL[E]/Ny. By Kakutani representation theorem (cf. [231]
Theorem 1.b.2]), its completion is lattice isometric to Li(u) for some (not necessarily o-
finite) measure space. Let @ : FBL[E] — Li(u) be the dense range lattice homomorphism

induced by the corresponding quotient map.

We claim that Q¢p : E — Li(p) is not a weakly compact operator. Indeed, if it were,
by Lemma [6.9.17, () would also be weakly compact. Hence, by [9, Theorem 5.2.9] for every
e > 0, there is h € Ly(p) such that

Q(Brerig) € [—h,h| + eBr, -
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Since @ has dense range, we can find f’ € FBL[E], such that ||Qf"— h||y < e, which implies
that

Q(Brerig) C [—Qf, Qf'1 + 2By, ().
Also, it follows from [298| Proposition 11.2.5] and the construction of @) that Q[—f’, f'] must
be dense in [—-Qf',Qf']. Thus, for every f € Bppyg there exists |f”| < f" and h € Ly(u)
such that ||kl < 3¢ and
Qf=Qf" +h.

Or equivalently, ¢o(|f — f”]) < 3e. This means that

Brgrim C [—f, f'] +{g € FBLIE] : po(|g]) < 3¢},

so taking € < £q/3 we reach a contradiction with (6.9.1)).

Therefore, Q¢ is not weakly compact as claimed. It follows from [9, Theorem 5.2.9] that
Q¢E(Bg) contains a complemented basic sequence (h,) equivalent to the canonical basis of
¢1. As a consequence, ' must contain a complemented subspace isomorphic to ¢;. Indeed,
let (x,) € Bg be such that Q¢g(x,) = h, and let P : Li(u) — Lq(p) denote a projection
onto the span of (h,); it is straightforward to check that (z,) must be equivalent to the
canonical basis of ¢;, so the linear map U : [h,] — E given by U(h,) = x, is bounded, and
UPQ¢g defines a projection of E onto the span of (z,). H

Upper p-estimates and the local theory of free Banach lattices

In this section we characterize when FBL|[E] satisfies an upper p-estimate. We then use this
to study the structure of finite dimensional subspaces and sublattices of free Banach lattices,

as well as to find upper p-estimate variants of classical theorems on p-convexity.

Recall that a Banach lattice X satisfies an upper p-estimate with constant C' (resp. lower

p-estimate with constant C) if, for any x1,...,z, € X, we have

I\ el < €O )
k=1 k=1

(resp. || >y lzil|| = (X5, \xk|p)1/p). By [231, Proposition 1.£.6], it suffices to verify
these inequalities when x1, . .., z,, are disjoint. Further, [231, Proposition 1.f.5] shows that X

has an upper (resp. lower) p-estimate if and only if X* has a lower (resp. upper) g-estimate,
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with the same constant. Here, % + % = 1.

Upper and lower estimates are deeply connected to the convexity and concavity of a
Banach lattice, as well as to its type and cotype. In particular, p-convexity clearly implies
upper p-estimates; conversely, upper p-estimates imply r-convexity for r < p [231], Theorem
1.£.7]. More information about this can be found in [231, Section 1.f].

Recall that an operator T : F' — E is (¢, p)-summing (cf. [97, Chapter 10]) if there is a
K > 0 such that for every choice of (z)}_; C F we have

- 1/q u 1/p
(D ITal?) " < K sup (D lat@)l)
k=1 k=1

T*EBpx*
We use 7,,(T") to denote the least possible constant K in this inequality.

Theorem 6.9.21. Let E be a Banach space and 1 < p,q < oo with %—F% = 1. The following

are equivalent:
(i) idg~ is (q,1)-summing.
(i) FBL[E] satisfies an upper p-estimate.
In this case, the upper p-estimate constant of FBL[E] and my1(idg+) coincide.
Proof. (1) = (2): We shall show that if fi, ..., f, € FBL[E]; are disjoint then [| 377, f;|| <

(i) (S5 1417)"

We view elements of FBL[E] as positively homogeneous functions on the unit ball of
E*. Let g =377, f;. Then |g|| is the supremum of }~, [g(z})|, where the finite sequence
(x}) C E* is such that || Y, £z;|| < 1 for any choice of . Fix (z}) as above. For any j let
S; = {k : fj(x}) # 0}. These sets are disjoint (due to the disjointness of f;’s themselves),

and
Dol <D If =) > i)l
k k J J kESj
For each j let o = maxy || 30, cq £, and yj = argmax, || 32, o £a7 (. Then

S 1H@D] < il = £ 1-

k’ESj



CHAPTER 6. FREE BANACH LATTICES 300

Note that
max|| 3 4] < maxl| 3] <1
J

Let k = m,1(idg+), then
12 max | Yyl = a7 (D ) = w (D )
j j J

Therefore,

S lol < D3 U5l < 3 illay < (3 141) 7 (3 al)

k j kes; j

<a(DIHI7)

J

We obtain the desired estimate on ||g|| by taking the supremum over all suitable sequences

(F)-

(2) = (1): Suppose FBL[E] has an upper p-estimate with constant C' (clearly C' > 1).

We fix z7,..., 2} € E*, and aim to show that

(Z Ha::‘HQ>5 < Cmsetgp Zb:f(x)} (6.9.2)

If dim F' = 1, then it is easy to see that 7,1 (idg) = 1, hence (6.9.2) is satisfied (in fact,
[269, Theorem 8.1] shows that FBL[R] = ¢2_, hence its upper p-estimate constant equals 1
for all p).

If dim £ > 1, then, by a small perturbation argument, we may assume that no two of the
vectors z7, ..., z) are proportional. Since a/:\’{, . ,ﬁ are lattice homomorphisms in FBL[E]*,
they are atoms by [12, p. 111 Exercise 5] and, therefore, disjoint. Fix ¢ > 0. For each i, pick
f, € FBL[E], with ||fil| < 1 and 23(f;) > (1—¢) H;ZH or, equivalently, f;(z) > (1—¢) ||
Applying Proposition 1.4.13 in [244] to the normalized functionals, we may assume that the

fi’s are disjoint. We have

=o)X < (D Aa) =3 Mhtes)

for some Ay,..., A\, € Ry with > AP =1. Put f = """ | \;f;. Since FBL[E] has the upper
p-estimate, we get || f|| < C’(Z?:l H)\ifi”p) ? < C. Using the definition of the FBL norm, we
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get
S ONfilay) =D f@)) < Ifll sup Y |ai(x)| < C sup Y ().
i=1 i=1 2€Be =1 *€Be =
Since ¢ is arbitrary, we conclude that (6.9.2)) holds, thus completing the proof. ]

Remark 6.9.22. If E' is infinite dimensional, then, by Dvoretzky Theorem, i¢dg- cannot
be (q,1)-summing for ¢ < 2. Therefore, FBL[E| can only have an upper p-estimate for
p < 2. In the next section, we shall see that this estimate is sharp, and FBL[E] can even be
2-convex (see, for instance, Corollary [6.9.47)). For more general information about possible
g-convexity of FBL®)[E], see Proposition . On the other hand, recall that if E is finite
dimensional, then FBL® [E] is lattice isomorphic to C(Sg+), hence it satisfies an upper

r-estimate for every r € [1, co].

Remark 6.9.23. Although Theorem [6.9.21is stated for FBL[E], in Theorem [6.9.40| we will
prove an extrapolation result which allows us to characterize when FBL®[E] has non-trivial

convexity.

Corollary 6.9.24. Suppose F is a subspace of a Banach space E, so that (F,E) has the
POE-1. Fix q € [1,00]. Ifidg« is (q,1)-summing, then so is idp-.

Note that, if dim F' < oo, then idg- is (¢, 1)-summing for any ¢. If dim F' = oo, then, by
Remark [6.9.22] we must have g € [2, o0].

Proof. By Theorem [6.9.21] FBL[E] has an upper p-estimate, with 1/p 4+ 1/¢ = 1. Denote
the canonical embedding F' — E by «. By the POE-1, 7 : FBL[F| — FBLI[E] is a lattice
isomorphic embedding, hence FBL[F] has an upper p-estimate as well. Apply Theorem|6.9.21

again to reach the desired conclusion about idp-. O]

We next present the following “local” version of Theorem [6.9.20, We use the shorthand

“FE has trivial cotype” to mean that no non-trivial cotype is present.

Corollary 6.9.25. For an infinite dimensional Banach space E, the following statements

are equivalent.
(i) E contains uniformly complemented subspaces isomorphic to (7.
(i1) FBL[E] contains uniformly lattice-complemented sublattices isomorphic to (7.

(i7i) FBL[E] contains sublattices €} uniformly.
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(iv) E* has trivial cotype.

(v) FBLIE] fails to be p-convex for any p > 1.

(vi) FBL[E] contains uniformly complemented subspaces isomorphic to (7.
(vii) FBL[E]* has trivial cotype.

Recall that a Banach lattice X is said to contain sublattices ¢} uniformly if there exist
lattice isomorphisms u,, : £ — X,, C X so that sup,, ||u.||||u, || < co. By Krivine’s theorem
(see [299]), the uniform lattice copies of £} in FBL[E] can be taken to be (1 + ¢)-uniform

whenever they exist. In this case one can select u,,’s in such a way that lim,, ||Ju,||||u, ]| = 1.

The following lemma is known, but we include it for the sake of completeness.
Lemma 6.9.26. For a Banach space E, the following statements are equivalent:
(i) E contains uniformly complemented copies of (7.
(ii) E* contains copies of 07 uniformly.
(1ii) E* has trivial cotype.

Proof. (2)<(3) is given by |97, Theorem 14.1], and duality gives us (1)=-(2). To establish
(2)=-(1), suppose E* contains copies of £ uniformly. By [265, Theorem 2.5], we can assume
that the said copies of £, are complemented via weak* continuous projections, with uniformly

bounded norms. Passing to the predual, we conclude that F satisfies (1). ]

Proof of Corollary[6.9.25. (1)=>(2) is similar to Theorem [6.9.20] where we make use of The-
orem to see that FBL[(}] contains ¢} as a nicely complemented sublattice. The im-
plications (2)=-(3)=-(5) and (2)=(6) are trivial. (5)=-(3) is a consequence of the Banach
lattice version of Krivine’s Theorem [299]. Lemma contains (1)<(4).

(5)=-(4): If E* has non-trivial cotype, then by |97, Theorem 14.1] idg- is (g, 1)-summing
for some ¢q. Then, by Theorem [6.9.21] FBL[E] has a non-trivial upper estimate, which im-

plies non-trivial convexity [231, Section 1.1].

(6)<(7) follows from Lemma [6.9.26]
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(7)=-(5): If (7) holds, then by [231, Section 1.f], FBL[E]* cannot be g-concave for any
finite ¢. By duality, FBL[E] cannot be p-convex for any p > 1. O

The next remark puts the above results in a broader context:

Remark 6.9.27. Let X be a Banach lattice. By [97, Chapter 16] (see also [231], Section 1.]
and 307, 308}, 1309]; the relevant results are neatly summarized in [54]), we have the following

general implications and no others:

(i) For 2 < ¢ < 00, g-concavity = cotype ¢ < idx is (g, 1)-summing < X has a lower

g-estimate;
(ii) For ¢ = 2, 2-concavity < cotype 2 = idx is (2, 1)-summing = X has a lower 2-estimate.

By duality [231, Proposition 1.f.5], if F is a Banach lattice and 1 < p < 2 we conclude that
idg~ is (g, 1)-summing (1/p+1/q = 1) if and only if E* has a lower g-estimate if and only if

FE has an upper p-estimate. Combining these observations with Theorem [6.9.21| we see that:

Corollary 6.9.28. Suppose E is a Banach lattice and 1 < p < 2. The following are

equivalent:
(i) E satisfies an upper p-estimate;
(i) FBLI[E] satisfies an upper p-estimate.

Proposition [6.9.30| shows that the above equivalence fails for p > 2.

Corollary|6.9.24| immediately implies an upper p-estimate version of [231, Theorem 1.d.7]:

Corollary 6.9.29. Suppose p € (1,2), E and F are Banach lattices, and v : F' — E is a
linear isomorphic embedding, so that ((F) is complemented in E or, more generally, that
((F), E) has POE-1. Then, if E has an upper p-estimate, then the same is true for F.

The existence of a complemented copy of Lo inside of L, shows that Corollary
fails for 2 < p < oo. For p = 2, the proof only shows that, if idg+ is (2, 1)-summing, then
F has an upper 2-estimate; we do not know if the assumption on E can be relaxed to it
merely having an upper 2-estimate. In connection to this, we should also mention a “dual”
analogue of Corollary , discussed on [231} p. 98-99]. Namely, suppose a Banach lattice
F embeds isomorphically into a Banach lattice E with a lower p-estimate. If p € (2,00),
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then F' has a lower p-estimate as well; this is no longer true for p = 2.

As mentioned previously, if E is finite dimensional then FBL[E] is lattice isomorphic
to a C(K)-space, so is in particular oo-convex. The situation is different in the infinite

dimensional setting.

Proposition 6.9.30. Suppose E is an infinite dimensional Banach space. If FBL®) [E] is
q-convez, then ¢ < max{2,p}.

Proof. Fix n € N. Use Dvoretzky Theorem to find norm 2 vectors z7,...,z; € E*, so that

Zr a;[?) ”2<||Za]

holds for any scalars aq,...,a,. Use Local Reflexivity to ﬁnd x1,...,2, € E, of norm not

the inequality
1 /2

exceeding 1, and biorthogonal to the z}’s. We will establish that

1
| fllepreim 2 nt", where r = max{2,p}, and f = Z 102,]7) &

We shall achieve this by testing f against x7, ... Let F' = span|z},...,z}]. By applying

? TL

Local Reflexivity, and then passing from E** to E**/F+ ~ F* we obtain

with

Note that, for any z* € E*, f(z*) = (Z] \x*(a:j)|q)1/q, and therefore, (ZJ |f(x;)|p)1/p =
n'/?. By (6.1.1)),

> =
HfHFBL(”)[E] ~ T n

(with r as above). On the other hand, if FBL?)[E] is g-convex, then

||f||FBL<P) E] Z H5% ”FBL(”)[E] ~nt/a

giving the desired estimate for q. O]
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We finish this section with some applications to the local theory.

Recall that for a Banach lattice E, the upper index of E is
S(E) =sup{p > 1: FE satisfies an upper p-estimate}.

By [231], Section 1.f], “upper p-estimate” can be replaced by “p-convex” in the definition of
S(E). S(F) is very important in the local theory of Banach lattices. Indeed, a theorem of
Krivine [299] states that an infinite dimensional Banach lattice E contains, for all integers

n and all € > 0, a (1 + ¢)-lattice copy of £ when p = S(E).

If E is a finite dimensional Banach space, then FBL®[E] is lattice isomorphic to an
AM-space, hence S(FBL®[E]) = co. For infinite dimensional E, Proposition shows
that S(FBL(”)[E]) = p for 2 < p < oo, while p < S(FBL(”)[E]) <2for1 <p<2 In
particular, we conclude that for infinite dimensional Banach lattices, the indices are related

as follows:

Corollary 6.9.31. Suppose E is an infinite dimensional Banach lattice. Then
S(E) A2 = S(FBL[E)]).
Remark 6.9.32. On the other end of the spectrum, note that FBL[E] always contains a

lattice copy of ¢q as long as dim £ > 2, so in particular contains uniform lattice copies of (2 .
Further, FBL[¢?] ~ C(S") contains isomorphic copies of every separable Banach space, hence
so does FBL[E] for every E with dim £ > 2. One should note, however, that FBL[E] being
universal is restricted to separable spaces; for other density characters it is an interesting
problem to classify the subspaces of FBL[E] up to isomorphism. For example, FBL[E] has
the same density character as E ([26, Section 3]), but, as was shown in [30], when 1 < p <2
and I is uncountable, FBL[/,(I")] does not embed into a weakly compactly generated Banach
space, and in particular does not embed into FBL[(,(I")], 2 < ¢ < oo, which is WCG. These
simple facts will play a role in the next section when we compare FBL®[E] and FBL?[F]; in
particular, when E and F' are separable, we will aim to distinguish these spaces by showing

that one does not linearly embed onto a complemented subspace of the other.

Remark 6.9.33. We also note that the disjoint sequence structure of FBL[E] can be very
complicated. Indeed, when E is the complementably universal space for unconditional bases
(see [230, Theorem 2.d.10] for the construction), then, by Theorem [6.8.3, FBL[E] contains
lattice copies of every separable order continuous atomic lattice (i.e., every Banach lattice

with lattice structure induced by an unconditional basis).
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Automatic convexity, factorization theory and isomorphisms
between FBL"[E] and FBLY[F]

In this section, we characterize when FBL®[E] is ¢-convex via strong factorizations (repre-
senting an operator as a composition of two or more, one of which is a lattice homomorphism),
and then use FBL® [E] as a tool to study the classical factorization theory. We also give
various situations where we can prove that FBL®[E] and FBL@W[F] are lattice isomorphic,
and other situations where we can prove that one of these spaces does not even linearly

embed as a complemented subspace of the other.

We begin with some preparation:

Proposition 6.9.34. Suppose E is a Banach space, Z is a p-convex Banach lattice with

constant 1, and 1 : E — Z 1s an isometric embedding with the following properties:
(i) Z is generated by ((E) as a Banach lattice.

(i1) There exists a constant C so that for every contraction T : E — L,(p) there is a lattice
homomorphism 1" : Z — L,(p) with T'e =T and ||T"|| < C.

Then Z is C-lattice isomorphic to FBL® [E]. More precisely, the canonical extension
7: FBLW[E] — Z is invertible and |77 < C.

Proof. From the definition of FBL?)[E], there exists a unique lattice homomorphism
7: FBLW[E] —» Z

such that 7¢pr = ¢ and ||7]] = 1. Observe that 7 has dense range. Indeed, fix z € Z and € > 0.
By assumption, there exists u in the sublattice generated by ¢(E) such that ||z —u| < e.

We can write u as a lattice-linear expression u = F(tzy,...,tx,) for some xy,...,x, € E.
Then u = 7F (04, - - .,04,) € RangeT.

Let f € FBLW[E] with ||f|| > 1. By the definition of the FBL®)-norm, there exists
n € N and a contractive operator T": E' — £ such that Hf f H > 1, where T is the unique

A~

lattice homomorphism T: FBL® [E] — £y such that T¢p = T. By assumption, there
exists a lattice homomorphism 7": Z — (} such that T"c = T and [|T"|| < C. We have
Top(r) =T =Tr = fng(x) for every x € E. It follows that T"7 agrees with T on o(F)
and, therefore, T'7 = T. We now have 1 < HffH = |[T7f|| < C|[tf||. It follows that 7 is

bounded below. In particular, it is invertible and |71 < C. O
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A standard direct sum argument implies:

Corollary 6.9.35. Suppose E is a Banach space, Z is a p-convexr Banach lattice with con-

stant 1, and v : E — Z is an isometric embedding with the following properties:
(i) Z is generated by «(E) as a Banach lattice.
(i1) Every contraction T : E — L,(u) extends to a lattice homomorphism T' : Z — L,(u).

Then Z 1is lattice isomorphic to FBL(”)[E]. More precisely, the canonical extension T :

FBLW[E] — Z is a surjective isomorphism.

Proof. By Proposition [6.9.34] it is enough to show that there is a uniform constant C' such
that every contraction 7" : £ — L,(u) extends to a lattice homomorphism 7" : Z — L,(u)
with ||T"|| < C. Suppose this is not the case, and let T}, : E — L,(j1,,) be such that ||| = 1,
but any lattice homomorphism S : Z — L,(u1,) extending T}, has [|S|| > 2"/Pn.

Consider L,(v) to be the infinite ¢, sum of the spaces L,(p,) andlet T : E— £,(L,(pn)) =

Ly(v) be given by Tz = (J2£)>>,. Note that

1

SR
Il = (3 )" < el
n=1

Let 7" : Z — L,(v) be a lattice homomorphism extending 7. Note that if 7, : £,(L,(1n)) —

Ly(pt) denotes the canonical band projection, we have that the operator T/, = 2"/Px,T" :

7 — Ly(py) is a lattice homomorphism extending 7,. Hence, 2/Pn < ||2"/P7,T'||, which
yields n < ||T”||. As this holds for every n € N, we get a contradiction with the fact that 7"
is bounded. ]

Proposition [6.9.34] has a natural analogue for free Banach lattices satisfying an upper

p-estimate. We first recall some facts on weak L,-spaces and (p, 0o)-convex operators:

For f € Lo(p) and 0 < p < oo, let
1l = 50 {151 > e},

The space L, o (p) is the set of all f € Lo(u) such that ||f||,00 < co. It is well-known that

when p is o-finite and 0 < r < p the expression

1
141 . v
(T — mmTﬂ(évm@

0<pu(F)<oo
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satisfies )

p ;
e < Wl < (52 ) W

(see, for example, [134, Exercise 1.1.12]).

If (X, p) is a measure space with p finite, 0 < ¢ < p and f € L, (1) then

/X @ dn(a) < L0 (6.9.3)

i.e., Ly oo(pt) continuously injects into L,(p) with control of the constants (see |134, Exercise
1.1.11]). This will be used in the proof of Proposition [6.9.36| below to justify a certain mul-

tiplication operator being bounded by universal constants.

Below, we concern ourselves with p € (1,00). Equip L, «(x) with the equivalent norm
(Ml 0,127> ©F, for short, ||-||, . This turns L, into a Banach lattice. Moreover, the space

(Lp,oos IIlll, o) has an upper p-estimate with constant 1. To establish the latter fact, we show

: . n 1
that the inequality [V | £l < (S0 I, 7 holds for any fi,.... fu € Lpoo(2 1)
In other words, we show that, for any £ C €2, we have

sup ()7 [ il < (S I

ECQ

Represent E as a union of disjoint sets £} (1 < j < n), so that V;|f;| = |f;| on E;. For the
sake of convenience write p’ = p/(p—1) (so 1/p+1/p' = 1), a; = [, |f;], and b; = pu(E;)"/*" (by
getting rid of “redundant” f;’s, we can assume that b; > 0 for any ). Then || fil, ., > b; tas;

therefore, it suffices to show that

(> tay) s (207" Y

7 7

The last inequality is equivalent to
1/ 1/t
> o< (Do ar) ()"

which is an easy consequence of Holder’s Inequality.
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Let X be a Banach lattice and E a Banach space. Recall that an operator T': X — F

is (q, p)-concave if there is a constant C' such that, for any xy,...,x, € X we have

n 1/q n 1/p
(Sirar) <cf ()
k=1 k=1

The least constant that works is denoted K, ,(T"). It is easy to see that if p > ¢ then the only

(q, p)-concave operator is the zero operator. Moreover, (p, p)-concave operators are exactly
the p-concave operators, and for 1 < p < g < oo an operator is (g, p)-concave if and only if
it is (g, 1)-concave (see [97, Corollary 16.6]). An operator S : E — X is (p, ¢)-convex if there
is a constant C such that for each z1,..., 2, in E we have

H <§ !Sxk\q) " <C (:Zl ||Ik‘|p> 1/,,'

There is a natural duality between (p, q)-convexity and (p/, ¢')-concavity (1/p+1/p' =1 =
1/q+ 1/q¢'); see |97, Theorem 16.21].

Following [185], we denote by FBLI?[E] the free Banach lattice satisfying an upper p-
estimate with constant K over E. This is the (necessarily unique) Banach lattice Z so that
(i) Z satisfies an upper p-estimate with constant K (ii) there is an isometric embedding
¥ : E — Z, generating Z as a lattice; (iii) for any linear operator T': F — X, where X is a

Banach lattice satisfying an upper p-estimate with constant K, there exists a lattice homo-
morphism T : Z — X, with T4 = T, and ||T|| = ||T||. We write FBL'[E] for FBLI?|E].

The existence and uniqueness of FBLI?[E] was established in [185]. Moreover, the lat-
tices FBL%) [E] for different values of K are canonically lattice isomorphic: by [280, Remark
1.5 and its proof], a Banach lattice satisfying an upper p-estimate with constant K can be

K-renormed to satisfy an upper p-estimate with constant one.

Many aspects of FBL” [E] remain mysterious. For instance, no functional representation
of this lattice, and no explicit norm arising from it, are known (compare and contrast with
Section [6.2). However, we have the following result:

Proposition 6.9.36. Suppose E is a Banach space, Z is a Banach lattice, 1 < p < oo, and

1: E — Z is an isometric embedding with the following properties:

(i) Z is generated by i(E) as a Banach lattice.
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(11) There exists a constant C' so that every operator T : E — Ly, (1) extends to a lattice
homomorphism T" : Z — L, »(p) with || T']| < C||T|| (1 is a finite measure).

Then for any Banach lattice X and any (p,o0)-conver operator S : E — X there ezists
a (necessarily unique) lattice homomorphism S' : Z — X satisfying S't = S. Moreover,
15| € yCK®>)(S), where K®>®)(S) is the (p, 00)-convezity constant of S, and the constant
v depends on p only.

Proof. For brevity, we write K = K®>)(S). By the universality of FBL[E], we have a
lattice homomorphism 7 : FBL[E] — Z extending i : E — Z. As i(E) generates Z, it follows
that 7 has dense range. Also, let S FBL[E] — X be the lattice homomorphism such that
S ¢ = S. Consider the following:

Claim: There is a constant v > 0 (depending only on p) such that

ISfllx <+CK|if|lz Vf € FBLIE]. (6.9.4)
Proof of claim. Given f € FBL[E], choose z* € X7 with ||z*|| =1 and z*(|Sf]) = HngX

Let N_« denote the null ideal generated by z*, that is, N, = {ZB e X: :)3*(|93|) = 0}, and
let Y be the completion of the quotient lattice X/N,« with respect to the norm ||z + N,

2*(|z]). Since this is an abstract L-norm, Y is lattice isometric to Ly (€2, 2, 1) for some mea-

sure space (£, %, 1) (see, e.g., [231, Theorem 1.b.2]). The canonical quotient map of X onto
X/N,+ induces a lattice homomorphism Q: X — L1(Q, %, u) with ||Q]| = 1. For our pur-
poses, we may without loss of generality assume that (€2, 3, 11) is o-finite, passing for instance
to the band generated by Q(Sf).

Since @ is a lattice homomorphism and S is (p, 00)-convex with constant K, we have

| k\Z\QS(xk)}\ b S | ’i/l}S(xk)\”X < K(é ||:ck||%);

for every finite sequence (zy) in E. Hence, by [280, Theorem 1.2}, there exists h € Ly(u)4

with [, hdp < 1, yielding a factorization

S

(1),
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with R being a lattice homomorphism implemented by multiplication by h. (6.9.3)) gives

IRf N2y = 1M Sfll 2y = 112y (haw

1—1
< P /hdu Nty < Nl
-1\ T

hence ||R| < 2.
P

Moreover, in the above factorization h can be chosen in such a way that ||T'|| < 1K,
where 7o depends only on p. To see this, we follow the proof of [280, Theorem 1.2]. In [280),
Theorem 1.1], let us take » = 1, and choose our subset of L;(u) to be {QSz : ||z||g < 1}.
We claim that statement (iii) of this theorem holds with C' being K. Indeed,

1 1
n ) n P
<K (z nakxkn;;) <K (z |ak|p) |
L1(p) k=1 k=1

Thus, tracing through the proof of [280, Theorem 1.1], statement (ii) holds with K" =

\/ 10k QS ]
k=1

i1
K (1 — %) " . This tells us (with a bit of a clash of notation - what one should do is avoid
the appeal to Theorem 1.2, only appeal to Theorem 1.1, and use Theorem 1.1 to prove 1.2

with control of the constants) that [280, Theorem 1.2(iii)] holds, which is just a restatement
i g

of [280, Theorem 1.2(iv)]. In other words, ||T|| < 7K, where vy = (1 - %) !

By hypothesis, there is a lattice homomorphism 7" : Z — L, (hdp) with 7" = T and
IT’|| < C||T||. Let us consider the composition RT"i : FBL[E] — Li(u). Note this is a
lattice homomorphism which for x € E satisfies

RT"ipp(x) = RT"i(x) = RT(z) = QS(x).
It follows from the universality of FBL[E] that RT'i = Q§ . In particular,

1571x = 1Q5f]l2, = IRT'if 1,
p ~ -
= D 1CHT|H|2JCHZ <~ACKIif||z, where v =

P i
p_l 05

as we wanted to show. O]
Having proven the claim, for f € FBL[E], put S'(if) := Sf. By (6.9.4), S" is well-
defined and bounded on Range/z'\; it is easy to see that it is a lattice homomorphism. Since

Range? is dense, S’ extends to a lattice homomorphism on Z. We clearly have S’i = S, and
15| <~CK. O
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Generally speaking, p-convexity and p-concavity are much better understood than upper
and lower p-estimates. However, using free Banach lattice technology we can find upper
p-estimate versions of classical theorems on p-convexity. Indeed, in Corollary we were
able to extend [231, Theorem 1.d.7]; we now show that [287, Theorem 3] has a natural

analogue for upper p-estimates:

Corollary 6.9.37. Suppose p € (1,00), E is a Banach space, X is a Banach lattice and

T : E — X is any operator. The following statements are equivalent:
(i) T is (p,o0)-conver;

(i) There exists a Banach lattice Y with an upper p-estimate, and a factorization T' = S¢,
where ¢ : E —Y is bounded, and S : Y — X 1is a lattice homomorphism.

Moreover, in (2) we can take ¢ to be the isometric embedding of E into FBL[E], S = T,
and ||S|| < kK®>)(S), with k depending only on p.

Proof. For (2) = (1), suppose T factors through Y as above. As function calculus intertwines

with lattice homomorphisms, for any zi,...,z, € E we have
V Tzl < 1ISH|| V 19zl
k=1 X k=1 Y
n 1/p n 1/p
< M||S]| (leaﬁxkll’%) < M|[S]lll <Z|lxkll%)
k=1 k=1

(M is the upper p-estimate constant of Y'), showing that 7" is (p, 0o)-convex.

For (1) = (2), by Proposition [6.9.36] it suffices to extend an operator T' : E —
(Lpoo(tt), |||l poe) to alattice homomorphism from FBL™[E] to L, (1), with norm of the ex-
tension controlled. Let S = IT, where I is the identity (L oo (), [|*l[p00) = (Lp,co (1) Il 00)-
Then ||S|| < C,||T|. Extend S to S : FBL™[E] = (Lp.oo (1), I]ll,,.00) With 15|l = [15]|. Now
the map 1" := 715 : Z — (Lpoo(pt), || - |lp.cc) is a lattice homomorphism extending 7" and
satisfying ||7"|| < C,||T||. O

To characterize the spaces E for which FBL[E] and FBL")[E] are lattice isomorphic, we
need two definitions. Suppose E' is a Banach space, C' > 0, and Z, X are Banach lattices.
We say that T : E — Z C-strongly factors through X if we can write T = US, where
S : E — X is a contraction, and U : X — Z is a lattice homomorphism, with [|U]|| < C.
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If X is a class of Banach lattices, we say that T': E — Z C-strongly factors through X if
it C-strongly factors through some X € X. If, in the preceding setting, X and Z are both
spaces of functions on the same space, we say that T' C'-multiplicatively factors through X if
U as above is implemented by a multiplication operator. We say that T factors strongly (or
multiplicatively) if such factorization exists for some C. Obviously, Corollary can be

restated in this language.

Proposition 6.9.38. Let E be a Banach space, p > q > 1, and C > 1. The following are

equivalent:
(i) FBLW[E] is lattice C-isomorphic to FBLW[E];

(ii) FBLW[E] is canonically lattice C-isomorphic to FBL\|[E], that is, the map taking 6,
(x € E) to itself generates a lattice C-isomorphism between FBL®W[E] and FBLY[E|;

(111) Every contraction T : E — Ly(p) C-strongly factors through a p-convexr Banach lattice

with p-convexity constant 1;
(i) Every contraction T : E — L,(u) C-multiplicatively factors through L,(u);

(v) Every contraction T : E — Ly(p) is p-convex with constant C, i.e., for all finite

sequences (rg) in E we have

H (Z T(xm); <o (2 ) |

Corollaries [6.9.45] and [6.9.47] below provide examples of Banach spaces F which possess

the equivalent properties described here.

Lq(p

Proof. (2)=-(1) is straightforward.

(1)=(3) Suppose that there is a lattice isomorphism V : FBL@[E] — FBL®[E] such that
V|| =1and |V < C. Let T: E — L,(1) be a contraction. Consider T: FBLY[E] —
Ly(1t). Then T = (TV—1)(V¢p) is a required factorization.

(3)=(2) We will use Proposition [6.9.34] with p replaced with ¢, Z = FBL®|[E], and
L= ¢p: E — FBLP[E]. Let T: E — L,(11) be a contraction. By assumption, we can factor
T through a p-convex Banach lattice X with constant 1, T: E = X & L,(p) such that
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IS|| < 1, |U|| < €, and U is a lattice homomorphism. Then T := US: FBL®[E] — L,(p)
extends T, is a lattice homomorphism, and ||7"|| < C. By Proposition [6.9.34] ¢ extends to
a lattice C-isomorphism from FBLY[E] to FBL®[E].

To prove (3)=(5), we use the strong factorization T'= US, with |U|| < C and ||S]| < 1.

Then )
H (Z |T<xk>|p> _ H
k=1 Lq(#)

CH (Z\S(mﬂ”)p =¢ (ZHSl’ka)p =C (Z\Iﬂck\lp)p-

The first (in)equality is the factorization, the second is since U is a lattice homomorphism

<
Lq(p)

(Z |Us<a:k>|p> p

of norm at most C, the third by p-convexity of X, and the last since S is a contraction.

Clearly (4)=(3). The equivalence between (4) and (5) is essentially [329, p. 264]. O
We can also state an upper p-estimate variant of Proposition [6.9.38
Proposition 6.9.39. Let E be a Banach space and p > q > 1. The following are equivalent:
(i) FBL'[E] is lattice isomorphic to FBLYW[E];
(i) FBLP[E] is canonically lattice isomorphic to FBLYW[E];

(iii) There exists C > 1 such that for every Banach lattice Y with MD(Y) = 1, every
contraction T : E — 'Y C-strongly factors through a Banach lattice X which has an

upper p-estimate with constant 1;

(iv) There exists C > 1 such that every contraction T : E — Lg(u) C-strongly factors

through a Banach lattice X which has an upper p-estimate with constant 1;

(v) There exists C' > 1 such that every contraction T : E — L,(n) C-multiplicatively
factors through L, o (11);

(vi) There exists C > 1 such that every contraction T : E — L,(p) is (p, 00)-convezr with

constant C'.
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Proof. The implications (2) = (1) = (3) = (4) = (2) are similar to Proposition [6.9.38]
(4)=-(6) follows from the same factorization argument used in the proofs of Corollary
and the implication (3)=-(5) in Proposition [6.9.38 (5)<(6) is [280, Theorem 1.2], and
(5)=(4) follows because L, (1) (with an appropriate norm) satisfies an upper p-estimate
with constant 1. O

In statement (4) of Proposition we require that every contraction 7' : E — L,()
factor multiplicatively through L,(u); similarly, in statement (5) we require that every op-
erator verify a certain inequality. This makes statements (4) and (5) properties of the
Banach space E. However, as was evident from the proof, statements (4) and (5) hold
on an operator-by-operator basis. More precisely, a contraction 7' : E — L,(u) factors
multiplicatively through L,(p) if and only if it verifies the inequality in statement (5) of
Proposition [6.9.38 Analogous reasoning (using [280]) shows that similar results hold true
when L, () is replaced by L, «(1). As we will now see, the fact that we quantify over all
operators gives some interesting relations between the roles of L, (1), Ly(1t) and L, () in

the above statements. More precisely, we have the following extrapolation theorem:

Theorem 6.9.40. Suppose FBLW[E] is q-convex for some 1 < p < q. Then FBL"[E] is

q-convex for all 1 < r < oo.

Proof. By Proposition [6.9.38] there exists a constant C' so that any contraction v : £ —
L,(p) C-strongly factors through L,(u). As suggested on [242, p. 42], consider the dual pair
(E*, E), where E* is equipped with its weak™ topology o(E*, E); this turns E* into a locally
convex Hausdorff space, or “elcs” (espace localement convexe séparé) in the French language

of [242|. The dual space is then E, with its norm topology.

Applying [242, Théoréme 23, (c) = (a)] to this dual pair (or, alternatively, using Exercise
2 on p. 286 of [329], and its solution on p. 336), we conclude that the inequality m,(7) <
Cmy(T) holds for every T' : E* — {, (we also used the fact that the (p, weak) summing
norms of n-tuples in £* can be computed using either Bgr or Bg«, cf. ) By |97,
3.17 Extrapolation Theorem]|, for any Banach space F' we have II,(E*, F) = II,(E*, F). In
particular, any g-nuclear operator from E* into ¢, is l-summing. By [242, Théoréme 23,
(b) = (c)] (or invoking [329, p. 270]), any u : E — L;(u) strongly factors through L,(u).
By Proposition , we conclude that FBL[FE] is lattice isomorphic to FBLY[E]. Thus,
FBL[F] is g-convex, and therefore, for any r € [1,q], FBL™[E] is lattice isomorphic to

FBL[E], hence g-convex. For r > ¢, the ¢-convexity is automatic. O
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We now use the preceding result to establish a few facts regarding factorizable and p-

summing operators.

Corollary 6.9.41. Suppose 1 < q, p > max{2,q}, and E is an infinite dimensional Banach
space. There exist T, S € B(E, L,(i)) so that T (respectively, S) does not strongly factor
through L,(p) (respectively, Ly, (1))

Proof. (i) If any operator in B(E, L,(u)) strongly factors through L,(x), then, by Proposi-
tion [6.9.38, FBL@ [E] is p-convex. This, however, contradicts Proposition [6.9.30]

(ii) If any operator in B(E, L,(p)) strongly factors through L, (), then, by Proposi-
tion [6.9.39, FBL@ [E] has an upper p-estimate. Consequently, FBL?[E] is s-convex for
any s < p [231, Section 1.f], which contradicts Proposition [6.9.30] (one can take s €

(max{q,2},p)). O

The following result indicates the limits of extrapolation of summing maps.

Corollary 6.9.42. Suppose 1 <r < p < oo, and IL,(E,¢,) = 11,(E,{,), for some infinite
dimensional E. Then p < 2.

The restriction p < 2 is sharp. For instance, II,.(H, ¢5) = II5(H, {5), for any Hilbert space
H and r € [1,00).

Proof. Suppose, for the sake of contradiction, that F is infinite dimensional, p € (2, oc], and
IL,(E, ¢,) =11,(E, {,) for some r € [1,p).

(i) p = oc0. If II(E,lx) = B(E,l), then II,.(E,l(I)) = B(E,{(I)) for any index
I. Now find I so large that E embeds into £, (I). Then idg is r-summing, which is impossible.

(i) p < oco. If IL(E,¢,) = II.(E,{,), then, by Extrapolation Theorem [97, p. 3.17],
II,(E, ¢,) = II,(E, {,). Imitating the reasoning from the proof of Theorem [6.9.40] we apply
[242, Théoreme 23] to the dual pair (E, E*) (E is equipped with its norm topology). We
then conclude that any operator from E* to Lq(u) strongly factors through L,(x), which

implies p < 2 by Corollary [6.9.41} ]

Returning to free Banach lattices, we prove:

Corollary 6.9.43. If E is a Banach space, and 1 < r < p < oo, then the following

statements are equivalent:
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(i) FBLY[E] has an upper p-estimate.
(i) FBL[E] has an upper p-estimate.
(111) idg~ is (q,1)-summing, with 1/p+1/q = 1.

Proof. (2) < (3) has been established in Theorem To handle (1) < (2), pick s €
(r,p). From |231} Section 1.f], we know that an upper p-estimate implies s-convexity. If one
of the lattices involved — either FBL"|[E] or FBL[E] — is s-convex, then the two coincide,
by Theorem [6.9.40] [

Note that Theorem [6.9.21|identifies the upper p-estimate constant of FBL[E] as the (g, 1)-
summing norm of idg-: we make no claim that the upper p-estimate constant of FBL(") [E]
agrees with that of FBL[E].

Combining Corollary [6.9.43| with Proposition [6.9.38] we obtain:

Corollary 6.9.44. Suppose idg- is (q,1)-summing, 1/p+1/¢g =1, and 1 < r < s < p.
Then any operator from E to L,(u) multiplicatively factors through L().

We now examine conditions guaranteeing, or precluding, lattice isomorphism between

FBL®[E] and FBLWY[E].

Corollary 6.9.45. Suppose a Banach space E has type s € (1,2). Then, for 1 <p < q <s,
FBLW[E] and FBLY[E] are canonically lattice isomorphic.

Proof. By Proposition [6.9.38] we need to show that there exists a constant C' so that any
contraction T : E — L,(x) has a lattice homomorphic extension 7" : FBLW[E] — L,(u),
with ||77]] < C||T||. Emulating the proof of Corollary |6.9.35, we see that it actually suffices

to establish the existence of some extension T’; the norm will be controlled automatically.

To obtain the desired extension, we use Maurey-Nikishin Extension Theorem [329, ITI.H.12]:
T can be factored through L,(u) as T' = uS, where u : L,(pt) = L,(p) is a lattice homomor-
phism. Then S has a lattice homomorphic extension S : FBL@ [E] = Ly(p). Then 7" = uS

is the extension we want. O

Remark 6.9.46. An alternative argument for Corollary is to note that if F has type s
then the dual has cotype s’ (for %—1—5 = 1), hence idg« is (¢, 1)-summing, which characterizes

upper s-estimates of FBL[E].
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Using [329, TT1.H.16] instead of |329 TIT1.H.12], we obtain:

Corollary 6.9.47. For 2 < r < co and 1 < p < 2, FBLP[L,()] and FBLP[L,(p)] are

canonically lattice isomorphic.

Remark 6.9.48. Suppose r > 2 and 1 < p < 2. Corollary implies that the moduli
of the ¢, basis in FBL®[/,] and in FBL[/,] are equivalent; by [30], both are equivalent to
the /5 basis, with 1/s = 1/r + 1/2. We do not know what the span of these moduli is for
r,p € (2,00).

On the other hand, it follows immediately from Proposition [6.9.30| that:

Corollary 6.9.49. Suppose E, F are infinite dimensional Banach spaces, p € [1,00|, q €
(2,00], and p # q. Then FBLW|[E] is not lattice isomorphic to FBLY[F].

Remark 6.9.50. By Corollary [6.9.25] if E* has finite cotype, then FBL[E] is p-convex for
some p > 1. Using the fact that the r-convexification of a s-convex space is sr-convex, one
can easily show that for such £, FBL® [E] is not lattice isomorphic to the p-convexification
of FBL[E].

We finish this section with a simple observation precluding FBL®[F] from being iso-
morphic (in the Banach space sense) to a complemented subspace of FBL® [E]. Indeed, by

combining Corollary [6.9.28 with Corollary [6.9.29 we improve [30, Theorem 9]:

Corollary 6.9.51. Let 1 < p < min{2,q} < co. Then FBL[(,] is not linearly isomorphic to
a complemented subspace of FBL[(,].

Remark 6.9.52. A related result follows from [231, Theorem 1.d.7 and the remark after]:
if p € (1,2] and FBLYW[F] is not p-convex, then it does not linearly embed complementably
into FBL®[E] for any E. Here, complementation is key as FBL[FE] contains isomorphic
copies of every separable Banach space as long as dim F > 2; see Remark [6.9.32], which also

discusses the non-separable setting.

Remark 6.9.53. In this section, we focused on strong factorizations via lattices which
are p-convex, or have upper p-estimates. Related factorizations (which were not assumed
to involve lattice homomorphisms) are considered in [68] (positive factorizations via lattices
with upper or lower estimates) and [288| (factorizations using operators with given convexity

and concavity).
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6.10 Isomorphism of free Banach lattices

In this section we give a partial resolution to the question of whether FBL®)[E] and FBL®)[F]
can be lattice isomorphic (some negative results can be extracted from the r-convexity and

r-upper estimate criterion presented in the previous section).

Representation of lattice homomorphisms

In this subsection, we represent lattice homomorphisms on free lattices as composition op-
erators, and gather some consequences of this representation. The following proposition is

similar to some results of [220].

Proposition 6.10.1. Given Banach spaces E, F, p € [1,00| and a lattice homomorphism
T : FBLW[F] — FBLW|E], there exists a mapping ®r : E* — F* so that Tf = f o & for
every f € FBL® [F]. Moreover, ®r satisfies the following properties:

(i) For any x* € E* andy € F, ®ra*(y) = (T9,)(x*),
(i1) ®r is positively homogeneous,
(i1i) O is weak® to weak* continuous on bounded sets,

() Fory* € E*, we have ||Pry*|| < [|T|ly*|l- If p < oo, then for every (yi)m, C E* we

have
1

m ! m
sup (D l[@ryil@))” < 170 sup (D luilw)l”)”
T€Br N1 yeBg 3T

Proof. First recall that the atoms of FBL® [E]* are precisely the linear functionals which
act on FBL® [E] as lattice homomorphisms |12} p. 111], and these correspond to point eval-
uations ([26, Corollary 2.7] establishes this for p = 1, but the proof for other values of p
works in the same way). For z* € E*, denote the corresponding evaluation functional on
HIE] (and therefore, on FBL®[E]) by z*. One can check that ||:1/c\*||FBL(p)[E}* = ||z*|
every p, and, as H[FE] consists of positively homogeneous functions, we have azr* = az* for
a > 0.

g+, for

If T : FBL®[F] — FBL®[E] is a lattice homomorphism, then 7* is interval preserving,
and, in particular, maps atoms to atoms. Using the description of atoms given in the previ-

ous paragraph, we conclude that 7™ induces a positively homogeneous map ¢, : E* — F™*,
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via ®ra* = T*7* o ¢p (that is, Bz = T*7%).

By construction, for every f € FBL®[F] we have T'f = f o ®. Indeed, for z* € E* let
y* = O&rz*. Then

(f o ®7)(z") = f(y") = y*(f) = [T*2*)(f) = Tf(2").

Plugging in f = §,, we obtain (1). This, in turn, implies (2): for A > 0, * € E* and
yer,
Or(Az%)(y) = (T6y)(Ax") = A(T,) (") = APra™(y).

To establish (3), note that, if y “s y* is a bounded net in E*, then for every z € F we

have
[Pryal(z) = [T0:](ys) — [T0:](y") = [ry”](2),

as T6, € FBLW[E] is weak* continuous on bounded sets.

To handle (4), let (y;)7, € E*. We have

sup Y |Pry;(x)]? = sup ZIT5 (ur)]

S sup ||T5 ||FBL(p)[E Sup Z|yk
rEBFR Bg k=1

IN

IT[|” sup Z 5 (y

veBe 1

]

In certain cases, more can be said about the map ®7. The proof of the following propo-

sition is straightforward.
Proposition 6.10.2. In the notation of Proposition|6.10.1, we have:

(i) Suppose T is surjective so that, by Open Mapping Theorem, there exists ¢ > 0 so that
for every g € FBLW[E] there exists f € FBLW[F] with Tf = g and ||f|| < ¢ '|g]|.
Then c||z*|| < ||Pra*|| for every x* € E*.

(ii) If T has dense range, then O is injective.

(iii) If T is a lattice isomorphism, then ®r is bijective, and ®p-1 = O,
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() If T is a lattice isometry, then |®rz*|| = ||x*|| for any x* € E*.

Remark 6.10.3. Suppose T : FBL®[F] — FBLY)[E] is a lattice isometry, and F* has the
weak* (or dual) Kadec-Klee Property, investigated in |[102] and [149]. That is, if (z}) is a

sequence in F* weak*-converging to * € F*  and such that ||z} || — ||z*||, then ||z} —z*|| — 0.

Then we can further deduce that &7 is norm to norm continuous.

Remark 6.10.4. Lemma shows that for T : F — E, the induced map T : FBL®W[F] —
FBLY)[E] satisfies &7 = T*.

Proposition [6.2.2] immediately implies that the converse of Proposition [6.10.1]is valid for
p = 0.
Corollary 6.10.5. Suppose E and F' are Banach spaces, and ® : E* — F* is a positively ho-
[Py
yes\(op 1yl
co. Then there ezists a lattice homomorphism T : FBL*V[F] — FBL®[E] so that |T|| = C,
and ® = O.

mogeneous map, weak™ to weak* continuous on bounded sets, so that C' :=

Remark 6.10.6. In contrast, the converse of Proposition [6.10.1] fails for p = 1. Below we
present a map @, satisfying Proposition [6.10.1)(2,3,4) for p = 1, but not implementing a
lattice homomorphism of FBL[(;] to itself. Specifically, define

(I)((ai)?il) = (|a1| A (\/iZQ |Cz—.i|),0,0, : )

Clearly @ is positively homogeneous and weak* continuous (relative to the canonical iden-
tification o, = ¢7) on bounded sets, so (2) and (3) of Proposition [6.10.1] hold. To establish

(4), consider a finite collection (x)) C o, with maxy || >, +ax|| < 1. Write 2 = (ag;)52,.

Then V; Y, |ari| < 1. Consequently,

max | > 0zl <) faw| < 1.
k k
Let e = (1,0,0,...) € £;. Then f = |d.| : (a;) — |a1| belongs to FBL[¢;]. Now consider
gl = R:ax*— f(Pa*) — that is,

(@) = lar] A (Vizo 20)

By [26, Example 2.11], ¢ ¢ FBL[¢;]. This shows that the composition operator defined by
® does not map FBL[/] to itself, as claimed.
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The following statement is reminiscent of the notion of “dependence on finitely many

coordinates” in [90].

Lemma 6.10.7. Suppose 1 < p < oo, and T : FBLW[F] — FBLW|E] is a lattice homo-
morphism. Then for any y € F and € > 0 there exist N = N[y| € N, (xl[y])f\;[%'] CFE,anda
Fly| : RY — R, represented by finitely many linear and lattice operations, so that

[[@r2°](y) = Fly)((@ (wly)i2)| < ella”|| for any a* € E7.

Proof. The function T6, : B* — R : 2* = [®7p2*](y) belongs to FBL®[E], hence it is the
limit (in the FBL® [E] norm, and, consequently, in the sup norm on Bpg«) of elements of
FVLI[E]. Now recall that elements of FVL[E] can be written as f(dz,,...,0,), where f is

a composition of finitely many linear and lattice operations. O]
For future use (addressing the same setting), we state the following:

Corollary 6.10.8. Suppose 1 < p < oo, and T : FBLP[F] — FBLW[E] is a lattice
homomorphism. Let G be a finite dimensional subspace of F', and € > 0. Then there exist
N eN, and x1,...,xx € E, so that if x* € E*, ||2*|| < 1, and 2*(x;) =0 for 1 <i < N,
then |[@rz7](y)| < elly|| for any y € G.

Proof. By scaling, assume ||T|| < 1. Let (y;)}L, be an /2-net in the unit ball of G. By
Lemma [6.10.7] there exist z1,...,zy € E, so that if 2* € E*, ||2*|| < 1, and z*(z;) = 0 for
1 <i <N, then |[®rz*](y;)| < e/2 for 1 < j < M. For an arbitrary y in the unit ball of G,
find j so that ||y — y,|| < /2. Then

[®ra7](y)| = |[T9

< |[T5,,](=")

!%fc (45 |+Hy yill <e.

]

Proposition also allows us to study lattice transitivity of FBL® in the following
sense. We say that a Banach lattice X is lattice almost transitive if, for any norm one
r,y € X, and € > 0, there exists a surjective lattice isometry 7" : X — X so that
|7z — y|| < & (note that T~ is a lattice isometry as well). The spaces L,(0,1) (1 < p < 00)
are known to be lattice almost transitive (see e.g. the proof of [113, Theorem 12.4.3], or [112|
Proposition 3.5]). Another example is the “Gurarij AM-space”, recently constructed in [112].
Despite the fact that FBL® lattices possess a large number of lattice homomorphisms, we

will now show that such lattices fail to be lattice almost transitive.
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Proposition 6.10.9. For any non-trivial Banach space E, and any p € [1,00], the space

FBLW[E] is not lattice almost transitive.

Proof. Fix a norm one e € E, and let f = [5e}+, g = |6.|- Note that || flle < [ f]| < [le]],
hence || f|| = 1. Similarly, ||g|| = 1. We shall show that | T'f — g|| > 1/3 whenever T is a

surjective lattice isometry on FBL®[E].

Suppose, for the sake of contradiction, that v := ||T'f — ¢g|| < 1/3. By the preceding
discussion, 7" is implemented by a positively homogeneous map ® = &7 : Bg+ — Bg«, weak®
continuous on bounded sets, which preserves norms; ®~! has the same properties, since it

implements 7. Then, for any 2* € Bg-, we have
|z (e)] — [Pz*(e)]+] <. (6.10.1)
Let now

U, ={a2" € Bg- : 2"(e) > 1/3}, U_ = {a" € B~ : 2*(e) < —1/3},
U=U,UU_,V ={x" € Bg:2"(e) > 2/3}.

If ®z2* € V, then, by (6.10.1), |z*(e)| > 2/3 —~ > 1/3, hence z* € U. In other words,
V CoU = o, UdU._.

The sets U, and U_ are closed (in the relative weak* topology of Bg-), hence the same is
true of their images. Since V is a convex set, in particular it is path connected, hence there
exists n € {—1,+1} so that U, NV = . Now take a norm one z* so that z*(e¢) = 1. Then

|z*(e)| = 1, while ®x*(e) < 2/3 < 1 — =, contradicting (6.10.1]). O

For 1 < p < oo, FBL?) lattices are often distinct

In this subsection, we establish that, for p < oo, in certain cases FBL®[E] and FBL®[F]

cannot be lattice isomorphic. As a tool, we need the
that, for (z;)X, C Z,

1(zi)llpwear = sup (Z|Z*(Z'i)\” —SUP{HZO%H Z|a,|q<1}

Z*EBz*

weak p” norms (see e.g. [97]). Recall

where Il) + % = 1. For (2})Y, C Z*, moreover, ([6.1.2)) yields:

* *k >k 1
1) lpwenk = sup Z|z /p—sup Z|z )

Z** € B xx
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By duality, [|(2])||pweak coincides with the norm of the operator £)" — Z* : e; — 2}, where

(e;) is the canonical basis of £}, and % + % =1.

Suppose E and F' are Banach spaces, and fix C' > 0 and p € [1,00). Define a (C, p)-game

between two players as follows:

At the start of the n-th round, we have finite dimensional subspaces F},..., F,_1 C F,
Ei,...,E, 1 C E, and norm one y; € Fi*, 2t € Ei- for 1 <i <n —1 (here, for a subspace
G C F, we denote G+ = {a* € F* : z*(x) = 0, Vo € G}).

Round n, step 1: Player 1 selects a finite dimensional E, C FE, then Player 2 picks a

finite dimensional F,, C F.

Round n, step 2: Player 1 chooses y;, € Sp.. (the unit sphere of F), then Player 2 picks

*

Player 1 wins the (C,p)-game after N rounds if there exist ay,...,ay > 0 so that
(i) N | pwear > Cll(iy )N, || pwear (we say that (o, 2}, y7)N, witnesses the win of Player

1).

We shall say that E* p-dominates F* (relative to preduals F and F', which we will omit
if the duality is canonical) if Player 1 has a winning strategy for the (C,p) game for any
C' > 0 (that is, Player 1 can win, no matter what Player 2 does). Note that we can always
assume that F4y C Ey C ..., and F; C F, C ...

We need a simple observation combining duality with small perturbations.

Lemma 6.10.10. Suppose Z is a Banach space, and € > 0.

(i) Suppose G is a subspace of Z. Then for any z* € Z*, dist(z*,G*+) = sup {|2*(2)] : z €
G, ||z|| < 1}. Further,

1
dist(z", GL) > 5 inf {Hz* —ww* e G, lw*|| = 1|z }-

(ii) Suppose G and Gy are subspaces of Z, so that for every z € G\{0} there exists zy € Gy
so that ||z]| = ||2]| and ||z — 20| < €||z||. Then any z* € Gy satisfies dist(z*, G*) <

ell="]l.
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Below, we apply this lemma for finite dimensional G and Gg. In this case, the statement
of (2) can be strengthened slightly: if for every z € G there exists zg € Gy so that ||z|| = |||
and ||z — 2| < ¢||z]|, then any z* € G satisfies dist(z*, G*) < ¢||2*|.

Proof. (1) The equality
dist(z*, G*) = sup {|2*(z)| : z € G, ||z|| < 1}

follows from the canonical identification between G* and Z*/G*. To establish the “further”
statement, if suffices to show that, if ||z*|| = 1, and dist(z*, G*) < ¢, then there exists a
norm one w* € G+ with ||z* — w*|| < 2¢. To this end, find u* € G* so that [|z* —u*|| < c.
By the triangle inequality, |||u*|| —1| < c. Let w* = u*/||u*]], so u* = |[u*||w*, and therefore,

[u* — w*|| = ||Ju*|| — 1| < c. Consequently,

127 = wll < J[2" =l + fJu” = w*]| < 2¢.

(2) Pick a norm one z* € Gg. By (1), dist(z*,G*) = sup {|=*(z)| : z € G, |z = 1}.
For any z as in the right hand side, find zy € Bg, so that ||z — zp|| < €. Then |2*(2)| <
|2*(z0)| + ||z — 20| < &. O

Proposition 6.10.11. Suppose co > u > max{v,p} > v > 1, E = (>, E;), (E1, Es, ...
are finite dimensional; for u = 0o, consider the cy-sum), and F* contains a copy of £y, with
1/v+1/v" =1. Then E* p-dominates F*.

Proof. Assume F* contains a normalized basic sequence, K-equivalent to the canonical basis
of ly. Fix C > 0. Let v/ =u/(u—1) (so 1/u+ 1/u’ = 1). In the course of a (C,p)-game,
Player 1 can arrange (y;)Y, to be 2K-equivalent to the unit vector basis of ¢%, and force
Player 2 to make (z})Y; to be 2-equivalent to the unit vector basis of £% (this follows from
a “gliding hump” argument, permitted by Lemma [6.10.10{2)). Then

1

) Nl/p—l/v v >p
o 1@ pwear < llid = €57 — €3]] = {

2K 1 v<p

(here id stands for the formal identity and % + % = 1). Similarly, 2||(2})]|pwear > NY/P/¢
(since u > p). Thus, |[(«])|pweak > C|(Y})]pweax, for N large enough. O

Above, we defined p-domination, and established examples when it occurs. Next, we use

it to show that certain free Banach lattices cannot be lattice isomorphic.
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Proposition 6.10.12. Suppose 1 < p < oo, E and F are Banach spaces, and E* p-
dominates F*. Then FBLW)[F] is not lattice isomorphic to a lattice quotient of FBL®W[E].

The proof requires an auxiliary result:

Lemma 6.10.13. Let % + % = 1. For any Banach space Z, and any 2i,...,z, € Z*, we

have

n n
[[(27)[|p,wear = sup {H Z%Z;'k“FBL(p)[Z]* : Z [yil* < 1}'
i=1 i=1

Proof. Let T : Z — ( be given by z +— (z;(z)){., and consider its canonical extension

T : FBL®[Z] — 3. Note that (T)* by — FBL® [Z]* maps the unit vector basis to z*.

Hence,
1z paweare = 1T} = (T[] =[]
= sup {|| Z%Z;FHFBL(”)[Z]* : Z [yl < 1},
=1 i=1

]

Proof of Proposition [6.10.13. Henceforth, suppose T' : FBL®W[E] — FBL®)[F] is a surjective
lattice homomorphism (by scaling, we can assume it is contractive). There exists ¢ > 0 so
that for any g € FBL®[F] there exists f € FBL®[E] so that Tf = g, || f|| < ¢ !||g|l. We
keep the earlier notation ®7. By Proposition [6.10.2] the inequality c[|y*|| < [|Pry*|| < |ly*|
holds for any y* € F™*.

Fix € € (0,1/4) and C > 1. Find K > (C + ¢)c™!. Now let us start a (K, p)-game.

Suppose n — 1 rounds have been played; we have £; C ... C E,  C E, F; C ... C
F, 1 C F; norm one yf € Fi* and o} € Ef, for 1 < i < n, so that ||t;z} — Opyf| < 47,
for some t; € [c,1]; these have been chosen in such a way that Player 1 can still win the

(K, p)-game if they keep playing.

On the first step of the n-th round, Player 1 picks a finite dimensional F,, C E which
contains F,_1, and permits winning. Then Player 2 chooses F,, C F', F,, O F,,_1 so that, for
any norm one y* € FX, and any x € E,, we have |[®ry*](z)] < 4717"¢||z|| (this is possible,

by Corollary |6.10.8)).
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On the second step, Player 1 selects a norm one y € F consistent with victory. By

Lemma [6.10.10(1), we have that
inf {[|®7y, —w'|l s w" € By, [lw|| = |7y, 1} < 2dist(Pry;, ;) < 47"

Hence, Player 2 can find 27 € E- with ||%|| = 1, for which there exists ¢, € [c, 1] so that
| Pryl — tyak|] < 47 e.

Continue until we obtain (y;)Y, and (z})Y, witnessing the victory of Player 1. That is,

we can find aq,...,ay > 0 so that

||(aix:)”p,weak > KH(aiy;)Hp,weak-

By scaling, we can assume max; a; = 1. Denote ||(a;y})||pweax by M. Then clearly M > 1.

By convexity,

[(eitizi) llpaweac = ell(Qi7)|pwear > KeM.

Then

H (azq)Ty;) Hp,weak = H (aztll’:) ‘p,weak - Z aZHCI)Ty:( o tzl’:(”

> KeM — 24”5 > (Ke—e)M > CM.
By Lemma [6.10.13],
M = sup {H Z%ai?EHFBL@MF]* : Z%{I < 1}
and
H (Oéiq)Ty;) ‘p,weak = Sup {H Z%O‘iT*yf”FBL@J[E]* : Z%g < 1}'

Thus, | 7*|| > C. This contradicts the assumption that ||7']] < 1. O

We also have a “local” criterion for free lattices being “different”.

Proposition 6.10.14. Fiz u,v € [2,00], p € [1,00], and v < min{v,p'}, where 1/p+1/p" =
1. Suppose E* has cotype u, and F* does not have cotype less than v. Then FBL® [F] is
not lattice isomorphic to a lattice quotient of FBL®[E].
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Proof. Find q € (u,min{v, p'}). By [97, Chapter 14], there exists C' > 0 such that for any n
we can find yi, ...,y € F* with the property that, for any («;), we have

<O lul)™".

o] < | 3 o
(2
Consequently, min; ||yf|| > 1, and ||(y}) ||y weax < C.

Suppose, for the sake of contradiction, that 7' : FBL®[E] — FBL®[F] is a surjective

lattice homomorphism (without loss of generality, T' is contractive). Then, by Proposi-
tion 6.10.1} for (y;) as above we have ||(®ry))]4 weak < C'.

On the other hand, 7™ is bounded below by some ¢ > 0, hence by Proposition [6.10.2
the inequality ||®7y*|| > c|ly*|| holds for any y* € F*. By cotype u, maxy || Y, £Pry| >
Ken'/* (K is the cotype constant), so

[( @7y )l g7 weak = max | Z :tn_l/qq)Ty;kH > Ken'/t1/e;

the latter exceeds C for large n. This is the desired contradiction. O

Corollary 6.10.15. Suppose r € [1,2), and s € (r,00]. Then FBL[L,] is not a lattice
quotient of FBL[L].

This corollary generalizes the classical result that, for » and s as above, L, is not a

quotient of L.

Proof. Following the usual convention, we assume 1/r+1/r" =1=1/s+1/s". Let E = L,
F = L,, and note that E* has cotype max{2,s'}, while F* has cotype r’ > max{2,s'}, but
no smaller. Apply Proposition [6.10.14] with E, F' as above, and p = 1. O]

The above results leads one to ask:

Question 6.10.16. Suppose FBLY)[F] is lattice isomorphic to FBL® [F]. What properties

do the spaces F and F' necessarily share?

The results of Section provide positive answers for certain properties (such as con-

taining a complemented copy of /1, or 7, see Theorem [6.9.20| respectively Corollary [6.9.25)).
Some other properties are covered by the following partial result.
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Proposition 6.10.17. Suppose FBL[E] is lattice isomorphic to FBL[F|, and E is a separable

space which has ¢y as a quotient. Then:
(i) If F is reflexive, it cannot be K -convex.
(i1) F is not super-reflexive.

Proof. (1) Suppose F is reflexive, and 7' : FBL[F] — FBL[FE] is a lattice isomorphism. Let
®p 0 E* — F* be the corresponding map given by Proposition [6.10.1 By the proof of [230,
Proposition 2.e.9], E* contains a weak* null sequence (e

¥), equivalent to the ¢; basis. The
sequence (®ref) is semi-normalized, and weakly null in F™*, hence, by [103], we can find

i1 <13 < ...s0 that (®rej, ) is Schreier unconditional. We have

max | S kapre, | ~ max | S Faner, || ~ 3 e,
k k k

hence for any n, and any choice of signs =+,

2n 2n 2n
| Z oy, Prej || NmiaXH Z Ty Pre; || ~ Z (R
k=n+1 k=n+1 k=n+1

which shows that F™* contains copies of ¢} uniformly. This is equivalent to the lack of K-
convexity for F™*, hence also for F' [97, Chapter 13].

(2) is a consequence of (1). Indeed, if F' is super-reflexive, then it is necessarily reflexive.

Also, it cannot contains copies of /1 uniformly, which implies K-convexity. m

We do not know whether, under the hypotheses of Proposition [6.10.17, F' necessarily has
a ¢y quotient. One major obstacle is that a weakly null sequence may not have an uncondi-
tional subsequence [241] (see also [192]).

Note that Question [6.10.16| can be interpreted as inquiring which properties of Banach
spaces are preserved under positively homogeneous bijections which are weak* to weak*
continuous on bounded sets in both directions. For the discussion on Banach space properties
preserved by other types of non-linear isomorphisms, see e.g. |9, Chapter 14]. For instance,
there it is shown that Lipschitz isomorphisms preserve super-reflexivity (Proposition
above can be viewed as a weaker version of that).
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Isometries between FBL")’s for finite P

To examine the existence of lattice isometries between lattices of the form FBL®[E] and
FBL®[F], recall that a Banach space Z is called smooth if, for every point z on its unit
sphere, there exists a unique support functional, which we call f, (that is f.(z) = || f.|| = 1).

For more information on smoothness, and on the related topic of strict convexity, we refer
to [98, Ch. 2].

Recall that if £ and F are linearly isometric, then FBL®[E] and FBL®[F] are lattice
isometric. A converse to this is the main result of this section, which can be considered as

a Banach-Stone type theorem for free Banach lattices:

Theorem 6.10.18. Suppose 1 < p < oo, and E,F are Banach spaces so that E*, F* are
smooth. Then T : FBLW[E] — FBLW[F] is a surjective lattice isometry if and only if
T = U, for some surjective isometry U : E — F. Consequently, E and F are isometric if
and only if FBLW[E] is lattice isometric to FBL®W[F].

It is known that Z is strictly convexr (that is, the equality ||z; + 22|| = 2 holds for
21,22 € Sz if and only if z; = 2z9) whenever Z* is smooth. For reflexive spaces, the converse

implication holds as well.

Before proving Theorem [6.10.18] we recall some facts related to the geometry of the norm

of a Banach space, and use them to describe the behavior of ||(z, ty)||pweax for t = 0.

Suppose x is a point on the unit sphere of a Banach space Z. Denote by F(x) the set of
support functionals for z — that is, of functionals z* for which ||z*|| = 1 = 2*(z) (note that
this set is weak* closed, hence weak* compact). Now suppose y € Z, ||y|| = 1, and X € R.
It is known (see e.g. [191}, Section 6]) that there exists z* € F(x) so that x*(y) = X if and
only if
i BRIy g Il =T
t—0— t t—0t t

In particular, if F(z) = {«*} (in this case, 2* = f,), then

(6.10.2)

tyl| — 1
lim 12 F =1 f” = z"(y).

t—0

We begin the proof of Theorem [6.10.18 with a lemma.
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Lemma 6.10.19. Suppose x,y are elements of the unit sphere of Z, and 1 < p < oco. Let
K = SUDyeer(r) |27 (y)|. Then, fort —0,

kP
1@, ) lpweat = 1+ =Z[1" + ol [£I7).

Note that, in the definition of x, sup can be replaced by max.

Proof. Replacing y by —y if necessary, we assume (see ((6.10.2))) that

o ety -1
Kk = lim ,
t—0+ t

hence
|z +ty|| =1+ kt +o(t) for t — 0"

Further, set
t—0— t

)

hence ||z — ty|| =1 — k't + o(t) for t — 0*. By our assumption, |x'| < x, hence
meHx:I:tyH =1+ k|t] + o(t). (6.10.3)

To complete the proof for p = 1, recall that H (z,ty = maxy ||z £ ty||.

) H 1,weak

Now consider p € (1,00). To estimate ||(x, ty)||pweax from below, find z* € F(x) so that
x*(y) = k (this is possible, due to the weak* compactness of F(z)). Then

* * 1 1
1, t9) peare > (27 (@)P + |t () [P) P = (1 + wP[t7) .

Taylor expansion gives

p
L+ )7 =14+ P + o(ltP).
p
The rest of the proof is devoted to estimating
(@, ty)llpwea = max {[lazx + Bty| : |o|? +|8|* < 1}

from above (here ¢ = p/(p—1),s0 1/p+1/q = 1). First, we show that, for any € > 0, there
exists ty > 0 so that
I{'/p
lax + Bty|| < 1+ ?|t\p +elt]? (6.10.4)
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whenever a > 0, o7 + |5]9 = 1, and [t] < .

The case of a < 1/2 is easy: for |t| < 1/2, ||ax + Pty|| < a + |t| < 1. The remainder of
the proof deals with o > 1/2. Then a = (1 — |3]7)'/%; by (6.10.3)),

|ax + Sty|| = aHx + étyH

o 5 (6.10.5)

< (1= (81 +|Blltlr + ao ().

where ¢(s) = o(s) near 0. To analyze the supremum of the above expression, we show the
existence of B > 0 (depending solely on p) so that

(1= 810" <1 —=2|B||t| for |8] > Bt/ (6.10.6)

Taking this inequality for granted, combine (6.10.5) with (6.10.6): for |3| > B|t|'/(¢~") and
a>1/2,

o + Byl < 1~ [91] + a0 (21).
Find sq so that |¢(s)| < |s|/2 whenever |s| < so. Then for |t| < s50/2, we have
B 1B
o(E0)] < 5154 <1811,
o 2«
and therefore, for such t,
max { |lax + Bty|| : |o|? +[B8]7 < 1,|8] > B]t\l/(q’l)} < 1. (6.10.7)
Finally, for ¢ > 0, find s; > 0 so that |¢(s)| < B~ le|s| for |s| < s;. Then, for |t| < s,/2
and || < BtV
a‘gzﬁ(ét)‘ < aB_15’§t| < B lept| < et
o o
(since p=1+1/(q¢ — 1)). Therefore, for such t,
max {[laz + Bty|| : |a|? + 8] < 1,18 < Bl D}
< max {(1—[B|)" + Bltlr : § € [-1, 1]} +elt]"”
By Holder’s Inequality,
max { (1 — |8|)"* + Blt|x : B € [-1,1]}
=max {a -1+ 8-&lt|:]a|?+ |B|* < 1}

1/ KP[t[P
= (L&), = (L4 (st)h?) " <1+ —
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hence

max {[laz + Bty|| - [o|? + 8|7 < 1,18] < BJ|/T7V}

p 6.10.8
<1+ S 4 el (6.108)
p

Together, (6.10.7) and (6.10.8)) establish (6.10.4)), with ¢y = min{sg, s1}/2.

It remains to establish (|6.10.6)). For convenience we shall only deal with non-negative
values of $ and t. That is, we have to show that

(1-28t)1>1-p*
for > Bt~V By Bernoulli’s Inequality,
(1—2pt)1 > 1 - 28,

hence it suffices to select B to guarantee that 1 — 2¢5t > 1 — 39 holds for g > Bt!/(a=1),
Clearly B = (2¢)"(@V works. O

Proof of Theorem[6.10.18. Following [178], we define the following semi-inner product on
E*: for z*,y* € E*,

[*:C*]_{ 0 ifar=0,
a foly) i 2* £0,

where f,« € E** is the unique support functional at z* — that is, || f,

= [lz*ll = v/ far (2¥).

A semi-inner product on F™* is defined in a similar fashion.

By Proposition [6.10.1, 7" is implemented by a surjective positively homogeneous map
O F* — E*, weak® to weak® continuous on bounded sets, which preserves the (p, weak)-
norms of tuples; (ID;I also has all these properties. By Lemma , ® preserves absolute
value of the semi-inner product defined above. By [17§], there exist a linear surjective isome-
try V . F* — E* and a function o : F* — {—1, 1} so that & f* = o(f*)V f* for any f* € F*.
Due to the positive homogeneity of ®r, o is constant on rays — that is, o(tf*) = o(f*) for
any f*# 0, and t > 0.

We claim that o is a constant on the sphere of F*. Indeed, otherwise, up to a sign change,
we can assume that there exists a sequence (f}) on the unit sphere of F™*, converging to f*

in norm, so that o(ff) = 1 for any k, and o(f*) = —1 (we make use of the connectedness
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of the unit sphere). Then (®rf;) converges in norm, and hence also weak*, to V f*. On the
other hand, &7 f; — &7 f* = =V f* weak®, which is a contradiction.

By changing sign if necessary, we can assume o = 1 everywhere, hence & f* = V f* for
any f* € F*. The linear isometry V', and its inverse, are weak* to weak® continuous on
bounded sets. It remains to show that V' is an adjoint operator — that is, V' = U*, with
some U € B(E, F) (such a U is automatically a surjective isometry). To this end, consider
V* . E* — F**. By [111} Corollary 4.46], e** € E** comes from kg(FE) (where rp denotes
the canonical embedding into the bidual) if and only if ker e*™ N B« is weak® closed; the

same is true regarding f** € F**. As V is a surjective isometry, we have
ker(V*e**) N Bp- = V! (ker e™* N Bp-).

Since V' is weak* to weak* continuous on bounded sets, it follows that ker(V*e*) N Bp-
is weak® closed whenever kere** N B« is. In other words, V* maps kg(FE) into kp(F).
Consequently, V = U*, where U = k' V*kg € B(E, F). H

The smoothness assumption is essential for the preceding proof. Without smoothness,

we can obtain some partial results.
Proposition 6.10.20. Suppose 1 < p < oo, and FBLW[E] is lattice isometric to FBL®[F].
(i) If E* is strictly convez, then so is F*.
(ii) If both E and F are reflexive, and E* is smooth, then F* is smooth as well.
For the proof, we need a particular case of Lemma [6.10.19}

Corollary 6.10.21. Suppose p € [1,00), and z,y € Z with ||z|| = 1 = ||y||. Then maxy ||z+
yl| = 2 if and only if
tim pt (| 2, 89)]| i~ 1) = 1 (6.10.9)

t—0

Proof. It ||z+y|| = 2 or ||z—y|| = 2, find 2* € F(2) so that |z*(y)| = 1. Apply Lemmal6.10.19]
Conversely, if (6.10.9) holds, then there exists z* € F(z) with |z*(y)| = 1. Then max. ||z +
yll = 2. O

Proof of Proposition |6.10.20(1). Suppose, for the sake of contradiction, that E* is strictly
convex, but F* is not. Find norm one yg,y; € F** so that y§ # y{, and |lyf + y|| = 2. For
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s € (0,1) let y* = (1 —s)ys + sy;. It is easy to see that ||y*|| = 1, and ||yg + yZ|| = 2, for any
s € (0,1). Consequently, by Corollary [6.10.21]

p,weak o 1) =1

Find a positively homogeneous map ¢ : F* — E* weak* to weak® continuous on bounded

tim pt ([ (95, 1)

sets, which implements a surjective lattice isometry FBL®[E] — FBL®[F]. Let z* = ®y*.

Then for any s € (0,1), ||z%|| = 1. Moreover, ® preserves (p, weak)-norms of tuples, so

p,weak B 1) =1

Consequently, by Corollary [6.10.21} maxy ||z + 2%|| = 2. By the strict convexity of E*,
xt e {x}, —x{} for any s. However, all x¥’s must be distinct, which gives a contradiction. [

lim pt P (H (x5, tey)

t—0

The following topological result is likely known to experts.

Lemma 6.10.22. Consider a Banach space Z, equipped with the weak topology. Let G be a
closed subspace of Z. Then Z\G is path connected if dim Z/G > 2, and is disconnected if
dimZ/G = 1.

Proof. If dim Z/G =1, find 2* € Z* so that G = ker z*. Then Z\G is a union of two open
sets —{z € Z:2*(2) >0} and {z € Z: 2*(2) < 0} — hence disconnected.

Now suppose dim Z/G > 1. For zg, 21 € Z\G, we need to find a path connecting these two
points. By replacing Z by its subspace, we can and do assume that dim Z/G = 2. Represent
Z as G @ H, with dim H = 2. Represent z; = ¢; + h;, with g; € G and h; € H\{0}. Find
norm-continuous functions g : [0,1] — G and h : [0, 1] — H\{0} so that g(0) = go, g(1) = g1,
h(0) = hg, and h(1) = hy. Then t — g(t) + h(t) is the desired path. O

Proof of Proposition ( 2). Suppose, for the sake of contradiction, that E* is smooth,
but £ is not. Find a positively homogeneous map ® : F* — E* weak* to weak* continuous
on bounded sets, which implements a surjective lattice isometry FBL®[E] — FBL®[F].
Find a non-smooth point f* on the unit sphere of F*. Let e* = ®f*. Let e = f.«. It follows
that * € E* satisfies

11_r)%t—p(H(e )| [ pweak — 1) =0

if and only if z* € kere =: A.
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Now let B be the set of all y* € F™* for which

Lim — (| (f*, ty")lpwearc — 1) = 0.

t—0 tP

Then B = N{kerf : f € F(f*)}. Further, A = ®(B), and E*\A = ®(F*\B). By
Lemma|6.10.22, F*\ B is connected (since dim F*/B > 2), and E*\ A is not (since dim E*/A =

1). However, a disconnected set cannot be a continuous image of a connected set. ]

Isomorphism between FBL(™ lattices

It turns out that FBL®?[X] and FBL™[Y] may be lattice isomorphic, or even isometric,

even when X and Y are non-isomorphic. For motivation, we recall a result from [185]:

Proposition 6.10.23. Let E be a Banach space. Then C(Bg+) is the free unital AM-space
over E. More specifically, for any compact Hausdorff space K and any norm one operator
T : E — C(K) there exists a unique unital lattice homomorphism T : C(Bg+) — C(K) such
that T o ¢z = T. Moreover, | T| = 1.

From this result we deduce that the free unital AM-spaces over E and F' are (isomet-
rically) lattice isomorphic if and only if (Bg+,w*) and (Bp+,w*) are homeomorphic. In
particular, since the dual ball of any separable infinite dimensional Banach space is weak*
homeomorphic to the Hilbert cube [0, 1] by Keller’'s Theorem (see [110} Section 12.3]), the
free unital AM-space cannot distinguish between separable Banach spaces. We now prove
a similar result for FBL(®). This has the added difficulty that one needs to build positive

homogeneity into the homeomorphism.

We say that (Z;) is a finite dimensional decomposition (FDD for short) in a Banach
space Z if the spaces Z; C Z are finite dimensional, Z = span|Z; : i € N], and there exist
projections P; from Z onto Z; so that P,P; = 0 whenever i # j, and sup,, || P,| < oo (here
P, =P +...+P,), and, for any z € Z, P,z — z in norm (equivalently, weakly [243]).
Then ?:; converges to Iz« in the point-weak* topology. We say that an FDD is monotone it

P, is contractive for every n. A classical renorming procedure makes an FDD monotone.

Theorem 6.10.24. Suppose a Banach space X has a monotone FDD. Then FBL™) [X] is

lattice isometric to FBL®[¢y].

Remark 6.10.25. This result contrasts sharply with those of Section For instance,
whereas the above yields that FBL([¢] and FBL®[¢] are lattice isometric, combining
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Proposition |6.10.11| with Proposition [6.10.12 we conclude that FBL® [¢y] and FBL®[¢,] are

not lattice isomorphic for any p € [1,00). In fact, we know no examples of non-isomorphic
Banach spaces E, F for which FBL®[E] and FBL®[F] (1 < p < 00) are lattice isomorphic.

The following easy observation will be used throughout the proof of Theorem [6.10.24}

Lemma 6.10.26. Suppose X is a Banach space with an FDD implemented by projections
(P,). Then a norm bounded net (x*) C X* weak* converges if and only if the net (P.x%)q

*

*) weak* converges to x* € X* if and only if

is norm convergent for every m. Further, (x

D*,* DF
P, x* — P, x* in norm for any n.

Proof of Theorem[6.10.24. Let (P;) be the FDD projections in X, and let E; = Range P} —
X*. Then P, = Pf + ...+ P* is a projection onto E, = Ey & ... & E,. Let F; = (7",
with n; = dim E;. Find a bi-continuous bijection p; : E; — Fj, so that ||p;v*|| = ||v*|| and
pi(ty*) = tp;(y*) for any y* and ¢t € R. Finally, we identify ¢y with Y = (3, F;*).,. Denote

the coordinate projections from Y onto F} by Q;, and let Q,, = Q; + ... + Q,. Then @Z is
a projection from Y* onto F,, = Fy @ ... ® F,. Note also that Y* = > Fi ~ 4.

We recursively define continuous norm-preserving positively homogeneous bijections W, :
E, — F, (henceforth we say that a map W is norm-preserving if || ¥z|| = ||z|| on the domain
of U).

To begin, let Ui2* = pix*. Now suppose ¥, _; with the desired properties has been
defined; let us describe ¥,,. Any 2* € E,, can be written, in a unique way, as 2* = x} + 7,
where 2 € E,,_1, and ¥ € E,. If 2} = 0, let ¥,,2* = p,z}, while if 2 = 0, let ¥,2* =

n?
W,,_1x*. Otherwise, let

e
W, (25 + at) = mn(—">\11n_ 23) + tpnt?, 6.10.10
where r,(s) =1 —47"(1 — e */?), and
t=t(al,xt) = —ontan - an( ﬂx”“* )”xSH. (6.10.11)
[Ead| 25 + 3|/ [

Note that ||zf + 2%| > ||z5|| (due to P,_; being contractive), hence t > 0. In fact, t was

selected to guarantee that

[

v, (x5 + x* :mn<—
I+ ) = (T

Mgl + tllzs | = oy + 2l
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that is, to make W¥,, norm-preserving. Finally, observe that ¢ is a continuous function of
(x§, zk), provided z7 # 0.

We next note that 1 > k,(s) > 1 —47" for any s > 0, and so,
1@ (paaf — Wy (s + ) || < 47" [l2p]l- (6.10.12)

Clearly, ¥,, maps E, 1+ E, to F,_; + F,; also, it is positively homogeneous. We next

*

*) when both xf and z are different

establish that U, is continuous. Continuity at (zf,x

from 0 is straightforward, and that at (0,0) follows from W, being norm-preserving.

Now suppose 2, = 0, while ||z§|| # 0. The map

25, 20) = Q1 Va(zg + 28) = Ky (—" >\I/n_ 2y
( 0 ) 1 ( 0 ) ”ZS Z;;H 1( 0)

is clearly continuous at (z§,0). In addition, (6.10.11)) implies that

— 0
z:—0

A
tai, 2llenll = i+ 2l = o (2 il
0 n

uniformly over {z} € E,_1 : ||2&|| > ¢} (for any ¢ > 0), or equivalently,

| Qi (25 + 2;)

| = l1t(z5, 2n)pnznll = lIt(z5, 23)z0ll = O

uniformly over the same set. Thus, the continuity of U,, at (z7,0) is verified.

Conversely, suppose z§ = 0, and z;, # 0. By the continuity of ¥,,_; at 0, the map

A

126 + 2

(55, 2) = Qo Walzd + 22) = JLTES

is continuous at (0,z%). Also, the continuity of ¢ and p,, implies that of
(20, 20) = QuWal(2g + 2,) = U255 2) P2y,

The continuity of ¥,, at (0, z) follows.

*

To establish injectivity, we suppose that W, (z§+z%) = U, (25 +2) for some x§, 25 € E,_1
=z
n

and z), 2 € E,, and show that z§ = 2, ©

n»=n

*. As U, is norm-preserving, we can assuimne,
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by scaling, that ||z§ + 25| =1 = |25 + 2]

Applying Q. _,, we see that i, (||2%])¥p_1(x2) = kn(]|2:])¥p_i(25). By the induction
hypothesis, W, _; is continuous and positively homogeneous, hence there exists a > 0 so that

25 = azf. In this case, k,(]|z5]]) = a  k,(||25]]).

Likewise, applying (), we conclude that there exists § > 0 so that 2 = Sx). Therefore,

we have ak,(Bl|zk|) = kan(l|z5]])-

If « = 1, then, due to k, being strictly decreasing, we conclude that § = 1 as well,
hence x4+ x), = 25 + z,. To establish the injectivity of ¥,,, we therefore should rule out the
possibility of @ # 1. By relabeling, it suffices to show that a cannot be less than 1. In fact,

we shall prove the following fact:
if o € (0,1), s >0, ak,(Bs) = kn(s), then § < a. (6.10.13)

Once this is shown, we have that

oy + Bay|| = af x3+§x;‘; < ]:z:;;+§x;‘; : (6.10.14)
Further, as P, , is contractive, we have ||z%|| < ||z + 2*|| = 1, and therefore, by the

convexity of the norm,

B B ( p
oy + Dal < Dy sl + (1 - )il <
Together with (6.10.14)), this gives ||z§ + 2| = |laxy + Bz} || < 1, producing the desired

contradiction.

Keeping in mind that k,, is strictly decreasing, we establish (6.10.13]) by showing that the
map « — aky,(as) is strictly increasing on (0, 00). Multiplying by s, and using substitution
as = t, we are reduced to showing that ¢ — tr,(t) is strictly increasing. Differentiating the

function on the right, we obtain

Y teft/Q
2

[thn ()] = Kn(t) + trl, () = Kn(t) — 4 >0,

since k,,(t) > 1 —47". Thus, t — tk,(t) is indeed increasing.
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Finally we show that W, is surjective, that is, for any norm one y € F,,_y, y* € F,, and
a,b € [0,00), ayy + by, belongs to the range of ¥,,. By scaling, we assume a +b = 1 (in
other words, ||ayg + by|| = 1). If either a or b equals 0, then ayg + by lies in the range of

U,,, due to the surjectivity of p,,, respectively ¥,,_;. Henceforth, we consider non-zero a and b.

Find 2 € E,,_; and 2%, € E,, so that ¥,,_ 2}, = 3% and p,z% = ¥ (then ||z3]| = 1 = [|z%])).
Our goal is to find «, 5 > 0 so that

U, (axg + Bay) = ayg + by, (6.10.15)

To this end, note first that the function

a
B = || ——=x + B,
H"’in(ﬁ) ‘
is continuous on [0,00), equals a < 1 when 8 = 0, and tends to co as [ does the same.
Find g for which this function equals 1, and let o = a/k,(5). Then ||azf + Bzk|| = 1, and
akn(||fz}]|/laxs + ;) = a. Therefore, wy([|fay[|/||axg + g [[) V-1 (aag) = ays. From
the definition,

|82l

U, (axs + By, :Fdn(*—
(025 + Bn) = P Yazs 1 paz]

)Q/n,l(cm:é) + tBpny;

we know that p,z; = vy, and, by norm preservation, {3 = b. Thus, a and S have the

required properties.

For z* € X*, we define ¥z* = weak™ — lim,, \I’nFZﬁ. We shall show that ¥ is well
defined (the limit above indeed exists, even in the norm topology), is positively homogeneous,
norm preserving, and weak* continuous. To begin, note that ||2*|| = lim, || P, z*|| holds for
any z* € X*. Indeed, ||z*|| > ||P,z*|| for any n, by monotonicity. On the other hand,
z* = weak® — lim, P,z*, hence ||z*| < liminf ||P,z*||. Recall that, for j > n, we have

@Z@; = @:; As @; is contractive, (6.10.12) implies that

1@,V P,a* — Q¥ Py 27|

J

B (6.10.16)
<Pt — QWi Py < 472"

Consequently, for every n, the sequence (@Z\P]?;x*)J is Cauchy, hence convergent (in norm).
Note that H\Ifjﬁ;:L'*H |||, hence, in particular, the sequence (\Ifjﬁ;:c*)j is norm bounded.
Therefore, Lemma [6.10.26| (applied with the sequence (\Ilj?;x*)j instead of the net (x¥),,
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and with projections @), instead of P,) shows that the weak® limit of (\I/jﬁjw*) exists (and
therefore, W is well defined), with ||Wz*|| < ||z*|.

On the other hand, for any n, ||[Uz*

(6.10.16)) to write a telescopic sum:

> limsup,), ||Q, ¥ P.,a*||. For m > n, we can use

m—1
10, Pz — QW Pra®|| < Y 1@, W5 Pja* — Q01 Py a”|

j=n

. (6.10.17)
<Y ATz <2447,
j=n
hence |Q, U, P x*|| > || ¥, P,a*|| — 2 - 47"||«*||, and therefore,
[Wa(| = Tim sup (|9 Py =2 47"l
= limsup || ¥, P, z*| = ||z*|.

Thus, ¥ is norm-preserving. As W, is positively homogeneous for any n, so is V.

We observe that the sequence (\IIRF:;x*) is not merely weak*-convergent, but also Cauchy,

hence convergent in norm. To this end, consider m > n, and recall several relevant facts.

(i) (6.10.17) shows that || ¥, P, z* — Q, ¥, P, z*|| < 2-47"|z*.

(ii) There exists ¢t € [0,1] so that t¥,P z* = Q. ¥,,P, =*; consequently, |V, P, z* —
QY Pl = 1V Pra|| = 1@y ¥ Py
(iii) Further,

(I = Q)P = | Prya”|| = 1|Q, i Py”|
= (10 Pra’|| = | Ppall) + (0P| = 10, ¥ Prz™).-

(iv) Finally, recall that ¥, and ¥,, are norm-preserving.
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In light of the above,
|V, P,z* — ¥, P, x|
= 2|0, Pl — Qo P’ + (10 P’ — [0,
<4472 + (I[P = IPaa]))-

As ||Pz*|| 2 ||z*||, we conclude that (¥, P, z*) is a Cauchy sequence.

Next we establish that U is weak* continuous on bounded sets. Suppose a net (z) C By
converges weak* to x* (hence z* € By« as well). We shall show that (Uz}) weak* converges
to Wz*. In light of Lemma [6.10.26, we have to prove that, for any n € N and € > 0, the
inequality ||Q, Uz* — Q. ¥z*|| < & holds for a large enough.

Fix m > n so that 4!7™ < /2. As @Z\IJ:E* = lim; @Z\Ifjﬁ;x*, (6.10.16)) implies

1@, " = QW Pra™|| < Y I1Q, 0" — Q¥ Pryya|| <247,

j=m

and likewise, ||Q, Wa* — Q, U,, P, *| < 2-47™ for any .

For m as above, we have lim, P, z* = ?;x* (as P,, has finite rank, weak* and norm
convergence coincide). By the continuity of ¥,,, the equality lim, \Ilmﬁ;xj; = \Ilmﬁ;x*

holds as well. In particular, |¥,, P, z* — W,, P, z*|| < £/2 for a large enough. For such a,
1Qu Vs, — Qa"| < (W Py, — Wi Pyl
1@, Ve — Q¥ Pa|| + (@, Va7, — Q, ¥ Pl
< %+2-2-4—m<s,

as desired.

Next we define a map ®, and prove that it is the inverse of W, possessing the desired
properties. First let &, = W' : F, — FE,. This map is clearly positively homogeneous
and norm-preserving; it is also continuous, by Inverse Function Theorem. We shall show
that, for any y* € 1, the sequence ((I)n@;y*) is weak™ convergent. Once this is done, we let
dy* = weak” — lim @,Q y*.
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First fix n, 4 € Fp_y, and y} € F,. Let 2 = P, @, (yt +y7) and z* = P*®, (yi + y).
By (6.10.10),

Yo = Qn_1(Wo +Un) = Kn (m) U, _1xy.
0 n

Apply ®,,_1 to both sides to obtain

—% x¥
By @07+ 97) = (LY

5 + 27

I )
= (el P+ ),
(g ) T+ )

and therefore,
”(bnfl@Z—l(yé + Yn) — P ‘
(1 IIJr_nH» o

<(1- ﬁn<y_nH
lz5 + ]

Consequently, for m > n and y* € ¢4,

na1Pn (Y5 +un)

o +unll < 47" lys + v ll-

1P, @@y — @nQuy*ll < 2- 47"y (6.10.18)
For n < m < k we therefore have:

1P, ®.Q1y" — Pr®,Q,.y" || = | P, P, 21Q1y" — P, ®,Q,.y"|
<||P,,®1.Q1y" — Q7| < 2- 47|y

Thus, for any n, the sequence (F* @m@;y*)m is Cauchy, hence convergent in norm. Addi-

tionally, ||®,,Q, v*|| = [|@ry*|| < |ly*|l, hence, by Lemma [6.10.26, (®,,Q, y*) has a weak*
limit, say z*. Note that ||z*|| = ||y*||. Indeed, ||z*|| < 11m1nf||<I>QOy | = |ly*||. On the

other hand, ||z*|| > limsup,, ||F:;<I>m@;y*|| for any n. Combining (6.10.18]) with the fact
that ||y*|| = lim,, ||®,Q,y*||, we obtain the opposite inequality.

Thus, the map ® is well-defined, positively homogeneous, and norm preserving. The

weak® continuity of ® is established in the same manner as that of W.

It remains to show that ®¥ = [x., and V& = [y~. We shall only establish the first of

these identities, as the second one can be treated similarly. Fix z* € X* and let y* = Wx*.



CHAPTER 6. FREE BANACH LATTICES 344

Further, forn € Nlet 2% = P, 2* and y* = Q, y*. As we observed before, 2* = weak” —lim z,
and y* = weak” — limy®. By the definition of U, y* is a scalar multiple of ¥, z*, with

|zt —yt|| < 47"||z*||. Consequently, lim,, ||®,y — || = 0, and so,

*
)

Oy = weak™ — lim &,y = weak™ — limz), =z

which gives dUz* = x*.

To summarize: we have defined an invertible map ¥ : X* — Y™ so that U itself, and its
inverse, are positively homogeneous, norm preserving, and weak* continuous on bounded sets.
Composition with ® = ¥~ induces a lattice homomorphism 7 : FBL®[X] — FBL)[¢]
so that ® = ®p; then ¥ = &, 1. Consequently, FBL®[X] and FBL®[¢o] are lattice

isometric. ]

Remark 6.10.27. Note in particular, that the map ¥ given in the proof of Theorem [6.10.24
is positively homogeneous and provides a weak* homeomorphism between rBx« and r By, for
every r > 0. This provides an improvement to [100] where homeomorphisms between 75y,

and 7By, were constructed using some heavy machinery from topology.

For brevity, we shall use the notation & = FBL®[¢j]. Above, we have shown that
FBL(*[X] is lattice isometric to U whenever X has a monotone FDD. One can ask whether
this lattice isomorphism (or even lattice isometry) holds for any separable X. While we

cannot answer this question, below we list some partial results.

For future use, we describe a class of spaces possessing a monotone basis (and, conse-
quently, a monotone FDD). The results below may be known to experts, but we have not

been able to find them in the literature.

Proposition 6.10.28. Any separable L1+ space has a monotone basis. Therefore, any

separable AM-space has a monotone basis.

Proof. (1) By [222], any separable L 14+ space X can be written as U; E;, where £y C Ey C
..., and FE), is isometric to ¢, . For each n, there exists a contractive projection R,, from F,,
to E,_1 (for convenience set R; = 0). For each 7, find a norm one x; in ker R;; clearly (x;)

1s a monotone basis.

(2) If X is an AM-space, then (see [231, Section 1.b]) X** is an L., space, which is a
L1+ space. Then X is an L 14 space as well, by Local Reflexivity (see [191]). O
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Corollary 6.10.29. For every separable Banach space X we have:
(i) If X has an FDD, then FBL®[X] is lattice isomorphic to U.

(ii) If X has the Bounded Approzimation Property, then FBL®[X] is lattice isomorphic

to a lattice complemented sublattice of U.

(iii) There exist a linear isometry J : FBL[X] — U and a contractive lattice homomor-
phism P : U — FBL™[X] so that P.J = idpgy e

Proof. (1) is obtained by combining Theorem with the fact that any Banach space
with an FDD can be renormed to make this FDD monotone. (2) follows from (1), since any
separable Banach space with the BAP embeds complementably into a Banach space with a
basis [230, Theorem 1.e.13].

(3): By Proposition , Y = FBL(®™) [X] has a monotone basis, hence there exists
a lattice isometry T : FBL™[Y] — #. The formal identity id : ¥ — Y extends to a
contractive surjective lattice homomorphism id : FBL(® Y] - Y. Then J = T¢y and
P = idT~" have the desired property. O

Remark 6.10.30. We do not know whether FBL®[E] and FBL®[F] must be lattice
isometric whenever E' and F' are separable Banach spaces. However, Proposition [6.9.15
and Remark use WCG arguments to show that there exists non-separable Banach
spaces F and F of the same density character, for which FBL(*[E] and FBL[F] are
not lattice isomorphic. A different approach to distinguishing FBL?[E] from FBL[F]
exploits topological properties of E* and F*. If FBL(®) [E] and FBL®) [F] are lattice iso-
morphic, then there exists a positively homogeneous map ® : F* — E*, so that both &
and its inverse are weak* continuous on bounded sets, and there exists C' > 1 so that
CH@f N < |f*|l < C||®f*| for any f* € F*. Then Bp- is weak* sequentially compact if
and only if Bg- is (see [99, Chapter XIII| for general facts about weak* sequential compact-
ness). Now suppose k is a cardinal, greater or equal than the continuum. Let E = {(k)
and F' = /5(k). Both spaces have density character k. Then Bp is weak® sequentially
compact (see [99, Chapter XIII, Theorem 4] for a more general fact), while B« is not (see
(99, p. 226]).

Remark 6.10.31. To our knowledge, weak* continuous non-linear maps have not been

deeply studied in the Banach space literature. One application has to do with extensions
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of operators into C'(K) spaces [105, p. 490]: if F' is a subspace of E, then any operator
T : F — C(K) admits an extension T : F — C(K) with ||T|| < C||T| if and only if there
exists a weak*-continuous map ® : Bps — C - B« so that ®f*|r = f* for any f* € F* (®
implements a “Hahn-Banach extension”). In [332] such extensions are used to show that, if

F' is a subspace of ¢y, then any operator T': F' — C(K) has an extension to c.

Note that, by Bartle-Graves Theorem (see e.g. [245] for its generalizations), a norm con-
tinuous @ like this exists for any C' > 1; by |49 Corollary 7.4], we cannot in general make ®
uniformly continuous. On the other hand, we can ask for which pairs F' — FE there exists
a positively homogeneous weak*-continuous map ® : Bps — C' - Bgs so that ® f*|p = f* for
any f* e F*.

Another instance where non-linear weak* continuous maps between Banach spaces have
been considered is in [164], 237]. In these works, among other things it is shown that if
two dual Banach spaces E* and F* are uniformly homeomorphic with respect to the weak*

topologies, then necessarily £ and F' must be linearly isomorphic.
Finally we investigate Banach space properties of FBL(™[E].

Proposition 6.10.32. If X is a separable Banach space, then FBL®) [X] is isomorphic to
C[0,1] as a Banach space.

Remark 6.10.33. The situation is different in the non-separable setting. For instance, [46]
gives an example of a non-separable AM-space X, which is not isomorphic to a complemented
subspace of any C(K). Clearly X is complemented in FBL®[X], hence FBL™[X] cannot

be isomorphic to a complemented subspace of a C'(K) space either.

Remark 6.10.34. As noted above, if E is an AM-space, then it is complemented in
FBL([E]. This need not be true if E is merely an ¢; predual. Indeed, by [48], there
exists a (necessarily separable) Banach space E, so that E* = ¢; isometrically, and E is not
isomorphic to a complemented subspace of any C(K). By Proposition , FBL(™)[E]
is isomorphic to C[0,1], hence E cannot be complemented in FBL™[E].

To prove Proposition [6.10.32] we introduce some notation. Suppose K is a compact
Hausdorff space, and B C K is a closed subset. Let Cg(K) = {f € C(K) : f|g = 0}. The

following lemma may be known to experts.
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Lemma 6.10.35. Suppose K is a compact metrizable space, and B C K 1is a closed subset
for which K\B is uncountable. Then Cg(K) is linearly isomorphic to C|0,1].

Proof. Throughout the proof, we rely heavily on Milutin’s Theorem (see e.g. [329, p. I11.D.19]),
which states that C'(S) is isomorphic to C|0, 1] whenever S is compact, metrizable, and un-

countable. In particular, this is true for S = K.

Note first that Cp(K) is a complemented subspace of C'(K) ~ C|0,1]. Indeed, consider
the restriction operator v : C(K) — C(B) : f — f|g. By [329, p. IIL.D.17], v has a right
inverse u: specifically, u is a “linear extension” operator v : C'(B) — C(K), which satisfies

vu = Io(py. Then uv is a projection on C'(K'), whose kernel is Cp(K).

Next show that, conversely, C[0,1] embeds complementably into C'z(K). Once this is
established, invoke the fact that C[0, 1] is isomorphic to ¢o(C[0,1]) [329, I1.B.24], and use
Pelczynski decomposition (cf. [9, Theorem 2.2.3]) to complete the proof.

Pick § > 0 small enough so that the closed set V = {k € K : dist(k,B) > 4§} is
uncountable. By [329, p. II1.D.16], there exists a linear extension operator u : C(V) —
Cp(K). As before, denote by v : Cg(K) — C(V) the restriction operator; then vu is a
projection from Cg(K) onto C(V'). Therefore, C'(V) ~ C]0, 1] embeds complementably into
Cp(K). O

Proof of Proposition[6.10.39. If X is finite dimensional, then FBL( [X] is lattice isomor-
phic to C(Sx) (Sx being the unit sphere of X), hence linearly isomorphic to C[0, 1], by
Milutin’s Theorem. To handle the case of separable infinite dimensional X, below we briefly

review the construction from [47], recently re-examined in [263].

For brevity, denote the unit ball of X*, equipped with its weak* topology, by A. Fix a
dense sequence (hy) in the unit ball of FBL®V[X], and let h = >_7°, 27¥|hy|. For n € N let

A, ={r*€ A: 27" < h(z*) < 2!}

(as h(0) = 0, the set A, is non-empty for n large enough). Let A be the one-point compacti-
fication of the “formal” disjoint union U, A, (achieved by adding a point we call 0co). Define
the map T : FBL9[X] — C(A) as follows: for f € FBL®[X],

27" f(a)/h(a) ifac€A,,
0 if a = o0.

[Tf)(a) = {
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It is easy to check that T is a (non-surjective) lattice isomorphism.

Fix n for a moment. For a,b € A,, the equality [T'f](a) = [Tf](b) holds for any
f € FBL®[X] if and only if the ratio f(a)/f(b) is independent of f. Hahn-Banach Theo-
rem shows that this happens if and only if a is a positive scalar multiple of b. Denote this
relation on A, by ~. In the notation of [47], let K, = A,/ ~. Then T gives rise to a
lattice isomorphism from FBL®?[X] onto Z C C(K), where K = K; LI Ky LI ... U {co} is
the one-point compactification of K; LI Ko U .... Note that any element of the unit sphere
of X* gives rise, via the evaluation map, to at most one point of K, for each n, hence K is

uncountable.

Now suppose t € K,,, and s € K,,. If there exists A € R so that z(t) = Az(s) for every
z € Z, then, as shown in [47], n # m, and A = 2"~™. For each m, denote by B,, the set of
all t € K, for which there is s € K,,, n < m, so that z(t) = 2"""z(s) holds for every z € Z.
Note that such an s € K, if it exists, must be unique. As shown in [263|, the sets B, are

closed.

Let B = U, Bm- By [47], Z (hence also FBL[X]) is isomorphic to Cy(K). To
show that K\ B is uncountable, pick the smallest m for which K, is uncountable. As B,,
is countable, K,,\B,, is uncountable. Note that K,, N (K\B) = K,,\ B, hence K\B is
uncountable. The result now follows from Lemma [6.10.35 O

6.11 Nonlinear summing maps and applications

The norm for the free p-convex Banach lattice has an obvious similarity with the p-summing
norm of a linear operator. A very substantial body of literature is devoted to the study of
p-summing norms, their applications, and generalizations in the linear case. We refer to [97]
for a comprehensive exposition of this theory. Our aim is to establish analogues of a few of
these classical results in our setting. The material in this section is taken from [185] and will

be explored more comprehensively in [220]

We begin by introducing a more general version of the free p-convex norm involving two

indices 1 < p,q < oo and investigating the fundamental properties of this new norm. For a
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Banach space E and a function f € H[FE], define

11, = supd (Y1700
k=1

and

n

1
p>p :neN a,...,x; € Y, pylay,...,z)) < 1} (6.11.1)

Hyo[E] = {f € HIE] : ||fl,, < oo}

*

Here, juq(x7,...,25) == supyep, (D5 |x,’;(:1:)|‘1)% is the weak g-summing norm. Denote by
|-l the supremum norm on Bpg«, and let H[E] be the sublattice of H[E] of all posi-
tively homogeneous functions which are bounded on Bp.. Note that | f[l,, < |fll,, for
every 1 < p,q < oo and f € H[E], and consequently H,,E] C Hy[E]. We abbreviate

Hpr = Hprm and note that H,[E| = H,,[E].

The following lemma is straightforward.

Lemma 6.11.1. Given 1 < p,q < oo and a Banach space E, the space (Hp,q[E], |- Hp’q)
equipped with the pointwise vector lattice operations is a p-convex Banach lattice with p-

convexity constant one.
It is also easy to see that this space is of interest only for p > q.
Lemma 6.11.2. Let 1 < p < ¢ < oo. Then H,,[E] = {0} for every Banach space E.

Proof. Let p,q € [1,00), and suppose that H, ,[E] contains a nonzero function f. Choose
x* € E* such that f(z*) # 0. Then, for every n € N, we have

w1 = (SIF@I) < Ul ol o2) = il i 1]
— p.q v p,q
which implies that
I |
ny i < 11l -
|f(x*) P:q

Since the right-hand side is independent of n, we conclude that }D — =<0, thatis,p>gq. [

1
q
Our next result provides the general comparison among these norms. The argument

follows the same approach as in the Inclusion Lemma [97, p. 2.8].
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Proposition 6.11.3. Let 1 < g; < p; < oo for j = 1,2, and suppose that p1 < p2, ¢1 < qo,

and £ — L <L — L Then
q1 p1 q2 P2

[ lpge < 11y 00
for every f € H[E]. In particular, Hp, q,[E] C Hy, ¢, [F].

Proof. We begin by observing that the result follows easily for ¢; = ¢o, and if p; = po, then

the inequalities ¢; < ¢o and i p% < q% — p% imply that ¢ = ¢». Thus, we may assume that

p1 < p2 and q; < @, and then define
11 1 1 1 1

p pl P a @
which satisfy 1 < p < ¢ < oo by the hypotheses.

LethH[ ]and fix any x7,...,2 € E* with pg,(xf,...,2}) < 1. For 1 < k < n,

define A\, = )P 2/p . By the homogeneity of f, we have

SR = SO < I g s it A (6.11.2)
k=1 k=1

Holder’s inequality shows that

é’mk )’ < @Aq);( o)) (Zv)k(;x’;);

for every = € B because i, (27, ...,2)) < 1 and p < ¢. Taking the supremum over € By,

3

H

and using the definition of A\, we obtain

fgy (M3, A <Z|f

We now substitute (6.11.3)) into (6.11.2) and rearrange the inequality to conclude that

1

)5 (6.11.3)

p1

(Slrenr) " <.
k=1

This completes the proof because 1 — % = %' O

Proposition 6.11.4. Let E be a Banach space whose dual has finite cotype r > 2, and

suppose that 1 < g <p < oo satzsf L= — 7% Then H, ,[E] = Hx|E] with equivalence

of norms.
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Proof. By [97, Corollary 11.17], every weakly summable sequence in E* is strongly -

summable, and there exists a constant K > 0 such that
n 1
(D lhelr)” < Kpalai, . a7
k=1

for every finite sequence (z;)r_, in E*. Hence, for f € Hy[E], we have

1
T

(Dol @Dl) <Ml (X 3il7) " < K Ufll mais- 7).
k=1 k=1

Taking the supremum over all n € N and z7,...,z} € E* with py(z3,...,2%) < 1, we con-
clude that [|f[l,; < K[| f]l.-

Since 1 < g < p < oo satisf % — % >1- %, we can apply Proposition [6.11.3| with p, = p,
g2 = q, p1 =1, and ¢; = 1 to obtain ||f||p7q < ||f||r71 < K ||f|l, so that f € H,,[E] and the

(p, q)- and supremum norms are equivalent. ]

As in the classical setting, the Dvoretzky—Rogers Theorem can be used to show that in

general these norms are different:

Proposition 6.11.5. Let E be an infinite-dimensional Banach space, and suppose that 1 <
q < p < oo satisfy % - % < i. Then H,,|F] C Hy[E].

Proof. By the Dvoretzky—Rogers Theorem [97, Theorem 10.5], there exists a weakly ¢-
summable sequence (7} )reny in E* which fails to be strongly p-summable. Now consider
the function f: E* — R defined via f(z*) = ||«*||. Clearly, f € H[E], and for every n € N,

we have

n 1
(DSl ) < Wl palas 3.
k=1
Letting n — oo, we see that || f||,, = co. Thus f & H,,[E]. O

Pietsch’s Domination Theorem (see, e.g., |97, Theorem 2.12]) is a cornerstone of the
linear theory of p-summing operators with several important factorization results among its
consequences. We conclude by providing analogues of |26, Propositions 2.12 and 2.13] for

1<p<oo.

Given a Banach space F, equip the unit ball Bg«« of its bidual with the relative weak*

topology, and denote the set of regular Borel probability measures on Bg« by P(Bg«). This
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is a convex, weak* compact subset of the dual space of C'(Bgs+). Each measure p € P(Bp«)

induces a function fF: E* — R, via the definition

#e)= ([ b))

for every z* € E*. This provides a link between H,[E], and B(Bg+), as we now explain.
Proposition 6.11.6. Let 1 <p < 00 and p € P(Bp--). Then [l € Hy[E]. with || ff|| <1.

Proof. The function fI is clearly positive and positively homogeneous. For n € N and
xy, ...,z € E*, we have

(g;lfﬁ(xm

1

) _ ( / Z (1) pdu(x**)>p
< s (S El) = i),

$**EBE** k=1

S

where the last equality follows from the weak* density of B in Bg«. Hence H fﬁHp <1l O

Proposition 6.11.7. Let 1 < p < oo. For every f € HyE|,, there is a measure j1 €
PB(Bp=) such that f(z*) < || fll, fh(z*) for every x* € E™.

Proof. This proof is based on the proof of Pietsch’s Domination Theorem given in [97,

p. 2.12]. For every nonempty finite subset M of E*, define gp;: Bg+ — R by
gue™) = 2 (P = 71 ).

z*eM
Then g, is weak®™ continuous, and so the set ) of all such functions ¢, is contained
in C(Bgs~). Given nonempty finite subsets M; and M, of E* and 0 < A < 1, the posi-
tive homogeneity of f implies that A - gy, + (1 — ) - gar, = gas,, Where

M; = {Al/px* cate My u{(1- MYPrr g e Mo}

This shows that () is a convex set.

The definition of the norm || - ||, implies that () is disjoint from the strictly positive cone

P = {h € C(Bg+) : h(z™) > 0 for every z** € BE}
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Since P is open and convex, the geometric version of the Hahn-Banach Theorem guarantees
the existence of a functional y € C(Bp«)* and a constant ¢ € R such that u(g) < ¢ < u(h)
for every g € @ and h € P.

Choosing M = {0} C E*, we have gy; = 0. Therefore 0 € @, and so ¢ > 0. On the
other hand, as every strictly positive constant function belongs to P, we must have ¢ < 0.
It follows that ¢ = 0, which implies that p(h) > 0 for every h € C(Bg+ ). In other words,

1 is a positive regular Borel measure such that

/ gdu <0< / hdu
BE** BE**

for every g € () and h € P. This inequality is unaffected by scaling of i, so we may assume
that € P(Bp-+). For every z* € E*, the function g¢,-} belongs to @), and therefore

0> [ (rar =1

because p is a probability measure. O]

p)d,u(x**) = f(a")P — ||f||£ fh(x)P

We can summarize the conclusions of Propositions [6.11.6] and [6.11.7] as follows.

Corollary 6.11.8. Let 1 < p < oo and f € H[E]+. Then f € Hy[E|+ if and only if, for
some constant C' > 0, there is a measure p € P(Bp=-) such that f(x*) < C- fF(z*) for every
x* € E*. Furthermore, when f € H,[E], its norm

| fIl, can be computed as the infimum of

all constants C' for which such a measure p exists.

Applications of the above type of result to FBL[E] can be found in [26]; the p-convex

case follows similar lines.
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