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ABSTRACT. Let (2, %, 1) be a measure space, and 1 < p < co. A
subspace E C Ly(u) is said to do stable phase retrieval (SPR) if
there exists a constant C' > 1 such that for any f,g € E we have

01) inf (17 = 2l < ClI| gl

In this case, if |f| is known, then f is uniquely determined up to
an unavoidable global phase factor \; moreover, the phase recovery
map is C-Lipschitz. Phase retrieval appears in several applied cir-
cumstances, ranging from crystallography to quantum mechanics.

In this article, we construct various subspaces doing stable phase
retrieval, and make connections with A(p)-set theory. Moreover,
we set the foundations for an analysis of stable phase retrieval in
general function spaces. This, in particular, allows us to show
that Holder stable phase retrieval implies stable phase retrieval,
improving the stability bounds in a recent article of M. Christ and
the third and fourth authors. We also characterize those compact
Hausdorff spaces K such that C(K) contains an infinite dimen-
sional SPR subspace.
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1. INTRODUCTION

There are many situations in mathematics, science, and engineering
where the goal is to recover some vector f from |T'f|, where T is a linear
transformation into a function space. Note that if |A| = 1 then it is im-
possible to distinguish f and Af in this way. The linear transformation
T is said to do phase retrieval if this ambiguity is the only obstruction
to recovering f. That is, given a vector space H and function space X,
a linear operator T': H — X does phase retrieval if whenever f,g € H
satisfy |T'f| = |Tg| then f = Ag for some scalar A with |[A\| = 1. Phase
retrieval naturally arises in situations where one is only able to obtain
the magnitude of linear measurements, and not the phase. Notable ex-
amples in physics and engineering which require phase retrieval include
X-ray crystallography, electron microscopy, quantum state tomogra-
phy, and cepstrum analysis in speech recognition. The study of phase
retrieval in mathematical physics dates back to at least 1933 when in

his seminal work Die allgemeinen Prinzipien der Wellenmechanik [64]



STABLE PHASE RETRIEVAL IN FUNCTION SPACES 3

W. Pauli asked whether a wave function is uniquely determined by the
probability densities of position and momentum. In other words, Pauli
asked whether |f| and |]?’ determine f € Ly(R) up to multiplication
by a unimodular scalar. The mathematics of phase retrieval has since
grown to be an important and well-studied topic in applied harmonic
analysis.

As any application of phase retrieval would involve error, it is of fun-
damental importance that the recovery of f from |T'f| not only be
possible, but also be stable. We say that T" does stable phase retrieval
if the recovery (up to a unimodular scalar) of f from |T'f| is Lipschitz.
If X is finite dimensional, then T" does phase retrieval if and only if it
does stable phase retrieval [12, 21]. However, if X is infinite dimen-
sional and 7" is the analysis operator of a frame or a continuous frame,
then T cannot do stable phase retrieval [2, 22]. Here, a collection of
vectors (¢ )ieq C H is a continuous frame of a Hilbert space H over a
measure space (€2, 3, ) if the map f +— ((f, ¥4))ieq is an embedding of
H into Ly(p). One of the main goals of this paper is to use the theory
of subspaces of Banach lattices to present a unifying framework for
stable phase retrieval which encompasses the previously studied cases

and allows for stable phase retrieval in infinite dimensions.

Let X = L,(u), or, more generally, a Banach lattice. Let £ C X be
a subspace. We say that E does phase retrieval as a subspace of X if
whenever |f| = |g| for some f,g € E we have that f = \g for some
scalar A with |A] = 1. Given a constant C' > 0, we say that E does
C-stable phase retrieval as a subspace of X if

(1) i f = Al <Clifl =Ll foral fig e B

We may define an equivalence relation ~ on E by f ~ g if f = Ag for
some scalar A with |[A\| = 1. Then, F does phase retrieval as a subspace
of X if and only if the map f — |f| from E/~ to X is injective. Fur-
thermore, E does C-stable phase retrieval as a subspace of X if and
only if the map f +— |f| from E/~ to X is injective and the inverse
is C-Lipschitz. By introducing stable phase retrieval into the setting
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of Banach lattices, we are able to apply established methods from the
subject to attack problems in phase retrieval, and conversely we hope
that the ideas and questions in phase retrieval will inspire a new avenue
of research in the theory of Banach lattices. Before starting the meat
of the paper, we present some additional motivation, give an outline of
our major results, and state some of the important ideas and theorems
from Banach lattices which we will be applying. We conclude the pa-
per by listing many open questions concerning stable phase retrieval in

this new setting.

1.1. Motivation and applications. The inequality arises in
various circumstances. For instance, in crystallography and optics, one
seeks to recover an unknown function F' € Ly(R%) from the absolute
value of its Fourier transform F. If one also seeks stability, this trans-
lates into an inequality of the form

(1.2 int |F = AGl1, < CIlIF| = |61,

which one would want to be valid for F, G in a subspace £ C Ly(R?)
which incorporates the additional constraints F, G' are known to satisfy.
Using Plancherel’s theorem to write ||F — AG||, = ||[F — AG||1,, one
sees that the inequality reduces to , up to passing to Fourier
space and making the change of notation f = F and g = G. We refer
the reader to the surveys [42, [46] and references therein for a further
explanation of the importance of phase retrieval in optics, crystallog-
raphy, and other areas. In particular, these articles explains why, in
practice, physical experiments are often able to measure the magnitude

of the Fourier transform, but are unable to measure the phase.

A second scenario where phase retrieval appears is quantum mechan-
ics. In this case, one wants to identify situations where |f| and |f|
determine f € Ly(R) uniquely. As already mentioned, Pauli asked
whether this could true for all f € Ly(R). However, a counterexample
to this conjecture was given in 1944: There exists f,g € Ls(R) such
that |f| = |g| and |f| = [g] but f is not a multiple of g. This leads
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to the natural question of whether one can build “large” subspaces
G C Ly(R) for which |f| and |f] determine f € G C Ly(R) uniquely.
By passing to the phase space Ly(R) x Ly(R), we see that G has the
above property if and only if £ := {(f, ]/C\) : f € G} does phase retrieval
as a subspace of Ly(R) x Lo(R), i.e., knowing h,k € E and |h| = |k|
implies h is a unimodular multiple of k. This also naturally leads to
the question of stability of Pauli phase retrieval, by requiring hold
on E. In this case, using Plancherel’s theorem to return to G, on
E translates into the inequality

(1.3)
inf [|f = Agllz < € (A1 = lglllea + I1F] = Gllz.) for f.9€ G-

IA[=1
For a non-exhaustive collection of results on Pauli phase retrieval and
its generalizations, see [8, [42] [48] [49] and references therein. To our
knowledge, the question of stability in the Pauli Problem is essentially
unexplored. However, the results presented here in conjunction with
[27] give a relatively large class of subspaces of Ly(R?) satisfying (L.3)).

Finally, we mention that phase retrieval has grown to become an ex-
citing and important topic of research in frame theory [12 [13] 14} [17)
20, 33 [42]. A frame for a separable Hilbert space H is a sequence of
vectors (¢;)jes in H such that there exists uniform bounds A, B > 0
so that

(L4 AFIP <D 1fe0P < BISIP for all f € H.

jeJ

The analysis operator of a frame (¢;),ec; of H is the map © : H — l5(.J)
given by ©(f) = ((f, ¢;))jes. Note that the uniform upper bound B in
the frame inequality guarantees that © : H — f5(J) is bounded,
and the uniform lower bound A gives that © is an embedding of H into
l5(J). Given a frame (¢;);es of H, the canonical dual frame (gj)jej is
defined by % = (0*0) !¢, for all j € J and satisfies

(1.5) [ = Z<f7 ng>¢j = Z(f, ¢j>$j for all f € H.

jeJ jeJ
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Frames have many applications and play a fundamental role in signal
processing and applied harmonic analysis. One important reason for
this is that the analysis operator © is an embedding of H into f5(J),
which allows for the application of filters, thresholding, and other sig-
nal processing techniques. Another reason is that gives a linear,
stable, and unconditional reconstruction formula for a vector in terms

of the frame coeflicients.

A frame (¢;);es is said to do phase retrieval if whenever f,g € H and
(1<f, 2i))jes = (I{g, ®j)])jes, there exists a unimodular scalar A such
that f = Ag. A frame is said to do stable phase retrieval if there exists
a constant C' > 1 such that for all f,g € H,

(16) inf (1 = gl < CIIOW = 180}l

Using the fact that the analysis operator © : H — f3(J) is an em-
bedding, we see that a frame does stable phase retrieval if and only
if the subspace ©(H) C l5(J) does stable phase retrieval in the sense
of . In finite dimensions, phase retrieval for frames is automati-
cally stable. However, in infinite dimensions, it is necessarily unstable.
As we will see, this is due to the fact that the ambient Hilbert lattice
l5(J) is atomic, whereas the construction of SPR subspaces from [23]
is done in the non-atomic lattice Ly(R). For further investigations on
the instability of phase retrieval for frames - including generalizations
to continuous frames and frames in Banach spaces - see [2, 22].

As mentioned previously, phase retrieval problems arise in applications
when considering an operator 1" : H — X, which embeds a Hilbert
space H into a function space X. In particular, the inequality
arises by taking T be the Fourier transform, and arises by taking
T to be the analysis operator of a frame. Another important choice
for T' is the Gabor transform (see [3], 43] for recent advances in Gabor
phase retrieval). As should now be evident, the question of stability for
each of these phase retrieval problems can be translated into a special

case of (L.1)), by taking E := T(H).
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1.2. An overview of the results. The examples from Section [1.1
show that the inequality unifies various phase retrieval problems.
However, as mentioned previously, phase retrieval for frames is un-
stable in infinite dimensions, and it was only recently that the first
examples of infinite dimensional SPR, subspaces of real Ls(i) spaces
were constructed [23]. The purpose of this article is twofold. First, we
construct numerous examples of subspaces of L,(u) doing stable phase
retrieval. For this, we use various isometric Banach space techniques,
modifications of the “almost disjointness” methods in classical Banach
lattice theory, random constructions, and analogues of some construc-
tions from harmonic analysis. Secondly, we prove several structural
results about SPR subspaces of L,(¢), and even general Banach lat-
tices. Notably, both the characterization of real SPR in terms of al-
most disjoint pairs (Theorem , as well as the equivalence of SPR
and its Holder analogue (Corollary hold for all Banach lattices.
Our results also extend those in the recent article [27], which uses or-
thogonality and combinatorial arguments akin to Rudin’s work [67] on
A(p)-sets to produce examples of subspaces of (real or complex) L, (1)
doing Holder stable phase retrieval.

We now briefly overview the paper. In Section [2, we recall some basic
terminology and results from Banach lattice theory in order to make
the paper accessible to a wider audience. Most notably, in Section [2.1
we collect basic facts related to the Kadec-Pelczynski dichotomy. Such
results give structural information about closed subspaces of Banach
lattices that are dispersed, i.e., that do not contain normalized almost
disjoint sequences. As we will show in Theorem [3.4] a subspace of a
(real) Banach lattice does stable phase retrieval if and only if it does
not contain normalized almost disjoint pairs. In Theorem [2.1], we col-
lect various facts about dispersed subspaces; finding SPR analogues of
these results will occupy much of the paper. In particular, although
SPR is much stronger than being dispersed, in Theorem we will
show that every closed infinite dimensional dispersed subspace of an
order continuous Banach lattice contains a further closed infinite di-
mensional subspace doing SPR. The preliminary section finishes with
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Section [2.2] which recalls basic facts about complex Banach lattices.

Section [3] collects various results on stable phase retrieval that hold
for general Banach lattices. In particular, in Section |3.1f we make the
aforementioned connection between stable phase retrieval and almost
disjoint pairs (see Theorem . In Section , we show that if the
phase recovery map is Holder continuous on the ball, then it is Lips-
chitz continuous on the whole space (Corollary. This follows from
Theorem [3.9] which shows that failure of stable phase retrieval can be
witnessed by “well-separated” vectors. The equivalence between stable
phase retrieval and Holder stable phase retrieval allows us to improve
some results from [27], yielding the first examples of infinite dimen-

sional closed subspaces of complex Ly(p) doing stable phase retrieval.

In Section [4 we build infinite dimensional SPR subspaces using a va-
riety of different techniques. In particular, we prove in Corollary
an analogue of statement (iii) of Theorem ; namely, that for every
dispersed subspace £ C L,[0,1] (1 < p < 00), we can build a closed
subspace E’ C L,[0,1] isomorphic to E, and doing stable phase re-
trieval. Moreover, for p < 2 and ¢ € (p,2|, we will show that any
closed subspace of L,(p) isometric to L,(p) does SPR in L,(u), see
Proposition [4.1. Regarding sequence spaces, in Section [4.2] we show
that /., embeds into itself in an SPR way, while no infinite dimensional
subspace of ¢, does SPR when 1 < p < 0o. Section constructs SPR
subspaces of r.i. spaces using random variables. This, in particular,
tells us that subspaces spanned by iid Gaussian and ¢-stable random
variables will do SPR in a variety of spaces, including all L,-spaces
in which they can be found. Finally, Section provides some basic
stability properties of SPR subspaces.

Section [5| contains a study of the structure of SPR subspaces of L, (),
for a finite measure p. We begin with the aforementioned Theorem [5.1]
which is applicable for general order continuous Banach lattices, but
for which much of the proof occurs in L1(u). Indeed, the generalization
to order continuous Banach lattices follows from the result in Ly (p) by
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arguing via the Kadec-Pelczynski dichotomy.

Note that from the classical results in Theorem [2.1] (a)-(d) it follows
that if F is dispersed in L,(p) and 1 < ¢ < p < oo, then E may be
viewed as a closed subspace of L,(x), and it is dispersed in L,(x). In
Theorem we show that if 2 < p < oo, there are closed subspaces
E C L,(u) which do SPR (and hence are dispersed in L,(u) for all
1 < g < p), but fail to do SPR when viewed as a closed subspace of
L,(p) for all 1 < ¢ < p. However, by Theorem , if p < 2, then any
SPR subspace E C L,(1t) also does SPR when viewed as a closed sub-
space of L,(u) for any 1 < ¢ < p. Whether there is an SPR analogue
of statement (v) of Theorem remains an open problem.

Section [0]is devoted to the study of infinite dimensional SPR subspaces
of C(K). The main result is Theorem which states that for a
compact Hausdorft space K, the space C(K) of continuous functions
over K admits a (closed) infinite dimensional SPR subspace if and
only if the Cantor-Bendixson derivative K’ of K is infinite. The paper
finishes with Section [7 which discusses various avenues for further
research.

2. PRELIMINARIES

As many of our results hold in the generality of Banach lattices, we
briefly summarize some of the standard notations and conventions from
this theory. For the most part, our conventions align with the refer-
ences [7, 60]. Moreover, the statements of our results require minimal
knowledge of Banach lattices to understand; it is simply the proofs
that use the technology and terminology from this theory. Unless oth-
erwise mentioned, all L,-spaces, C(K)-spaces and Banach lattices are
real. When a result is applicable for complex scalars, we will explic-
itly state this. The word “subspace” is to be interpreted in the vector
space sense. If a result requires the subspace to be closed or (in)finite

dimensional, we will state this.
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Recall that a vector lattice is a vector space, equipped with a compati-
ble lattice-ordering (see [7] for a precise definition). For a vector lattice
X, the positive cone of X is denoted by X, := {f € X : f > 0}. The
infimum of f, g € X is denoted by f A g, and the supremum is denoted
by fVg. The modulus of f is defined as |f| := fV (—f), and elements
f,g € X are said to be disjoint if |f| A lg] = 0. A weak unit is an
element e € X, for which |f| A e = 0 implies f = 0. For a net (f,) in
X, the notation f, | 0 means that f, is decreasing and has infimum
0. A subspace F C X is a sublattice if it is closed under finite lattice
operations; it is an ideal if f € E and |g| < |f| implies g € E.

A Banach lattice is a Banach space which is also a vector lattice, and
for which one has the compatibility condition ||f|| < ||g|| whenever
|f| < |g|. Note that the SPR inequality remains well-defined
when L, () is replaced by an arbitrary Banach lattice. As we will see,
several of our results on SPR are also valid in this level of generality.
Common examples of Banach lattices include L,-spaces, C'(K)-spaces,
Orlicz spaces, and various sequence spaces. In this case, the ordering
is pointwise, i.e., f < g means f(t) < g(¢) for all (or almost all in the
case of measurable functions) ¢ in the domain of f and g.

A Banach lattice X is order continuous if for each net (f,) satisfying

fa 4 0 we have f, M 0. L,-spaces are order continuous for 1 < p <
0o, but C'(K)-spaces are not (unless they are finite dimensional). To
transfer results from L;(p) to more general Banach lattices, we will
make use of the AL-representation procedure. For this, let X be an
order continuous Banach lattice with a weak unit e. It is known that
X can be represented as an order and norm dense ideal in L;(u) for
some finite measure p. That is, there is a vector lattice isomorphism
T : X — Li(u) such that RangeT is an order and norm dense ideal in
Li(p). Note that T need not be a norm isomorphism, though 7" may
be chosen to be continuous with Te = 1. Moreover, RangeT" contains
Lo (1) as a norm and order dense ideal. It is common to identify X
with RangeT" and view X as an ideal of L;(u). Such an inclusion of
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X into Li(p) is called an AL-representation of X. We refer to [60]
Theorem 1.b.14] or [38], Section 4] for details on AL-representations.

2.1. The Kadec-Pelczynski dichotomy. Here, we briefly recap the
literature on subspaces which do not contain almost disjoint normalized
sequences. Recall that a sequence (x,) in a Banach lattice X is said
to be a normalized almost disjoint sequence if ||z,||x = 1 for all n, and
there exists a disjoint sequence (d,,) in X such that ||z, — d,||x — 0.
Following [15, 39, 40], a closed subspace of a Banach lattice that fails to
contain normalized almost disjoint sequences will be called dispersed.
The classical Kadec-Pelczynski dichotomy (c.f. [60, Proposition 1.c.8])
states that for a subspace E of an order continuous Banach lattice X

with weak unit, either

(i) E fails to be dispersed, i.e., £ contains an almost disjoint nor-
malized sequence, or,

(ii) E is isomorphic to a closed subspace of L;1(£2, %, u).

As we will see in Theorem [3.4] for real scalars, a subspace does stable
phase retrieval if and only if it does not contain normalized almost dis-
joint pairs. Hence, the Kadec-Pelczynski dichotomy will provide a tool
to analyze such subspaces.

In L,(p) for 1 < p < oo and a probability measure p, the Kadec-
Pelczynski dichotomy can be improved. Indeed, we summarize the
literature in the following theorem.

Theorem 2.1. Let 1 < p < o0 and p be a probability measure. For a
closed subspace E of L,(1), the following are equivalent:

(a) E is dispersed, i.e., E contains no almost disjoint normalized
sequences;

(b) There exists 0 < q < p such that || - ||z, ~ || - ||z, on E;

() For all0 < q<p, || lle, ~ | - |, on E;

(d) E is strongly embedded in L,(p), i.e., convergence in measure

coincides with norm convergence on E.

Moreover,
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(i) For p # 2, a closed subspace of L,[0,1] is dispersed if and only
if it contains no subspace isomorphic to C,.
(i1) Forp > 2, a closed subspace of L,[0,1] is dispersed if and only
if it is isomorphic to a Hilbert space.
(11i) For p < 2 and any q € (p,2|, there is a closed subspace of
L,[0,1] which is both dispersed and isometric to L40,1].
(iv) For p # 2, L,[0,1] cannot be written as the direct sum of two
dispersed subspaces.
(v) There exists an orthogonal decomposition L,[0,1] = E & E*+
with both E and E* dispersed in Ls[0,1].

Proof. The equivalence of (b), (¢) and (d) is [4, Proposition 6.4.5].
Other than the isometric portion of statement (iii), the rest of the
statements are neatly summarized in [39, Propositions 3.4 and 3.5],
with references to various textbooks for proofs. An isometric embed-
ding of L0, 1] into L,[0, 1] for ¢ € (p, 2) is given in [60, Corollary 2.£.5].
An isometric embedding of ¢; into L,[0, 1] for 1 < p < oo is given in
[4, Proposition 6.4.12]. O

Remark 2.2. One of the goals of this article is to find SPR analogues
of the results in Theorem However, we should mention that the
connection between Theorem and SPR has already been implicitly
made in [27]. Recall that a subset A C Z is called a A(p)-set if the
closed subspace generated by the set of exponentials {e?™"* : n €
A} C L,(T) satisfies the equivalent conditions in Theorem [2.1} Such
sets have been deeply studied [9, 19, 68], and have many interesting
properties. For example, Rudin [67] showed that for all integers n > 1,
there are A(2n)-sets that are not A(g)-sets for every ¢ > 2n. Moreover,
Bourgain [18] extended Rudin’s theorem to all p > 2. On the other
hand, when p < 2, and A is A(p), then it is automatically A(p + ¢) for
some € > 0 ([111, 44]). Since |e*™"*| = 1, complex exponentials cannot
do stable phase retrieval. However, by replacing e*™"* by sin(27nz) or
other trigonometric polynomials with non-constant moduli, [27] is able
to use combinatorial arguments in the spirit of Rudin to produce SPR
subpaces of L,(x) when the dilation set A is sufficiently sparse.
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2.2. Complex Banach lattices. Complex Banach lattices are de-
fined as complexifications of real Banach lattices, and in the case of
complex function spaces like C'(K) and L,(u), agree with the stan-
dard definition. More precisely, by a complex Banach lattice we mean
the complexification X¢ = X @ 1X of a real Banach lattice, X, en-
dowed with the norm ||z + iy||x. = |||z + y|||x, where the modulus
|| : Xc — X is the mapping given by

(2.1) |z +1iy| = sup {xcosf +ysinb}, for v+ iy € Xc.

0€[0,27]

We refer to [Il, Section 3.2] and [69, Section 2.11] for a proof that the
modulus function is well-defined, and behaves as expected.

With the above definition, one can define complex sublattices, complex
ideals, etc. However, we will not need this. We do, however, note
that if T : X — Y is a real linear operator between real Banach
lattices, then we may define the complexification Tc : X¢ — Ye of T
via Te(x +iy) = To 4+ iTy. The map T¢ is C-linear, bounded, and if T
is a lattice homomorphism then T¢ preserves moduli, i.e., T'|z| = |T¢z|
for z € X¢. When we work with complex Banach lattices X¢, we will
use these facts to identify X¢ as a space of measurable functions on
some measure space, and then work pointwise. How to do this will be
explained later in the paper.

3. GENERAL THEORY

In this section, we present several results on (stable) phase retrieval that
are valid in general Banach lattices. We begin with the definitions:

Definition 3.1. Let E be a subspace of a vector lattice X. We say
that F does phase retrieval if for each f,g € E with |f| = |g| there is
a scalar A such that f = \g.

Definition 3.2. Let E be a subspace of a real or complex Banach
lattice X. We say that E does C-stable phase retrieval if for each
f,g € E we have

(3.1) inf | = Agll < Cll[f] = lglll.

IA|=1
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If £ does C-stable phase retrieval for some C', we simply say that E
does stable phase retrieval (SPR for short).

Note that if a subspace E of a real or complex Banach lattice X does
C-stable phase retrieval, then so does its closure.

3.1. Connections with almost disjoint pairs and sequences.
When considering whether a subspace £ C X does phase retrieval,
there is one obvious obstruction. If f,g € E are non-zero disjoint vec-
tors, then |f —g| = |f + g| = | f| + |g|, but f — g cannot be a multiple
of f + g. Hence, if E is to do phase retrieval, then it cannot contain
disjoint pairs. Similarly, if F is to do stable phase retrieval, then it
cannot contain “almost” disjoint pairs. As we will now see, in the real

case, these are the only obstructions to (stable) phase retrieval.

Definition 3.3. Let E be a subspace of a real or complex Banach
lattice X. We say that E contains e-almost disjoint pairs if there are
f,g € Sg such that |||f|Alg|]] < e. If E contains e-almost disjoint pairs
for all € > 0, we say that E contains almost disjoint pairs.

Theorem 3.4. Let E be a subspace of a Banach lattice X, C' > 1 and
e > 0. Then,
(i) If E does C-stable phase retrieval, then it contains no %—almost
disjoint pairs;
(i1) If E contains no e-almost disjoint pairs, then it does %—stable
phase retrieval.
In particular, E does stable phase retrieval if and only if it does not

contain almost disjoint pairs.

Proof. (i)=-(ii): Suppose that E does C-stable phase retrieval, but
there are f, g € E such that || f|| = [|g|| = 1 but ||| f|Alg||| < &. Define
hy = f+ g and hy = f — g. Then since the identity

Lf+gl = 1f = gll = 2(1f1 AlgD)

holds in any vector lattice by [7, Theorem 1.7], we have

2
1] = TRelll = 2[[IFT A lglll < &



STABLE PHASE RETRIEVAL IN FUNCTION SPACES 15

On the other hand, hy + hy = 2f has norm 2, and h; — hy = 2¢ also
has norm 2. This contradicts that E does C-stable phase retrieval.

(ii)=-(i): A classical Banach lattice fact (see, e.g., [I0, Remark after
Lemma 3.3]) is that every Banach lattice embeds lattice isometrically
into some space of the form

iel o
Since both stable phase retrieval and existence of almost disjoint pairs

are invariant under passing to and from closed sublattices, we may as-

sume without loss of generality that X is of this form.
Suppose E does not do %—stable phase retrieval. Find f = (f;),g =
(9:) € E such that |[f — g[l, [f + gll > 2[||f] — |gll|. For each i € I let
I = {t € Q; : sign (f;(t)) = sign (g;(t)), or one of f;(t),gi(t) is zero}.
Then
I5= N\ L= {t € O+ sign (1)) = —sign (g:(1))}-

We compute that

1= lgl = (Ifil = gil)ier = (|fi|11v Jier + (|fi|1ic| - |9i|1ic|>iel~

So, since the modulus is additive on disjoint vectors,

- |9i\11-

11 =gl = (fisrl = lgarn Dser + (1 izl = 1gigrel ) s
Now, by definition of I; we have
(L forrl = Ngirz | Dier = ([ fir, = 90]) seq
and
(“fillf — 19ije )z’e[ - (‘fi\ff T Yire )ie['

Notice next that di := (fi;e — gize)ier and do = (fij, + gir,)ier ave
disjoint. Moreover,

If—g— (fi|]ic - gi|[f)z’€l” = ||(fz’|1i - gi\g)z’el” = H(Hfz'ui\ - |9z‘|1i’
€
< 1 =1glll < 5llf = gll-

)ica
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Similarly,

1+ 9= (fir, + Gipg et = [[(fijre + Gipge)iet || = H(“fiuf

9
< 11 =1glll < SIf + gl

)ict

- |£h'|1rl.c

By assumption, we have that both f+g and f — g are non-zero. Hence,
by [7, Lemma 1.4], and the fact that |d;| A |da] = 0 we have

|f — gl V+9|<V—g—m| |f + gl |dy| |f + gl

F=ol 1ol = 7=ol "TF+al "T7=al "I+l
f—g=dil, If+gl | bl |fto-dl
F=ol "lF+ol "=l " TF+gl

It follows that

=gl 1f+d] [f—g—dill  [If+9—da

| I <

If =gl 1If + 4l I1f =gl I+ gl
Thus, we have constructed normalized e-almost disjoint vectors ”}t%z’”
and £=L in F. O

[Pl

Remark 3.5. Implication (i) of Theorem holds when the Banach
lattice X is replaced by any vector lattice equipped with an absolute
norm. Here, a norm on a vector lattice X is absolute if |||f||| = || /]l
for all f € X; see [10, 55l [65] for more information. The proof of
Theorem also shows that a subspace of a Banach lattice does phase
retrieval if and only if it does not contain disjoint non-zero vectors.
A compactness argument then yields that in finite dimensions, phase
retrieval implies stable phase retrieval. Indeed, consider the map Sg x
Sg — R, (f,9) = |lIf] A lg||l.- Then this map is continuous, so its
image is compact, which allows one to conclude that the existence of
almost disjoint pairs implies the existence of a disjoint pair. In infinite
dimensions, it is relatively easy to construct subspaces doing phase
retrieval but failing stable phase retrieval.

Proposition 3.6. Every infinite dimensional Banach lattice has a

closed subspace which does phase retrieval but not stable phase retrieval.
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Proof. By [6, p. 46, Exercise 13], any infinite dimensional Banach lat-
tice X contains a normalized disjoint positive sequence, which we shall
index as consisting of vectors (u;);eny and (vs)ses; here, S denotes the
set of all two-element subsets of N (the order is not important). We fix
an injection ¢ : N> — N and consider the vectors

fz' = u; + Z 2_4¢(i’j)1}{2‘7j}.
J#i

The sum above converges, and we have

|lui — fill < ei, where g; = Z 9—46(i.7)

J

Then > e = >, 2~40() < 3~ 274m = 1/15, hence, by [, Theo-
rem 1.3.9], (f;) is a Schauder basic sequence. Also, 1 < ||f;|| < 16/15
for each 7, so this basis is semi-normalized. We shall show that £ =

span [f; : ¢ € N] fails stable phase retrieval, but has phase retrieval.

To show the failure of SPR, let, for i # j, ¥(i,j) = max{¢(i, ), ¢(7,7)}.
Clearly 9(i,7) = 1¥(j,1), and lim;4(i,j) = oo for any i. Note that
fi A fj =270y o hence
Ifi A il = 2740 — 0.
1,j—00

Next we show that E does phase retrieval. Pick non-zero f, g € E, with
|f| = |g|; we have to show that f = +g¢. To this end, write f =) . a; f;
and g = ), b;fi. We can expand

F= amit Y (a2 0D 427000y,
i {igyes

and likewise for g. Comparing the coefficients with u;, we conclude
that, for every 4, |a;| = |b;|. By switching signs in front of f and g, and
by re-indexing, we can assume that a; = b; > 0. We have to show that

the equality a; = b; holds for every ¢ > 1.

The preceding reasoning shows that a; = 0 iff b; = 0. Suppose both a;

and b; are different from 0. Comparing the coefficients with vy, j;, we
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see that
2740010, 4 974900, | = |g=46(1i)p, | 9=4sGin)p, |
which is only possible if sign a; = sign b;. O

Example 3.7. Theorem fails for complex spaces. Indeed, define
as the complex span of {(1,1,1),(z,1,—1)} C C?, where we equip C*
with the modulus |(a, b, ¢)| := (|al, |b], |c|). Clearly, E contains vectors
f,g with |f| = |g| but such that f — Ag is not zero for any A € C.
Hence, E fails phase retrieval. However, one can easily compute that
E contains no disjoint vectors, which by compactness yields the non-
existence of almost disjoint vectors. Moreover, as observed in [27], a
complex subspace that contains two linearly independent real vectors
cannot do complex phase retrieval. In particular, if £ C X is subspace
of a Banach lattice X with dim £ > 2, then the canonical subspace
Ec C Xc fails to do phase retrieval.

Remark 3.8. Theorem shows that for real scalars, the study of
subspaces doing stable phase retrieval is equivalent to the study of
subspaces lacking almost disjoint pairs. As mentioned in Section [2.1]
there is a vast literature on closed subspaces lacking almost disjoint
normalized sequences. Clearly, if E contains an almost disjoint normal-
ized sequence, then it fails to do stable phase retrieval. However, the
converse is not true. For example, the standard Rademacher sequence
(rn) in Ly[0,1], 1 < p < oo, is dispersed by Khintchine’s inequality,
but |r,| = 1 for all n. Moreover, if one adds a single disjoint vector to
a dispersed subspace, one produces a dispersed subspace failing phase

retrieval. Nevertheless, as mentioned in Section [I.2] many of the results
in Theorem [2.I have SPR analogues.

3.2. Holder stable phase retrieval and witnessing failure of
SPR on orthogonal vectors. In [27], the following terminology was
introduced in the setting of L,-spaces: A subspace E of a real or com-
plex Banach lattice X is said to do v-Holder stable phase retrieval with
constant C' if for all f, g € ' we have

(3.2) Inf 17 = Agllx < ClIA = lglll (1 /1l + lgllx)""
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The utility of this definition arose from a construction in [27] of SPR
subspaces of Ly(p) which are dispersed in Lg(u). Applying certain
Holder inequality arguments, [27] was then able to deduce that such
subspaces do i-Holder stable phase retrieval in Lo(p). The idea in
[27] is to begin with an orthonormal sequence (ry), and instead of
comparing | f| to |g|, one compares |f|* to |g|*. Assuming the integra-
bility condition ry € L4(p) with uniformly bounded norm, and various
orthogonality and mean-zero conditions on the products 7,7;, the or-

thogonal expansion f =), a,r) leads to an orthogonal expansion

P = asaymirs + > lanlse + 1 £17,1, sk = [rel> = 1.
k#j k
The products 7;7; encode how the subspace “sits” in Ly(u), i.e., they
encode the lattice structure. However, analyzing |f|? rather than |f|
allows one to work algebraically. As was shown in [27], if one imposes
appropriate orthogonality conditions, the subspace E spanned by r
will do stable phase retrieval in Ly(p). [27] then gives examples of
such 7y built from dilates of a single function P, with |P| not identi-
cally constant. Verifying that such sequences (ry) satisfy the required
orthogonality conditions is then a combinatorial exercise, using sparse-
ness of the dilates to get non-overlapping supports with respect to the
basis expansion. This sparseness naturally leads to E lying in higher
L,-spaces, so that by interpolating, one concludes that £ does Holder
1

stable phase retrieval in Lo(p) with v = 1 if p = 6, and v — 1 as

D — 00.

The purpose of this section is to show that - at the cost of dilating the
constant - Holder stable phase retrieval is equivalent to stable phase
retrieval. For real scalars, this can already be deduced from the almost
disjoint pair characterization in Theorem 3.4 However, the proof below
works equally well for complex scalars. The following theorem was
proven in [5] for phase retrieval using a continuous frame for a Hilbert
space. We extend it here to subspaces of Banach lattices.

Theorem 3.9. Let X be a Banach lattice, real or complex. There
exists a universal constant K = Kx € [1,/2] such that for any linearly
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independent f,g € X, there exists f', g € span{ f, g} with

(33) min|f — Agl| < K min || = A/,
and

(3.4) (71 + 19'1P)> < K min 1= g/,
and

(35) 171 = 1alll > 171 = 1911

Remark 3.10. Conditions and state that replacing (f, g) by
(f',¢") tightens the SPR inequality up to the universal factor K = K.
The condition states that f’ and ¢ are “almost orthogonal”; it
also permits us to witness the failure of SPR on f’, ¢’ with controlled

norm.

The constant K = Ky appearing in the proof of the theorem is the
supremum of the Banach-Mazur distance between a 2-dimensional sub-
space of X and /3. In general, by John’s Theorem, Ky < V2, but
in certain cases a better estimate can be obtained. For instance, if
X = Ly(u), then K = 1. If X is a Banach lattice, which is r-convex
and s-concave (I < r < 2 < s < 00) with constants M™(X) and
M) (X) respectively, then, by [70, Theorem 28.6],

1 11 1
Kx < M"(X)M)(X)2%, wherea = max{— — == — —},
r 22 s
In particular, for X = L, Kx < 2/Y/P=1/2 70, Corollary 28.7] provides

similar results for operator ideals (Schatten spaces).

To prove Theorem [3.9, we need to represent elements of X as mea-
surable functions. As mentioned in the proof of Theorem [3.4], every
(real) Banach lattice X embeds lattice isometrically into a space of
the form (€, L1 (%, 2, ,ui))oo . Hence, throughout the proof we can
assume that elements of X are functions on a measure space. In the
complex case, a similar reduction is possible. Indeed, let X be a com-
plex Banach lattice. By the discussion in Section [2.2] we can assume
that X = Z¢ is the complexification of some (real) Banach lattice Z.
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We can then let T : Z — (,.; L1(, Ei“ui))oo be a lattice isomet-
ric embedding. The complexification T maps X into the complexi-
fication of (@iel Ll(Qi,Zi,,ui))oo. The codomain of this map is still
(@iel L1(9, Ei’ﬂi))oo’ but now interpreted as a Banach lattice over
the complex field (cf. [I, Exercises 3 and 5 on page 110]). Since T is
one-to-one, the definition of Tt tells us that T¢ is one-to-one. More-
over, as mentioned in Section , T preserves moduli. Finally, by [I]
Lemma 3.18 or Corollary 3.23], Tt preserves norm. Thus, everything
in the SPR inequality is preserved, so, analogously to the real case, we
may assume throughout the proof that the complex Banach lattice X
is a space of complex-valued functions.

Proof of Theorem[3.9. Let Y = span{f,g}. This is a 2-dimensional
Banach space. Hence, there exists an equivalent norm || - ||z such that
(Y, |l - ||z) is Hilbert, and

-1 <1l < V2.
By replacing g by a unimodular scalar times g, we assume

i —A =||f - .
min [|f = Aglln = |If = gllu

This latter condition is equivalent to (f, g) > 0. Indeed,

1f = XMgll5 = (f, )+ (g, 9) — 2R (M ([, 9))

This is minimized when A is the conjugate phase of (f, ¢). This is min-
imized when A = 1 iff (f,g) > 0.

Consider f,:= f—r(f+g) and g, := g —r(f +g) for r € [0,1/2]. We
let R be the first instance of (f — r(f + g),g — r(f + g)) = 0. This is
possible since when r = 0, the inner product is non-negative, and when

r= %, it is negative. Note that
1fr = gellr = If — glla-
Thus, since fr and gr are orthogonal,

in || fr — Agrlls = min || f — Aga-
min [|fr = Agrlln = min [/ = Agllx
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We will take f" = fr and ¢’ = gg. To see (3.3)), we compute

(3.6)

i — Ag|| < mi - A = mi e < /92 mi "\
min |[f = Agll < min [|f = Aglly = min ||f gHH_\/_‘rﬁlzr}Hf J

Moreover, as f' and ¢’ are orthogonal in H,

(3.7)

. . 1 1
\/ilgrlu:r} 17" =Agl = min | f*=Ag'llr = UL W+ )2 = (Lg%

This gives (3.4)). Note that in the worst case scenario, we have K < v/2.
However, if the Banach-Mazur distance to £3 is less than v/2, the con-

stant improves.
We now verify (3.5). To see this, we prove
1
(3.8) 1/l = 1gell < [1f] = lgll for € [0, 5].
We represent X C L) and let ¢ € Q. We will prove that

(3.9) £+ = gD < [IF@)] = lg(®)]] for r € [0, %]-

Note that is simply a claim that an elementary inequality holds
for complex numbers. Write f(t) = a+ib and g(t) = c+id. Multiplying
f(t) and g(t) by a unimodular scalar, we rotate so that d = —b. WLOG,
la| > |c|; then, multiplying by —1 if necessary, we also assume a > 0.
We have

frt)=a—r(a+c)+ib, ¢, (t)=c—r(a+c)—ibd.

Now, we note that our assumptions give ||f.(t)| — |g-(t)|| = |f-(¢)] —
|g-(t)] for 0 < r < 1. Indeed, S(f,(t)) = —S(g,(¢)) and (R(f,(1)))? >
(R(g,(1)))” for 0 < r < + by elementary computations. Taking r = 0,
LF @] = lg@)I] = [f(#)] = [9(t)|. Hence, we must prove

50 = lon ()] < 1£(0)] — lg()] for v € [0, 5]

This inequality is true for all » > 0. Indeed, recall first that a > ¢. By

the Fundamental Theorem of Calculus, for any convex function ¢ and
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w > 0, we have ¢(a — w) — ¢(c — w) < ¢(a) — ¢(c). In our case, the
function h(s) = v/s? + b? is convex and r(a + ¢) > 0; therefore,

()| =1g: ()] = h(a=r(atc))=h(c=r(atc)) < h(a)=h(c) = |f(t)|-]g(t)]. O

Remark 3.11. For real or complex Ly(u), the proof of Theorem
shows that K = 1, and f’ is orthogonal to ¢’. Actually, the proof gives
a more local result: If F is a closed subspace of a Banach lattice X,
and FE is C-isomorphic to a Hilbert space H, then for f, g € E one can
take K = C and f’ orthogonal to ¢’ in H.

Corollary 3.12. Let E be a subspace of a real or complex Banach
lattice X, and v € (0,1]. If E does vy-Holder stable phase retrieval in
X with constant C' > 0 then E does stable phase retrieval in X with

constant \/5(\/50)%

Proof. Let f,g € E with || f|| =1 and ||g|| < 1 such that
1 .

.10) I+ lol?)% < V2 . 17 = gl

In particular,

277 < if [If = Agll <2
=1

As F does C-stable v-Holder phase retrieval, we have that
(3.11)

2712 < Inf [If=Agll < ClLI=1glP LA+ lgl) = < 227 CllLf =gl

Thus, we have that C/723/CV=1||| f| — |g|| > 1 and infjy—; || f — Ag|| <
2. It follows that

(3.12) inf [If = Agll < (2707 1£1 = lglll

To prove ([3.12)) we have assumed that ||f|| = 1 and ||g|| < 1. However,
by scaling we have that any f,¢g € F which satisfy (3.10)) also satisfy
B12).

We now consider any pair of linearly independent vectors x,y € E. By
Theorem there exists f, g € E which satisfy (3.10]) such that

min |z = Ay[| < ﬂg‘ﬂ:l} 1 = Agll and [[[z] = [y[[| = [[[f] = lglll-
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Thus, we have that

min [~ | < 2122320V || — 1yl
=1

This proves that £ does 2/2(23/2C')'/7-stable phase retrieval. O

Remark 3.13. The constant \/5(\/50)% in Corollary arises by
using the worst case scenario K = V2 from Theorem . This constant
can certainly be optimized; for example, if one also takes into account

the distance from E to a Hilbert space.

To conclude this section we give a simple proof that in finite dimensions,

phase retrieval is automatically stable.

Corollary 3.14. Let X be a real or complex Banach lattice, and E
a finite dimensional subspace of X. If E does phase retrieval, then E
does stable phase retrieval.

Proof. The real case has already been dealt with in Remark 3.5, but the
argument we provide below works for both real and complex scalars.
Indeed, by Theorem [3.9] if F fails to do stable phase retrieval then we
can find, for each N € N, functions fy, gy with || fn| =1, |lgn] < 1,

(3.13) (1711 + llgw 1% < V2 min [lfv = Mgl
and
(3.14) 2 min || fx = dgnll > Nl1fvl = lowll.

By compactness, after passing to subsequences, we may assume that

fn M> f and gy M> g, for some f,g € E. Since ||fy|| =1 for all N, it

follows that || f|| = 1. Moreover, from ({3.14) and continuity of lattice
operations, we see that |||f| — |g||| = 0. Hence, |f| = |g| # 0. Fix a

phase A. By , we have
(w17 + llan]1?)% < V21 fx = Agw]l.
Passing to the limit, we see that
L< (1P + 912 < V2IS = gl
Hence, f # A\g. It follows that E fails to do phase retrieval. 0



STABLE PHASE RETRIEVAL IN FUNCTION SPACES 25

Remark 3.15. Note that the Banach lattice X in Corollary is
not assumed to be finite dimensional. This is of some note, as, unlike
for closed spans, the closed sublattice generated by a finite set can be
infinite dimensional.

4. EXAMPLES

4.1. Building SPR subspaces via isometric theory. As mentioned
in Theorem [2.1} when 1 < p < 2 and g € (p, 2], one can find isometric
copies of L,[0,1] in L,[0,1]. As we will now see, such subspaces must
do SPR.

Proposition 4.1. Suppose p,q € [1,00), and either (1) 1 <p < ¢ < 2,
or (2) ¢ =2 < p < oo. There exists an € > 0 such that if E C L]0, 1]
is (1 + ¢)-isomorphic to F' C L,[0,1], then E does SPR in L,|0, 1].

Proof. We only handle case (1), as (2) is very similar. Suppose, for
the sake of contradiction, that F fails SPR. Then by Theorem [3.4) E
contains c-isomorphic copies of 6123, for any ¢ > 1. Consequently, for any
such ¢ we can find norm one f,g € E so that || f + g||z,,||f — 9z, >
c~12Y/7. However, by the Clarkson inequality in L,

1F+allf, +11F = gllt, < 201705, + gllF,)7 " < (1+e)727,
where 1/q + 1/¢ = 1. However, the left side is > ¢ 72'*9/? and it is

easy to see that 1+¢'/p > ¢'. Hence, we get a contradiction if £ > 0 is
sufficiently small. 0

Corollary 4.2. If either 1 < p < q <2, orq =2 < p < o0, then
L,[0,1] contains an SPR subspace isometric to L,[0, 1].

Proof. 1t is well known (see e.g. [50, Section 9]) that, under the above
conditions, L,[0, 1] contains an isometric copy of L,[0, 1]. By Proposi-

tion [4.1] that copy does SPR. O
4.2. Existence of SPR embeddings into sequence spaces.

Proposition 4.3. If a Banach space E embeds into () for some
cardinal o (which happens, in particular, when E itself has density
character «), then there is an isomorphic SPR embedding of E inside

of loo(av).
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The fact that any Banach space E of density character a embeds
isometrically into () is standard. We recall the construction for
the sake of completeness: Let (z;);c; be a dense subset of E of car-
dinality «; for each ¢ find zf € Sg- so that xf(z;) = ||z;||. Then
E — l(a) : © — (z}(x));er is the desired embedding. Similarly, one
can show that if E is a dual space, with a predual of density character
«, then E embeds isometrically into £ ().

To establish Proposition [4.3] it therefore suffices to prove:

Lemma 4.4. For any cardinal «, there exists an isometric SPR em-
bedding of () into itself.

To prove Lemma [4.4] we rely on the following.

Lemma 4.5. Suppose E is a (real or complex) Banach space, and
x,y € E have norm 1. Then there exists a norm 1 functional f € E*

so that | ()| A1 (y)| > 1/5.

Proof. Suppose first that dist (y,Fz) < 2/5 (here F is either R or
C). Find t € F so that ||y — tz|| < 2/5. By the triangle inequal-
ity, |t| > 3/5. Find f € E* so that ||f|| = 1 = f(z). Then |f(y)| >
1t||f(z)| — |ly — tx|| > 1/5. The case of dist (z,Fy) < 2/5 is handled

similarly.

Now suppose dist (x, Fy), dist (y, Fz) > 2/5. By Hahn-Banach Theo-
rem, there exist norm one g,h € E* so that g(z) > 2/5, g(y) = 0,
h(y) > 2/5, and h(z) = 0. Then f := (g + h)/||g + k| has the desired
properties. Indeed, ||g + h|| < 2, hence

7)1 2 5 (9] - b)) 2 5,
and likewise, |f(y)| > 1/5. O

Proof of Lemmal[].4]. For the sake of brevity, we shall use the notation
E =/l (a),and E, = {,(«). Pick a dense set (f;)ies in Sg,, with |I| =
a. Define an isometric embedding J : B — (o (1) : x — (fi(2))icr. We
shall show that, for every x,y € Sg and € > 0, there exists ¢ so that
|fi(x)] A |fi(y)] > 1/5 —e. Once this is done, we will conclude that
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|Jz| A |Jyl|| > 1/5 for any z,y € Sk, which by Theorem [3.4] tells us
that J is indeed an SPR embedding.

By Lemma [4.5] there exists f € Sg- so that |f(z)| A |f(y)| > 1/5. By
Goldstine’s Theorem, there exists f' € Sg, so that |f'(z)| A |f'(y)] >
1/5 —¢/2. Find i so that ||f" — fi|| <e/2. Then

[f@) [ AL = @A L= 1 = fill = é — ¢,
which proves our claim. 0

Remark 4.6. We can define the canonical embedding of E into C(Bg-+)
(with B« equipped with its weak* topology) by sending e € F to the
function e* — e*(e). The above reasoning shows that this embedding
is SPR. For separable E/, more can be said - see Proposition below.

Remark 4.7. If an atomic lattice is order continuous (which ¢, of
course is not), then the “gliding hump” argument shows the non-
existence of infinite dimensional dispersed subspaces. The lattice ¢
is not order continuous, but it has no infinite dimensional dispersed
subspaces. This is because ¢ contains ¢y as a subspace of finite codi-
mension, hence any infinite dimensional subspace of ¢ has an infinite

dimensional intersection with cg.

Combining the results from this and the previous subsection, we see
that, often, the collection of dispersed subspaces of a Banach lattice
coincides with those that do SPR, up to isomorphism (cf. Question
below). Indeed, we have the following:

Corollary 4.8. For every dispersed subspace E C L,[0,1] (1 < p <
00), there exists a closed subspace E' C L,[0,1] isomorphic to E, and
doing stable phase retrieval. The same result holds with L,[0, 1] replaced

by C[0,1], C(A), ¢ or any order continuous atomic Banach lattice.

Proof. By Theorem [2.1], for 1 < p < oo and p # 2, a closed subspace
of L,[0,1] is dispersed if and only if it contains no subspace isomorphic
to £,. A result of Rosenthal [66] states that for 1 < p < 2, a subspace

of L,[0,1] that does not contain £, must be isomorphic to a subspace
of L, for some r € (p,2]. By Corollary one can build an SPR copy
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of L, in L,,.

In the case 2 < p < 0o, Theorem [2.1]states that any dispersed subspace
of L,[0,1] must be isomorphic to a Hilbert space. By Corollary ,
L,[0,1] contains an SPR copy of 5. To deal with the case p = oo,
note that L0, 1] is isomorphic (as a Banach space) to ¢, and use
Lemma together with the fact that /., lattice isometrically embeds
in Ly0,1].

For order continuous atomic lattices and ¢, there are no infinite di-
mensional dispersed subspaces by Remark [4.7] The claim for C'0, 1]
and C'(A) will be proven in Proposition below, when we analyze
SPR subspaces of C'(K)-spaces. As we will see in the proof of Proposi-
tion[6.2] the fact that every separable Banach space embeds into C'[0, 1]
and C(A) in an SPR fashion ultimately follows from Remark [1.6] O

4.3. Explicit constructions of SPR subspaces using random
variables. In this subsection, we construct SPR subspaces of a rather
general class of function spaces by considering the closed span of cer-
tain independent random variables. The use of sub-Gaussian random
vectors has been widely successful in building random frames for fi-
nite dimensional Hilbert spaces which do stable phase retrieval whose
stability bound is independent of the dimension [24] 25| B4, 53, [54].
However, different distributions for random variables will allow for the
construction of subspaces which do stable phase retrieval and are not

isomorphic to Hilbert spaces. We begin by presenting a technical cri-

terion for SPR.

Proposition 4.9. Suppose X is a Banach lattice of measurable func-
tions on a probability measure space (2, ) which contains the indica-
tor functions and has the property that for every € > 0 there exists
d = d(e) > 0 so that ||xs|| > 0 whenever u(S) > . Suppose, fur-
thermore, that E is a subspace of X, which has the following property:
There exist « > 1/2 and § > 0 so that, for any norm one f € E, we
have

(4.1) p({weQ:|fw) = 8}) > a
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Then E is an SPR-subspace.

Proof. Suppose f,g € FE have norm 1. By the Inclusion-Exclusion
Principle,

p({w e Q: [7(w)] 2 Blow)| > B}) = 20— 1.
Thus, ||| A lgl| > 56(2a — 1), O

The above proposition is applicable, for instance, when X is a re-
arrangement invariant (r.i. for short; see [60] for an in-depth treat-
ment) space on (0, 1), equipped with the canonical Lebesgue measure
A. Examples include L, spaces, and, more generally, Lorentz and Orlicz
spaces (once again, described in great detail in [60]; for Lorentz spaces,
see also [32]). Below we describe some SPR subspaces, spanned by

independent identically distributed random variables.

Suppose f is a random variable, realized as a measurable function
on (0,1) (with the usual Lebesgue measure \). Then independent
copies of f — denoted by fi, fa, ... — can be realized on ((0,1), \)*. By
Caratheodory’s Theorem (see e.g. [57) p. 121]), there exists a measure-
preserving bijection between ((0,1), A\)* and ((0, 1), \). Therefore, we

view f1, fo,... as functions on (0, 1).

Suppose now that, in the above setting, the following statements hold:

(i) f belongs to X, and has norm one in that space;
(ii) There exists r so that, if fi,..., f,, are independent copies of
foand >, |a;|" =1, then ), a;f; is equidistributed with f;
(iii) There exists 5 > 0 so that P(|f] > §) > 1/2.
In this situation, if fi, fo,... are independent copies of f (viewed as
elements of X, per the preceding paragraph), then span[f; : i € N] is
an SPR copy of 7, in X.

We should mention two examples of random variables with the above
properties: Gaussian ((ii) holds with r = 2) and g-stable (g € (1, 2); (ii)
holds with r = ¢). The details can be found in [4, Section 6.4]. For the

Gaussian variables, the probability density function is d¢(x) = ce=/ 2
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with ¢ depending on the normalization. For the ¢-stable variables with
characteristic function ¢ — ce™ 1" (with ¢ ensuring normalization), the
Fourier inversion formula gives the density function

de(z) = E/o cos(tx)e " dt.

™

In both cases, df is continuous (in the latter case, due to Dominated
Convergence Theorem), hence there exists 5 > 0 so that

g 3

P> =1~ [ d>7

-8
It is known that Gaussian random variables belong to L,, for p € [1, 00),
while the r-stable random variables (1 < r < 2) lie in L, if and only
p € [1,7). Moreover, the results from [60, p. 142-143] tell us that
Ls(0,1) C L,4(0,1) for s > p (this is a continuous inclusion, not an
isomorphic embedding). If » > p, then the r-stable variables belong
to L, ,(0,1) (indeed, take s € (p,r); then the r-stable variables live in
Ls(0,1), which in turn sits inside of L, ,(0,1)). Likewise, one shows

that any Lorentz space L, ,(0,1) contains Gaussian random variables.

The above reasoning implies:

Proposition 4.10. Suppose 1 <p < oo and 1 < q < oo (whenp =1,
assume in addition ¢ < 00). Then L, ,(0,1) contains a copy of 5 that
does SPR. If, in addition, 1 < p < r < 2, then L,,(0,1) contains a
copy of L, that does SPR.

4.4. Stability of SPR subspaces under ultraproducts and small
perturbations. We show that SPR subspaces are stable under ultra-
products, and under small perturbations (in the sense of Hausdorff
distance). These results hold for both real and complex spaces.

Proposition 4.11. Suppose i is an ultrafilter on a set I, and, for each
iel, E; is a C-SPR subspace of a Banach lattice X;. Then [ E; is
a C-SPR subspace of [ [, X;.

We refer the reader to [45] or [31, Chapter 8] for information on ultra-

products of Banach spaces and Banach lattices.
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Proof. We have to show that, for any =,y € [], E;, there exists a
modulus one A so that ||z — Ay|| < C|||z| — |y|||. To this end, find
families (z;) and (y;), representing x and y respectively. Then for each
i there exists \; so that |\;| = 1 and ||z; — Nys|| < C|||xi| — |will]. As
ultraproducts preserve lattice operations, |z| and |y| are represented
by (lz:]) and (|yil), respectively, hence ||[z] — |y[|| = limy |[|2] — |ysl[]-
By the compactness of the unit torus, there exists A = limg \;, with
|A| = 1. Then ||z — \y|| = limy ||z; — A\;y;||, which leads to the desired
inequality. U

Remark 4.12. Proposition 4.11| can be used to give an alternative
proof of Corollary [£.2] First find a family of finite dimensional sub-
spaces Fj, C L,(0,1), ordered by inclusion, so that UiFj is dense in
L4(0,1), and each Fy, is isometric to £7* for some n; (one can, for in-
stance, take subspaces spanned by certain step functions). A reasoning
similar to that of [31, Theorem 8.8] permits us to find a free ultrafil-
ter U so that [[ Fj contains an isometric copy of Ly(0,1). A fortiori,
[ L ¢, contains an isometric copy of L,(0,1) (call it E).

Proposition m proves that L,(0,1) contains a subspace, isometric
to ¢, (spanned by Gaussian random variables for ¢ = 2, g-stable ran-
dom variables for ¢ < 2) which does SPR. By Proposition IL.¢,
embeds isometrically into [, L,(0,1), in an SPR fashion. By [45],
[1 Ly(0,1) can be identified (as a Banach lattice) with L,(€2, p), for
some measure space (2, u).

Let X be the (separable) sublattice of L, (€2, 1) generated by E. By
[60, Corollary 1.b.4], X is an L, space. [57, Corollary, p. 128] gives a
complete list of all separable L, spaces; all of them lattice embed into
L,(0,1). Thus, we have established the existence of an SPR embedding
of E=L,0,1) into L,(0,1).

To examine stability of SPR under small perturbations, we introduce
the notion of one-sided Hausdorff distance between subspaces of a given
Banach space. If E, F' are subspaces of X, define dig(F, F') as the in-
fimum of all 6 > 0 so that, for every z € F with ||z|| < 1 there
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exists ' € F with ||z — 2'|| < § (this “distance” is not reﬂexive, hence

“one-sided”). Note also that, for x as above, there exists x” € E with

//H — Hx”

|| |z|| and ||z — 2”|| < 26; indeed, one can take z” = = 7%

By “symmetrizing” dg, we obtain the classical Hausdorff distance: if
E and F are subspaces of X, let dy (E, F) = max{dg(F, F),diuy(F, E)}.
For interesting properties of dy, see [20], and references therein.

Proposition 4.13. Suppose E is an SPR subspace of a Banach lattice
X. Then there exists § > 0 so that any subspace F' with dig(E, F) < §
is again SPR.

From this we immediately obtain:

Corollary 4.14. For any Banach lattice X, the set of its SPR sub-
spaces is open in the topology determined by the Hausdorff distance.

Remark 4.15. See [39, Proposition 3.10] for a similar stability result
for dispersed subspaces of a Banach lattice.

Proof of Proposition[4.13. Suppose E does C-SPR. We shall show that,
if dig(E,F)<1/(2v/2(C + 1)), then F does C’-SPR, with

é - %(% — 2d(E, F)) — 2d(E, F).
Suppose, for the sake of contradiction, that F' fails to do C'-SPR. Find
f,9 € F so that minjy— ||f — Ag|| =1 and ||| f| — |g]|| = c < 1/C". By
Theorem we can find f’ g € F so that

min || /' = Ag'l| > —=

win 25 1If1-
For any 6 > d1g(F, F), there exist f”, ¢" € E so that || f"— f'|| < || f']|
and ||¢” — ¢'l] < d||¢'||. The triangle inequality implies:
T = 19" I < WA T= g+ oL I+ Nl < e+ 265
" > : I /
win 177 = 2"l = min 17 = gl = 5007 + L'l >
As F does C-SPR, we conclude that
1

— — 26 < C(c+26),
75~ 20=Clet2)

9l < ¢, and [[f'] + llg'll < 2.

&IH
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and consequently,

1 1
5~ 2hn(B, F) < Cle+ 2 (B, F)) < 0(5 + 2dym (E, F)),
which contradicts our choice of C". ]

R. Balan proved that frames which do stable phase retrieval for finite
dimensional Hilbert spaces are stable under small perturbations [12].
The following extends this to infinite dimensional subspaces of Banach
lattices.

Corollary 4.16. Suppose (e;) is a semi-normalized basic sequence in
a Banach lattice X, so that spanle; : i € N] does SPR in X. Then
there exists € > 0 so that if (fi) € X and ) . |le; — fil| < € then
span[f; : ¢ € N] does SPR in X.

Remark 4.17. In real Ly, Corollary can be strengthened. Sup-
pose (e;) is a sequence of normalized independent mean-zero random
variables, spanning an SPR-subspace of Ly. Then there exists an ¢ > 0
with the following property: if (f;) is a collection of normalized inde-
pendent mean-zero random variables so that (e;, f;) are independent
whenever ¢ # j, and sup;, ||e; — fi|| < e, then span [f; : i € N] C Ly does
SPR as well. For the proof, recall that there exists v > 0 so that the
inequality |||u|A|v||| > 7 holds for any norm one u,v € span [e; : i € NJ.
Let € = v/4. We will show that, for any norm one x,y € F' = span [f; :
i € N], we have [||z| A |y||| > /2.

Write x = Y o f; and y = ). B fi, and define 2’ = " ae;, v =
>; Biei. Then

o= aIF = | S il = e[| = D laul?llfi = el < 2 Y0 =2

Similarly, [ly — ¢/|| < e. Therefore, |||z — [2'|[|, [[ly] — |y/l]l < &, hence
ezl Alylll = N2 Ayl = 2e. But [l Aly'[[| = v, hence [|lz] Ayll] =
/2.
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5. SPR IN L,-SPACES

In this section, we investigate the relations between dispersed and SPR
subspaces of L,, as well as the relation between doing SPR in L, versus
doing SPR in L,.

Theorem 5.1. Fvery infinite dimensional dispersed subspace of an
order continuous Banach lattice X contains a further closed infinite

dimensional subspace that does SPR.

Proof. We first prove the claim for L;(2, ), with p a finite measure.
Let E be a closed infinite dimensional subspace of L;(€2, 1) containing
no normalized almost disjoint sequence. By Theorem 2.1, E also does
not contain ¢;. By [56], every closed infinite dimensional subspace of
L1(92, u) almost isometrically contains ¢, for some 1 < r < 2. Since F
does not contain /1, it follows that there exists » > 1 such that for all
e >0, ¢, is (1 + &)-isomorphic to a subspace of E. Let a > 0 be such
that ¢2 is not (1 + a)-isomorphic to a subspace of £,. Such an « exists
by the Clarkson argument in Proposition [£.1] We now claim that for
0 < & < a, every subspace of L; that is (1 4 €)-isomorphic to £, must
do stable phase retrieval. Indeed, if F failed SPR, it would contain for
all v > 0 a (1 + ~y)-copy of £2. Thus, for all ¥ > 0, we have that (2
is (1 + )(1 4 €)-isomorphic to a subspace of ¢,. However, this gives
a contradiction if v > 0 is small enough such that (1+v)(1+¢) < 1+a.

Now let E be a closed infinite dimensional dispersed subspace of an
order continuous Banach lattice X. Replacing E be a separable sub-
space of E/, we may assume that F is separable. Using that every closed
sublattice of an order continuous Banach lattice is order continuous,
replacing X by the closed sublattice generated by E in X, we may
assume that X is separable. It follows in particular that X has a weak
unit. By the AL-representation theory, there exists a finite measure
space (£2, p) such that X can be represented as an ideal of Ly (€2, u)
satisfying

(i) X is dense in L1(Q, u) and L (2, ) is dense in X;
(i) [[fllr < [Ifllx and [[fllx < 2/[fllo for all f € X.
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Since E contains no almost disjoint normalized sequence, the Kadec-
Pelczynski dichotomy [60], Proposition 1.c.8] guarantees that || - | x ~
| - ||, on E. In particular, we may view E as a closed infinite dimen-
sional subspace of Ly(u). We claim that E contains no almost disjoint
sequence when viewed as a subspace of L. Indeed, suppose there exists
a sequence (x,,) in E with ||z,||z, = 1 for all n, and a disjoint sequence
(dy) in Ly with ||z, — d,||r, — 0. Then in particular, x,, converges to
0 in measure. By [30, Theorem 4.6], x, — 0 in X. That is, for all
u € X, we have that |||z,| A |ul|||x — 0. Thus, by [30, Theorem 3.2]
there exists a subsequence (z,, ) and a disjoint sequence (dy) in X such
that ||z, —dk||x — 0. Since ||z,||L, =1 and || ||x ~ || - ||z, on E, this
contradicts that E contains no normalized almost disjoint sequence.

By the beginning part of the proof, we may select an infinite dimen-
sional closed subspace E’ of E that does SPR in L;. In other words,
there exists € > 0 such that for all f,g € E' with || f|l, = |lgllz, =1

we have
I A 1glllz, > e

Since || - ||x ~ || - ||z, on E, the same is true on E’, so we may view
£’ as a closed infinite dimensional subspace of X. We claim that it
contains no normalized almost disjoint pairs. Indeed, if f,g € E' with
Ifllx = llgllx = 1, then ||f]|z, ~ |lg|lz, ~ 1. Now, using that E’ does
SPR in L; and property (ii) of the embedding, we have

A Tgllx = A A gz, 2 e

Thus, £’ contains no normalized almost disjoint pairs when viewed as
a subspace of X. It follows that £’ does SPR in X. O

Question 5.2. With Corollary and Theorem in mind, we ask
the following: If a Banach lattice X contains an infinite dimensional
dispersed subspace E, does it contains an infinite dimensional SPR

subspace? If so, can we construct an infinite dimensional SPR subspace
E' with E' C E C X7

Our next results are motivated by the equivalence between statements
(a)-(d) in Theorem [2.1] and the discussion in Remark [2.2] Note that it
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follows from Theorem (a)-(d) that if E is dispersed in L,(u) and
1 < ¢ < p, then E may be viewed as a closed subspace of L,(y), and it
is dispersed in L,(p). It is then natural to ask the following question:
Let p be a finite measure and 1 < ¢ < p. Let FE be a subspace of
L,(1r) € Ly(p). What is the relation between E doing SPR in L,(u)
versus £ doing SPR in L,(p)? It is easy to see that if E does SPR in
Lq(p1), then E does SPR in Ly(p) if and only if || - ||z, ~ || - ||z, on E.
We will now show that E doing SPR in L,(p) does not imply E does
SPR in L,(p), even though the property of being dispersed passes from
Ly (1) to Lg().

Theorem 5.3. For all 2 < p < oo there exists a closed subspace E C
L,[0,1] such that E does stable phase retrieval in L,[0,1] but E fails to
do stable phase retrieval in L,[0,1] for all 1 < g < p.

Proof. Let 2 < p < oco. It will be convenient to build the subspace
E C L,[0,2] instead of L,[0,1]. Let (r;)%2, be the Rademacher se-
quence of independent, mean-zero, +1 random variables on [0, 1]. For
all 7 €N, we let g; =r; + 2j/p1[1+2—j71+2—j+1). Let E' = span jcng;-

We first prove for all 1 < g < p that F fails to do stable phase retrieval
in L,[0,2]. We have for all j # i that [lg; — gill7, = llg; +ill7, > 277"
On the other hand, |r;| = |rj+1] and hm||2j/p1[1+2—j71+2—j+1)||%q = 0.
Thus, lim ||[g;| — |gj+1/[[7, = 0. This shows that E fails to do stable
phase retrieval in L,[0, 2].

We now prove that £ does stable phase retrieval in L, [0, 2]. Note that
by Khintchine’s Inequality there exists B > 0 so that (3 |a;|?)Y/? <
1Y ajrille, < B(X- |a;[%)'? for all scalars (a;) € fo. Thus, we have
for all f =3 a;r;and x = f+ 3 a;27/P1; 95 149-s41) € E that

||f||L2(o1 < ||5E||Lp ([0,2]) = | Zamlﬁp([o,m + Z |a; [’
< B a7+ O o)
= (Bp+ )||fHL2(o1
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This computation shows that the map g; — r; extends linearly to a
map E C L,[0,2] — L»[0,1], 2 — f, establishing an isomorphism be-
tween £ and a Hilbert space. By Theorem [3.9] and Remark it
suffices to prove that there exists a constant 6 > 0 so that if z,y € F
and f,g € Ly[0,1] with f = 19z and g = 1y 1jy such that || f|z, = 1,
l9llz. <1, and (f,g) = 0 then [[|lz| — [yll|L, = 4.

We now claim that it suffices to prove that there exists € > 0 such that

(5.1) if [[|21a.2)| = lylaalllz, <& then [|If[* —[g*l7, = 0.

Indeed, as all the L, norms are equivalent on the span of the Rademacher
sequence, there exists a uniform constant K > 0 so that the following
holds:

1P — 1912, = / (172 — |aP)?

_ / (Uf1 = oD (1 + laD(FE = Lo

< WA= lglllz ST+ gD AS P = g
< KJI[f1 = lgllle. < KII[f] = lglllz,-

Here, the constant K comes from bounding

(5:2) 111+ 19D A1 = lgl)lz, < K.

To get this upper estimate, note that, by Holder’s Inequality,

1A+ 1gD A1 = NglM) 2. = N+ gD AT+ gD fT = gDz
< A1+ gl 11 = gl s

hence, by Triangle Inequality,

(5.3) 101+ 19D = 9P e < (1F1]ze + llgllze)”

Further, both f and g belong to the span of independent Rademachers,
on which all the L, norms are equivalent (for finite p). Since we know
that ||f]|z, = 1 and ||g||z, < 1, this gives a bound for the right-hand

side of (5.3), which, in turn, implies ([5.2)).
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To finish the proof of the claim, note that if |||z12)] — [yL1a2)llL, > €

then [[[z] — ly[l[z, > € and if [[l#1@z)| = [yLaplll, < & then [|lz] -
Ylllz, = 6K

We now establish (5.1)) with ¢ = 1/8 and § = 1. Let x = ) a;(r; +
2j/p1[1+2—j71+2—j+1)> and Yy = Z bj(T’j + 2j/p1[1+2—j71+2—j+1)). We let f =
>-ajr; and g = >° b;r; and assume that || f[|7, = > |a;]* =1, ||lg]l7, =
S |bi? < 1and (f,g) = a;b; = 0. We may assume that

54) (X llagl = )Y = 2o - lylaslls, <& =1/8

All that remains is to prove that ||[f]* — |g|?||7, = 0. We have from
(5.4) that [|a;| — |b;|| < 1/8 for all j € N. Hence, ||a;|* — [b;]*| < 1/4
for all j € N as |a;] +|bj| < 2. As 7§ = 1y for all j € N, we have that

(55) fP=¢"=(f—9)(f+9) =2 (ajai—bib)rjri+ > (a5 —b))1

i
Note that (5.5 gives an expansion for f? — ¢ in terms of the ortho-

normal collection of vectors {1jg 1} U {r;7;},>;. Thus we have that

2P = 9Pl = 2 lajas — bybif?

7>
=D D lajai —bbi* = > faj — b}’
jEN ieN jEN
=3 (O lasail® + bitif?) = (256 Y aibi) ) = 3 Ja2 — 422
jEN ieN ieEN jEN
= Z Z lajai)® + |b;b|*) — Z a5 — b2|? as Zaibi =0
jEN ieN jeN
= (17117, + lgllz,) = > laf = 0317
jEN
> (117, + lgllz,) — Z |aF — 0] as |aj — bj| < 1/4
]EN
1
> (I1£1Z, +llgllz,) — Z(IIfII%Q +gliZ,)

3 1
R (S S T
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> as lgllz, < 1.

= w
o |

Hence, |||f|* = |9|*[3, > 3/2—1>1=04. O

Example 5.4. In the special case p = 2, Theorem could have been
proven using a result in [23]. Indeed, as above, let (r;) denote the
Rademacher sequence, realized on the interval [0, 1]. Define g; = r; +
2% 1427 142-i+1). We can think of the sequence (g;) as being defined on
a finite measure space. Note that ||2%1[1+2—j71+2—j+1)||L2 = 1. Hence,
for the same reason as in [23], Span{g;} does SPR in L,. However,
recall that the Rademacher sequence does not do phase retrieval; we’ve

also scaled the additional indicator functions to be perturbative in L;.

Hence, for ¢ # j we have |||g;| — |g;|[l, = 5 + 5, whereas the other
side of the SPR inequality is of order 1. This provides an example of a

subspace E C Lo(u) € Ly(p) that does SPR in Lo(i) but not in Ly ().

As a special case of the next result, we show that for 1 < ¢ < p < o0, if
E does SPR in L, and L,, then we can both interpolate and extrapolate
to deduce that E does SPR in L, for 1 < r <p.

Theorem 5.5. Suppose p is a probability measure and 1 < g < p <
0o. Let E be a closed subspace of L, (real or complex). Assume that
| -lz, ~ |-z, on E, and E does stable phase retrieval in L,. Then for
all1 <r<p, |-, ~ 1|, on E, and E does stable phase retrieval

m L,.

Proof. Assume first that ¢ < r < p. Let C' > 0 so that the L, and L,
norms are C-equivalent on F, and let K > 0 so that E does K-stable
phase retrieval in L,. As ¢ <7 < p we have for all f,¢g € E that

(5.6)

inf [f=Aglle, < € inf [f=Aglle, < CKlIf|=lgllle, < CKIIfI=1glllz.-

[Al=1

Thus, E does stable phase retrieval in L,.

We now turn to the case 1 < r < ¢. By the previous argument, F does
stable phase retrieval in L,. Hence, the L, norm is equivalent to the
L; norm on E, and hence the L, norm is equivalent to the L, norm on
E. Let C > 0 so that the L, and L, norms are C-equivalent on F, and
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let K > 0 so that E/ does K-stable phase retrieval in L,. Let ¢ be the
value so that ¢7!' = 0r=! + (1 — §)p~!. By Holder’s inequality, for any

.9 €FE,
(5.7)

1-0 _
£ 1=lglllz, < I1F1=1glIZ, (1Fllz, + glle,) " < ClIA=1glE, (1 lz, + llglle)' ™"

Therefore, for any f,g € E, we have

Inf IF=Aglle. < inf [If=Agllz, < KlllfI=lglllz, < CE|If1=glZ, (Il +llgllz.) "

Thus, E does 6-Holder stable phase retrieval in L,. By Corollary (3.12]
it follows that E does stable phase retrieval in L,.. O

In Theorem we showed that when 2 < p < oo an SPR-subspace
E C L,[0,1] need not do SPR in L,[0, 1] for any 1 < g < p. Our next
result shows that the case 1 < p < 2 is completely different.

Theorem 5.6. Let (€2, ) be a probability space and let E be a closed
infinite dimensional subspace of L,(S2, ). Consider the following state-
ments:

(1) E does stable phase retrieval in L,(S2, p).
(ii) E does stable phase retrieval in Li(Q, ) and || - ||z, ~ || - ||z,
on E.
(11i) There exists a > 0 such that for all z,y € E,

(5.8) p({t € Q- z(t)| = allz|, and [y(t)] = allylL,}) > o

Then for all 1 < p < oo, (1) (11)=(i). Moreover, if 1 < p < 2, all
three statements are equivalent.

Proof. (iii) = (ii): Note that condition (iii) implies that £ contains no
normalized aH%—disjoint pairs, when viewed in the L, norm. Hence,
E does SPR in L,, which implies that || - ||z, ~ || - ||z, on E. Using
this in condition (iii), we conclude that E contains no normalized al-

most disjoint pairs, when viewed in the L; norm, hence does SPR in L;.

(i) = (i): Let C' > 0 so that ||z|;, < Clz|z, for all z € E. Let
K > 0 so that E does K-stable phase retrieval in L;. Thus, for all
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x,y € F we have that

min [l2=\y|z, < Cmin lle=\yllz, < CKle|=lyllz, < CKlzl=lylls,.

Thus, F does C'K-stable phase retrieval in L,(12).

(1) = (i4i): Let 1 < p < 2 and assume that (i) is true but (iii) is false.
We first note that condition (i) implies that || - ||z, ~ | - ||z, on E. We
may choose a sequence of pairs (x,,y,)o, in £ and o > 0 such that
lznllz, = llynllz, = 1, with

(5.9) w({t € Q:|za| Alyal =0} — 0, but [||za| A lyalllz, > 20

As (Jzn| Ayn]), converges in measure to 0 and is uniformly bounded
below in L, norm, after passing to a subsequence we may find a se-
quence of disjoint subsets (£2,)2°, C € such that

(5.10)  ||(|@n] A |ya])Lac

Let e, \ 0 with &1 < «/2. After passing to a subsequence, we
r, > aforalln e N As (Q,);2, is a
sequence of disjoint subsets of the probability space (€2, 1), we have

Ly = lznl Alyn] = (2n] Alynl)1a, L, = 0.

may assume that ||z,1lq,

that p(£2,) — 0. Thus, after passing to a further subsequence we may
assume that ||z;1q, ||z, < e, for all j < n. Again, after passing to a
further subsequence we may assume that there exists values (5,)5°,
such that lim;_, [|z;1q, ||z, = Bn for all n € N. Furthermore, we may
assume that |lz;1lq,[/z, < Bn +&,/2 for all j > n. As ()2, is a
sequence of disjoint sets, we have for all N € N that

N N
fim [y, > i [l 2a, I, = D A
n=1 n=1

In particular, we have that 3, — 0. Hence, after passing to a further
subsequence of (x,)2%; we may assume that (5, < ,/2 for all n € N.
Thus, [|z;1q,|z, < €, for all j > n. In summary, we have that for all
n €N, ||z,1q,]/z, > o and for all j # n, we have ||z;1q,[/z, < &n.

As £; < a/2, we have in particular that ||z; — z,[|L, > a/2 for all
j # n. We have that (z,,)$°, is a semi-normalized sequence in a closed
subspace of L, which does not contain ¢,. Thus, by [66, Theorem §],
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()2, is equivalent to a semi-normalized sequence in L, (v) for some
p < p/ < 2 and probability measure v. We may assume after passing to
a subsequence that (z,)2°, is weakly convergent in L, (v). Thus, the
sequence (Ta, — Tan—1)pe converges weakly to 0 in Ly (v). As L, (v)
has an unconditional basis, after passing to a further subsequence, we

may assume that (2, —Ta,-1)2 ; is C-unconditional for some constant

C.

As L,y (v) has type p" and (22, —x2,—1)52; is unconditional, we have that
(T2n — Top—1)22, is dominated by the unit vector basis of £,,. We will
prove that there exists a constant K so that for all N € N there exists
k € N such that the finite sequence (xs, — xgn,l)f;g 41 K-dominates
the unit vector basis of EI]JV . As p < p/, this would contradict that
(%2n — Tap—1)5, is dominated by the unit vector basis of £,,. Alterna-
tively, one could use that L, has type p, the uniform containment of
Kév , and [66, Theorem 13] to get that £ contains a subspace isomorphic
to £, which, in view of Theorem , contradicts that £ does stable

phase retrieval in L,,.

Let N € Nand ¢ > 0. Let k € N be large enough so that 2¢, N < 27 a.

Let (a;)5%) | be a sequence of scalars. We have that

j=k+1
k+N k+N k+N
1Y ajsy — 2o )7, = D0 1Y as(ws; — w5 )7 gy
J=k+1 n=k+1 j=k+1
k+N
> 3 (2 llan(@an = wan I, 0y — 11D @52 = 225 DI 0, )
n=k+1 j#n
k+N p
> 3 (a2 (Y] )
n=k+1 j#n
k+N
> > (2 rarlanfr — 2N Y o)
n=k+1 j#n

k+N
> (2'7PaP — 2P NP ) Z |a,|?
n=k+1
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k+N

> 27PaP Z la,|P.

n=k+1
Now that we have established that all three statements in Theorem [5.6]
are equivalent for 1 < p < 2, we can show the implication (ii)=-(iii) for
1 < p < oo. Indeed, we assume (ii) holds. Since E does SPR in Ly, by
(ii)=-(iii) for p = 1, we deduce that there exists a > 0 such that for all
r,y € F,

G11)  p({t € Q:z(t)] = allz)lz, and [y()] = allylL,}) > o

Now we use the second assumption of (ii) to replace the L; norm with
the L, norm in (5.11]). O

6. C(K)-SPACES WITH SPR SUBSPACES

Throughout this section, subspaces are assumed to be closed and infi-
nite dimensional, unless otherwise mentioned. Recall that a non-empty
compact Hausdorff space is called perfect if it has no isolated points,
and scattered (or dispersed) if it contains no perfect subsets. For a
compact Hausdorff space K, we define its Cantor-Bendixzson derivative
K’ to be the set of all non-isolated points of K. Clearly K’ is closed,
and K = K’ iff K is perfect; otherwise, K’ is a proper subset of K.
Also, if K contains a perfect set S, then S lies inside of K’ as well.

Theorem 6.1. Suppose K is a compact Hausdorff space. Then C(K)
has an SPR subspace if and only if K' is infinite.

The proof depends on an auxiliary result, strengthening Remark [4.6]

Proposition 6.2. Every separable Banach space embeds isometrically
into C(A), and into C[0,1], as a 10-SPR subspace (here A is the Can-
tor set).

Proof. Fix a separable Banach space E. Let K be the unit ball of
E*, with its weak* topology. By Lemma and Remark the
natural isometric embedding j : E — C(K) (taking e into the func-
tion K — R : e* — e*(e)) is such that |||jz] A |jy||| > 1/5 whenever
llz|l =1 = ||ly|]|- As K is compact and metrizable, there exists a con-
tinuous surjection A — K [52, Theorem 4.18]; this generates a lattice
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isometric embedding of C(K) into C'(A), hence one can find an iso-
metric copy of £ C C(A) so that |||z| A |y||| > 1/5 whenever z,y are

norm one elements of .

View A as a subset of [0,1]. Then there exists a positive unital iso-
metric extension operator T : C(A) — C[0, 1] — that is, for f € C(A),
Tfla=f;T1=1;|T| =1; and Tf > 0 whenever f > 0. The “stan-
dard” construction of T" involves piecewise-affine extensions of functions
from A to [0, 1]; for a more general approach, see the proof of [4, The-
orem 4.4.4]. One observes that |||Tz| A |Ty||| > |l|z| A |ylll, hence, if
E C C(A) has the property described in the preceding paragraph, then
[|Tx| A|Ty||| > 1/5 whenever x,y € E have norm 1.

By Theorem [3.4] the copies of E in C(A) and C[0,1] described above
do 10-SPR. O

The next result is standard topological fare (cf. [62, Theorem 29.2]).

Lemma 6.3. Suppose K is a compact Hausdorff space, and t € U C
K, where U is an open set. Then there exists an open set V' so that

teVCVCu.

Proof of Theorem [6.1. Suppose first that K’ is finite (in this case, K
must be scattered). To show that any subspace £ C C(K) fails SPR,
consider Cy(K, K') ={f € C(K) : flxr = 0}. Thendim C(K)/Co(K,K') =
|K'| < 00, hence ENCy(K, K') is infinite dimensional as well. It suffices

therefore to show that every infinite dimensional subspace of Cy (K, K”)
fails SPR.

Note that, in the case of finite K', Co(K, K’) can be identified with
co(K\K') as a Banach lattice. Indeed, any f € ¢o(K\K') is continu-
ous on K\ K’ since this set consists of isolated points only. Extend f
to a function f: K — R with ﬂK/ =0, ﬂK\K/ = f. Note that for

any ¢ > 0, the set {t € K\K' : |f(t)] > ¢} ={t € K : |f(t)| > ¢} is

finite, hence closed; consequently, {t € K : |f(t)| < ¢} is an open neigh-
borhood of any element of K’. From this it follows that f is continuous.
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On the other hand, pick h € Cy(K,K'). We claim that h|gx\ g €
co(K\K') — that is, {t € K\K’ : |h(t)| > ¢} is finite for any ¢ > 0.
Suppose, for the sake of contradiction, that this set is infinite for some
c. By the compactness of K, this set must have an accumulation point,
which must lie in K”. This, however, contradicts the continuity of h.

A “gliding hump” argument shows that no subspace of ¢o( K\ K’) does
SPR. From this we conclude that no subspace of C'(K) does SPR if K’

is finite.

Now suppose K contains a perfect set. By [57, Theorem 2, p. 29], there
exists a continuous surjection ¢ : K — [0,1]. This map generates a
lattice isometric embedding 7" : C[0,1] — C(K) : f + f o ¢. However,
([0, 1] contains SPR subspaces, by Proposition

It remains to prove that C'(K) contains an SPR copy of ¢y when K is
scattered, and K’ is infinite. Note first that K’\ K" must be infinite.
Indeed, otherwise any point of K” = K'\(K'\K") will be an accumu-
lation point of the same set, and K” will be perfect, which is impossible.

Observe also that any ¢ € K\ K" is an accumulation point of K\K".
Indeed, suppose otherwise, for the sake of contradiction. Then ¢ has
an open neighborhood W, disjoint from K\K’. If U is another open
neighborhood of ¢, then so is U N W. As t is an accumulation point of
K, UNW must meet K, hence also K’. This implies t € K", providing
us with the desired contradiction.

Find distinct points tq,t9,... € K'\K"”. For each i find an open set
A; o t; so that t; ¢ A, for j # i. Lemma permits us to find an
open set U; so that t; € U; C U; C A;. Replacing Uy by Us\Uy, Us
by Us\U; U Us, and so on, we can assume that the sets U; are disjoint.
Lemma 6.3 guarantees the existence of open sets V; so that, for every
i,t; €V; CV, CU..
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As noted above, each t; is an accumulation point of K\ K’. Therefore,
we can find distinct points (s;)52, € (K\K') N'V;. For each n, let S,
be the closure of {s;2, : j € N} (note S,, C Vi, C Uy,). Note that
there exists (™ € C(K) such that:

(v) 2™ =0 on (K\Uz)\{51,20-1, Sn,2: Snd, - - - s Sn2n—2}-

To construct such an z(™, recall that 512n—1,5n,2, Snd, - -+, Sn2n—2 are
isolated points of K, hence the function g, defined by ¢(s12,-1) = 1,
G(sn2i) = 1/2for 1 <i < n—1, and g = 0 everywhere else, is con-
tinuous. Further, by Urysohn’s Lemma, there exists h € C'(K) so that
0 < h <1/2 = hlg,, vanishing outside of Us,. Then 2™ = g + h has
the desired properties.

We claim that (x(”)) is equivalent to the standard cy-basis. Indeed, sup-
pose (a,) € coo, with Vy|a,| = 1. We need to show || Y a,z™| = 1.
The lower estimate on the norm is clear, since = Y a,2™ attains

the value of oy, at s1.9,-1.

For an upper estimate, note that x vanishes outside of U,,U,,, and on
Upn if m is large enough. If m is odd (m = 2n — 1), then the only
point of U, where = does not vanish is sy 9,1, which we have already
discussed. If m is even (m = 2n), then |z| < 1/2 except for the points
Sion (1 > n); at these points, x equals («,, + ;)/2, which has absolute

value not exceeding 1.

It remains to show that £ = span[z™ : n € N] does SPR. In light of
Theorem [3.4] if suffices to prove that |||z| A |y|]| > 1/3 for any norm
one z,y € E. Write x = >,z and y = > 3,2™. Find n and
m so that |a,| =1 =|8,]. If n =m, then both |z| and |y| equal 1 at
S1,2n—1, SO ] Ayll] = 1.
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Otherwise, assume, by relabeling, that n < m. If |a,,| > 1/3, then

1

Ml ATyl = e(s12m-1)[ A ly(s1.2m-1)] = || A ]| = 3

The case of |5, > 1/3 is treated similarly. If |a,,|, |5, < 1/3, then
|Z(Sm.2n)| = o + aum|/2 > 1/3, and similarly, |y(sm.2,)| > 1/3, which
again gives us |||z A |y||| > 1/3. O

Question 6.4. The proof of Theorem shows that K’ is infinite iff
C(K) contains an SPR copy of ¢q. If K is “large” enough (in terms of
the smallest ordinal « for which K(®) is finite), what SPR subspaces
(other than c¢y) does C'(K) have? Note that ¢ is isomorphic to ¢ =
C[0,w] (w is the first infinite ordinal). If K@ is infinite, does C(K)
contain an SPR copy of C[0,w®|? This question is of interest even for
separable C(K), i.e., metrizable K.

In the spirit of Proposition it is natural to ask which (isometric)
subspaces of C(K) are necessarily SPR. Below we give a “very local”
condition on a Banach space E (finite or infinite dimensional) which

guarantees that any isometric embedding of E into C'(K) has SPR.

Recall (see [47]) that a Banach space F is called uniformly non-square if
there exists € > 0 so that, for any norm one f, g € E we have min{|| f +
gl IIf — gll} <2 —e. Note that F fails to be uniformly non-square iff
for every e > 0 there exist norm one f, g € E so that ||f+g||, | f—gl| >
2 —¢. In the real case, this means that F contains ¢% (equivalently, ¢2)
with arbitrarily small distortion. This is incompatible with uniform

convexity or uniform smoothness.

Proposition 6.5. Any uniformly non-square subspace of C(K) does
SPR.

Proof. Suppose E is a non-SPR subspace of C'(K); we shall show that
it fails to be uniformly non-square. To this end, fix ¢ € (0,1/2); by
Theorem [3.4] there exist norm one f,g € E with [||f] A |g]]] < e.
Pointwise evaluation shows that

FIV gl + 1A gl > | f +gl > 1fIV gl =[£I A gl
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As the ambient lattice is an M-space, we have ||| f| V |g]|| = 1, hence

L—e < I IVIgl=NIFIAgI < L +gll < MLV Il < 1+e.

Replacing g by —g, we conclude that 1 —e < [|f —g|| < 1 +e.

Let u=(f+9)/lIf +gll and v = (f = g)/lIf — gll. Then
Ju—=(f+9)|[ =1 =If+gll] <&,
v — (f—g)H < ¢e. Then

lu+ol| > [[(f+9)+ (=l —|lu—(F+9)| —|v—(f—9)|| > 2—2e,

and likewise, ||u—v|| > 2—2¢e. As ¢ is arbitrary, E fails to be uniformly

and similarly,

non-square. U

For infinite dimensional subspaces, Proposition [6.5] is only meaning-
ful when K is not scattered. Indeed, if K is scattered, then C(K) is
co-saturated [35, Theorem 14.26], hence any infinite dimensional sub-
space of C'(K') contains an almost isometric copy of ¢ [59, Proposition
2.e.3]. In particular, such subspaces contain almost isometric copies of
%, hence they cannot be uniformly non-square.

In light of Proposition [6.5 we ask:

Question 6.6. Which Banach spaces E isometrically embed into C'(K)
in a non-SPR way?

Note that containing an isometric copy of £ (and consequently, failing
to be uniformly non-square) does not automatically guarantee the ex-
istence of a non-SPR embedding into C'(K) (in this sense, the converse
to Proposition fails). In the following example we look at isometric
embeddings only; one can modify this example to allow for sufficiently
small distortions.

Proposition 6.7. There erists a 3-dimensional space E, containing (2,
isometrically (and consequently, failing to be uniformly non-square), so
that, if K is a Hausdorff compact, and J : E — C(K) is an isometric
embedding, then |||Jx| A |Jy||| > 1/3 for any norm one x,y € E.
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The following lemma is needed for the proof, and may be of interest in

its own right.

Lemma 6.8. Suppose K is a Hausdorff compact, E is a Banach space,
and J . E — C(K) is an isometric embedding. Denote by F the set
of all extreme points of the unit ball of E*. Then, for any x,y € FE,
[Tzl A Tyll] = supe.cx le™(z)] A le(y)].

Proof. Standard duality considerations tell us that J* : M(K) — E*
(M(K) stands for the space of Radon measures on K) is a strict
quotient — that is, for any e* € E* there exists u € M(K) so that
||l = |le*|| and J*p = e*. Further, we claim that, for any e* € F, there
exists t € K so that J*§; € {e*, —e*}. Indeed, theset S = {u € M(K) :
||| < 1, J*u = e*} is weak*-compact, hence it is the weak*-closure of
the convex hull of its extreme points. We claim that any such extreme
point is also an extreme point of {y € M(K) : |||l < 1}. Indeed, sup-
pose = (i -+412),/2, with |||, ] < 1. Then e = (g +7* i) /2,
which guarantees that e* = J*u; = J* s, so uy, p2 € S, and therefore,
they coincide with p.

To finish the proof, recall that the extreme points of {y € M(K) :
||| < 1} are point evaluations and their opposites. O

Proof of Proposition|[6.7. To obtain E, equip R?* with the norm

(6.1) (. y, 2)]| = max {|z], y], %(val +lyl+12]) }-

Clearly {(z1,%9,0) : z1, 75 € R} gives us an isometric copy of £ in E.
Note that the unit ball of £* is a polyhedron with vertices (£1,0,0),
(0,4£1,0), and (£1/2,£1/2,41/2); we denote this set of vertices by
F. In light of Lemma [6.8] we have to show that, for any norm one
x = (21,29, 23) and y = (y1,Y9,y3) in E, there exists e* € F so that
le*(z)[ Ale*(y)| = 1/3.

In searching for e*, we deal with several cases separately. Note first
that, if |z1| A |y1| > 1/3, then e* = (1,0,0) has the desired properties.

The case of |za| Alya| > 1/3 is treated similarly. Henceforth we assume
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lz1| Ay, |z2| A ly2] < 1/3. In light of (6.1)), we need to consider three
cases:

(i) |z1] = 1 = [yo] or [22] =1 = |yn].

(ii) Either |x1| V |z2| = 1 and |y1| + |y2| +|ys| = 2, or |y1| V |y2| = 1 and
1] + [aa] + |as = 2.

(i) 2] + |w2| + 23] = 2 = || + |yo| + lys]-

In all the three cases, we look for e* = (g1, e9,¢3)/2, with e1, 9,63 = £1
selected appropriately.

Case (i). We shall assume z; = 1 = yy, as other permutations of
indices and choices of sign are handled similarly. Select £; = 1, and
take €3 so that esx3 > 0. Pick 65 = 1 if e1y1 + e3y3 > 0 and g5 = —1
otherwise. Then |zo| < 1/3, hence
1— o] 1-1/3 1

2’ > 2 B 3

. 1
e*(z) = 5(51 + 99 + 53333) >

« lewyn +e2 +e3ys] 1
)| = Bt et el
Case (ii). We deal with z; = 1 (and consequently, |y;| < 1/3) and
ly1| + |y2| + |ys| = 2, as other possible settings can be treated similarly.
Let ey = 1. If |z5] < 1/3, select €3 so that egxs > 0. Pick &5 so that
€22 and e3y3 have the same sign. Then
. T+ o] — |z . 1=z . 1—-1/3 1

(@) 2 2 =T ST T3

and

] lyol + lys| = |lya]  2—2ly| . 2—-2-1/3 2
le*(y)| > 5 S 2 . .

Suppose, conversely, that |zo] > 1/3, hence |ys| < 1/3. Let g =

sign xo. Select €3 so that 1y, and e3y3 are of the same sign. Then
73] <2 — (14 |z2]) =1 — [z2], hence

()| > 2 2l Al 2
2 2 3

On the other hand, 2 — |yo| = |y1| + |y3| and

2 2 2 3
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Case (iii). If |z1], |z2| < 1/3, let e3 = sign x3, and select 1, €2 so that
both 1y, and €5y, have the same sign as €3y3. Then

sl — 1] — loal _ 2= 2(|m|+ |mal)  2-4-1/3 _ 1

2 2 - 2 3’

le*()] =

and

. 1| + [ya| + |ys|
le*(y)] = 5

The case of |y1|, |y2| < 1/3 is handled similarly.

=1.

Now suppose neither of the above holds. Up to a permutation of in-
dices, we assume that |z1] > 1/3 (hence |y1| < 1/3), and |yo| > 1/3
(hence |zo| < 1/3). Then let £ = signz; and 3 = signz3. Pick e so
that sign e,y = sign egys, then

o] + o] — fwa| _ 22z  2-2-1/3 2

2 2 - 2 3’

le*()] =

and likewise,

— 2

7. OPEN PROBLEMS

We now list some open questions and directions for further research.
The reader can find additional questions embedded throughout the

paper.

Question 7.1. (Classification of SPR subspaces): Given a Banach lat-
tice X, it is of interest to classify the closed subspaces of X that do
SPR. This question, of course, can be interpreted in various ways. Pos-
sibly the crudest of these is to classify the closed subspaces of X doing
SPR up to Banach space isomorphism. One can then refine this classi-
fication by tracking the optimal SPR and isomorphism constants. On
the other hand, one can ask about the “structure” of the collection of
SPR subspaces of X. For example, whether certain natural candidates
do SPR, or whether they have a further subspace/perturbation which
does SPR. Compare with [23, Theorem 1.1], which, within a restricted
class of subspaces of Ly(R), is able to classify those that do SPR.
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(Discretization): Phase retrieval is most often studied in terms of recov-
ering a function f from |7 f| where T is a linear transformation, such as
the Fourier transform or Gabor transform. However, any use of phase
retrieval in applications requires sampling at only finitely many points.
Gabor frames are constructed by sampling the short-time Fourier trans-
form at a lattice; however, any frame constructed by sampling the Ga-
bor transform at an integer lattice cannot do phase retrieval. There has
been significant recent interest in determining which sampling points

allow for constructing frames which do phase retrieval [3], 41], 43].

The problem of sampling continuous frames which do stable phase re-
trieval to obtain frames which do stable phase retrieval was introduced
in [36] and was shown to be connected to important integral norm dis-
cretization problems in approximation theory (such as in [28] 29] [51)
58]). In [37] it is proven that if (x;);cq is a bounded continuous frame
of a separable Hilbert space H then there exist sampling points (¢;);es
in 2 such that (z,);es is a frame of H. The corresponding quantitative
and finite dimensional theorem in [58] gives that for each 8 > 0 there
are universal constants B > A > 0 so that if (x;);eq is a continuous
Parseval frame of an n-dimensional Hilbert space H and ||z|| < An'/?
for all £ € 2 then there exists m on the order of n sampling points
(t;)7y in Q so that (m™'/2z, )™, is a frame of H with lower frame
bound A and upper frame bound B. The proof of the above theorem
relies on the celebrated solution to the Kadison-Singer Problem and its
connection to frame partitioning [61, 63]. It is natural to consider if
this discretization theorem holds as well for stable phase retrieval, and
the following question is stated in [36].

Question 7.2. Let C, 5 > 0. Do there exist constants D, x > 0 so that
for all n € N there exists m < Dn so that the following is true: Let
H be an n-dimensional Hilbert space, (€2, 1) a probability space, and
(x4)ieq a continuous Parseval frame of H which does C-stable phase
retrieval such that ||z;|] < Sy/n for all ¢ € Q. Then there exists a

sequence of sampling points (t;)", C € such that (m~"/%z, )™

Tiisa

frame of H which does k-stable phase retrieval.
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Note that if (z;)eq is a continuous Parseval frame of H over a prob-
ability space € then the analysis operator ©(z) = ((z,z¢))ieq is an
isometric embedding of H into Ls(£2). We have that the continuous
frame (zy)icq does C-stable phase retrieval if and only if the range
of the analysis operator ©(H) does C-stable phase retrieval as a sub-
space of Ly(2). In Theorem we prove that there exists a subspace
E C Ly(Q) such that E does stable phase retrieval as a subspace of
Ly(€2) but that E does not do stable phase retrieval as a subspace of
L(€2). As shown by Theorem 5.6 doing stable phase retrieval in Ly (2)
gives a lot of useful additional structure. This motivates the following
problem.

Question 7.3. Let C, 5 > 0. Do there exist constants D, x > 0 so that
for all n € N there exists m < Dn so that the following is true: Let
H be an n-dimensional Hilbert space, (€2, 1) a probability space, and
(x1)teq a continuous Parseval frame of H with analysis operator © such
that ©(H) does C-stable phase retrieval as a subspace of L;(2) and as
a subspace of Ly(Q2), and ||a;]| < Sy/n for all t € Q. Then there exists

a sequence of sampling points (¢;)"; C Q such that (m~'/%z,)"

Tilsa

frame of H which does k-stable phase retrieval.

The previous two questions on constructing frames by sampling contin-
uous frames relate to discretizing the Ly-norm on a subspace of Ly(€2).
There is significant interest in approximation theory on discretizing
the L,-norm on finite dimensional subspaces of L,(€2) which are called
Marcinkiewicz-type discretization problems [28], 29] 5], 58]. For p # 2,
it is too much to ask for the number of sampling points to be on the
order of the dimension of the subspace. This leads to the following
general problem on discretizing stable phase retrieval.

Question 7.4. Let £ C L,(Q2) be an n-dimensional subspace for some
1 < p < o0 and probability space 2. Let C > 0 and let f : N — N
be strictly increasing. What properties on E imply that there ex-
ists m < f(n) and sampling points (#;)7, C Q so that the subspace
{(m’l/pm(tj))gnzl 1w € B} does C-stable phase retrieval in £'7 What
properties on E imply that there exists m < f(n), sampling points
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(t;)7, € Q, and weights (w;)jL, with 77" [w;[P = 1 so that the

j=1

subspace {(w;z(t;))j, : # € E} does C-stable phase retrieval in "7

1]

(5]

(6]
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