METRIZABILITY OF MINIMAL AND UNBOUNDED
TOPOLOGIES

M. KANDIC AND M.A. TAYLOR

ABSTRACT. In 1987, I. Labuda proved a general representation
theorem that, as a special case, shows that the topology of local
convergence in measure is the minimal topology on Orlicz spaces
and L. Minimal topologies connect with the recent, and ac-
tively studied, subject of “unbounded convergences”. In fact, a
Hausdorff locally solid topology 7 on a vector lattice X is mini-
mal iff it is Lebesgue and the 7 and unbounded 7-topologies agree.
In this paper, we study metrizability, submetrizability, and local
boundedness of the unbounded topology, ur, associated to 7 on X.
Regarding metrizability, we prove that if 7 is a locally solid metriz-
able topology then ur is metrizable iff there is a countable set A
with WT = X. We prove that a minimal topology is metrizable
iff X has the countable sup property and a countable order basis.
In line with the idea that uo-convergence generalizes convergence
almost everywhere, we prove relations between minimal topolo-
gies and uo-convergence that generalize classical relations between

convergence almost everywhere and convergence in measure.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, X is a vector lattice, assumed Archimedean,
and 7 is a locally solid topology on X. For a net (z,) in X, we write

T4 2 v if (v,) converges to x in order; that is, there is a net (yp),
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possibly over a different index set, such that yg | 0 and for every 3 there
exists g such that |z, — z| < yg whenever a > ag. We write z, Xz
and say that (7,) uo-converges to v € X if |z, — x| Au > 0 for every
u € X,. Here “uo” stands for “unbounded order”. It is known that
if (Q, %, ) is a semi-finite measure space and X is a regular sublattice
of Lo(p), then a sequence (z,) in X satisfies z, — 0 in X iff 2, <> 0
in Lo(p) iff z, &= 0, so that uo-convergence can be thought of as a
generalization of convergence almost everywhere to vector lattices. We
refer the reader to [GTX17] for further details on uo-convergence.

Let (Q,%, ) be a o-finite measure space. For each F € ¥ with
w(E) < oo define the Riesz pseudonorm pg : Lo(p) — R via

|z|
r) = dp.

The family of Riesz pseudonorms {pg : £ € ¥ and u(E) < oo} defines
a Hausdorff locally solid topology 7, on Lo(x) known as the topology

of (local) convergence in measure on Ly(i). For 0 < p < oo, the
topology of convergence in measure on L,(u) is defined, simply, as the
restriction [z, -

In [DOTI7], the concept of “unbounded norm convergence” was in-
troduced as a generalization of convergence in measure. Let X be a Ba-
nach lattice. A net (z,)in X un-converges tox € X if |x,—x|Au LN
0 for every u € X,. The authors show that if (f,,) is a sequence in
Ly(p) where 1 < p < oo and p is a finite measure, then f,, —» 0 iff
(fn) converges to zero in measure. However, in Lo, := Lu[0,1], un-
convergence agrees with norm convergence and, therefore, fails to agree
with convergence in measure.

In [Tayl], un-convergence was further abstracted. Given a locally
solid topology 7 on a vector lattice X, one can associate a topology,
ut, in the following way. If {U;};c; is a base at zero for 7 consisting of
solid sets, for each ¢ € I and v € X define

Uiw ={z € X: |z|NueU}.

As was proven in [Tayll Theorem 2.3] and [DEMI], the collection
No ={Uin : i € I,u € X, } is a base of neighbourhoods at zero

for a new locally solid topology, denoted by u7, and referred to as the
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unbounded T-topology. Noting that the map 7 — w7 from the set
of locally solid topologies on X to itself is idempotent, a locally solid
topology 7 is called unbounded if there is a locally solid topology o
with 7 = uo or, equivalently, if 7 = ur.

A Hausdorft locally solid topology on a vector lattice X is said to
be minimal if there is no coarser Hausdorff locally solid topology on
X, and least if it is coarser than every other Hausdorff locally solid
topology on X. Least topologies were introduced in [AB80] and stud-
ied in [ABO3]; minimal topologies were studied in |Lab87], [Con05],
and [Tay2|. The following connection between minimal topologies, un-
bounded topologies, and uo-convergence was proven in [Tay1l, Theorem
6.4]. Recall that a locally solid topology 7 is Lebesgue if order null
nets are 7-null.

Theorem 1.1. Let 7 be a Hausdorff locally solid topology on a vector
lattice X. TFAE:

(i) wo-null nets are T-null;
(ii) 7 is Lebesque and unbounded;

(i) 7 is minimal.

Nets cannot be replaced with sequences in (i) if equivalence is to
be maintained. Indeed, [GTX17, Theorem 3.9] states that order and
uo-convergences agree for sequences in universally o-complete vector
lattices. Combining this observation with [ABO3, Theorem 7.49], we
conclude that uo-convergent sequences are topologically convergent for
any locally solid topology on a universally o-complete space. However,
[ABO3], Chapter 7 Exercise 21] gives an example of a Hausdorff locally
solid topology on a universally o-complete vector lattice that fails to
be Lebesgue, and thus fails to be minimal.

The equivalence of (i) and (iii) has roots in classical relations be-
tween convergence almost everywhere and convergence in measure. Let
(Q,%, 1) be a o-finite measure space. It is classically known that for
0 < p < o0, the topology of convergence in measure is the least topol-
ogy on L,(u), c.f., [ABO3, Theorem 7.55] and [ABO3 Theorem 7.74].
Theorem [L.1[i) reduces to the well-known fact that almost everywhere
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convergent sequences converge in measure. It can also be used, in con-
junction with [GTX17, Theorem 3.2], to give a one line proof that the
restriction of the topology of convergence in measure on Lo(p) to any
regular sublattice is the minimal topology on said sublattice. We note
that, in L., the un-topology is not minimal. The minimal topology
of Ly is the topology u|o|(Lwo, L1); it agrees with the topology of con-
vergence in measure in Ls,. As is shown in [AB03, Theorem 7.75], Lo,
admits no least topology.

We next recall some notation. Let A be a subset of a vector lattice
X. The order ideal and the band generated by A are denoted by
I(A) and B(A), respectively. If A = {a}, we define I, := I({a}) and
B, := B({a}). A positive vector e € X is said to be a strong unit
if I, = X. If B. = X, then e is called a weak unit. If A is at
most countable and B(A) = X then, following [LZ71], we say that X
has a countable order basis (and call A a countable order basis for
X). Obviously, if e is a weak unit in X, then {e} is a countable order
basis for X. A sublattice Y of X is called order dense if for each
0 # z € X there exists y € Y with 0 <y < x.

Let (X, 7) be a topological vector space. We say that 7 is metriz-
able if there exists a metric on X whose metric topology equals 7. We
say that 7 is submetrizable if it is finer than a metrizable topology.
A standard fact from topological vector spaces is that a linear topology
is metrizable iff it is Hausdorff and first countable (see, e.g., [KNG3]).
A subset A of X is bounded if for each neighbourhood U of zero for
7 there exists A > 0 such that AMA C U. If X contains a bounded
neighbourhood of zero, then X is said to be locally bounded. Local
boundedness is the strongest of the metrizability related notions. In-
deed, if V' is a bounded neighbourhood of zero, then a base at zero for
T is given by %V for n € N. Hence, every Hausdorff locally bounded
topological vector space is first countable and, therefore, metrizable.

A linear topology 7 on a vector lattice X is said to be locally solid
if 7 has a base at zero consisting of solid sets. Note that a locally solid
metrizable topology has a countable base at zero consisting of solid sets
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with trivial intersection. We say that 7 is Riesz submetrizable if it
is finer than a metrizable locally solid topology.

In a Hausdorff locally solid vector lattice, there is an intermediate
notion between weak and strong units. Given a positive vector e in a
locally solid vector lattice (X, 7), if I, is 7-dense in X, then e is called
a quasi-interior point of (X, 7). As in the case of normed lattices,
it is easily checked that e is a quasi-interior point iff  — 2 A ne = 0
for each x € X .

Before we conclude this section we briefly recall the basics regarding
the topological completion of a Hausdorff locally solid vector lattice.
Let (X,7) be a Hausdorff locally solid vector lattice and let (X,7)
be the topological completion of (X, 7). Then the 7-closure of X in
X is a cone in X and ()? ,T) equipped with this cone is a Hausdorff
locally solid vector lattice containing X as a T-dense vector sublattice.
Moreover, 7-closures of solid subsets of X are solid in X , and if N is
a base at zero for (X, 7) consisting of solid sets, then {V : V € Ny}
is a base at zero for ()A( ,7) consisting of solid sets. Here, V denotes
the closure of V in (X,7). In particular, (X,7) is metrizable iff (X,7)
is metrizable. For more details on topological vector spaces we refer
the reader to [KN63]. All unexplained details in this paper regarding
vector lattices and locally solid topologies can be found in [AB03] and
[ABO6].

2. SUBMETRIZABILITY OF UNBOUNDED TOPOLOGIES

Submetrizability of the unbounded topology was first considered in
[KMT17]. It is proved in [KMT17, Proposition 3.3] that the unbounded
norm topology on a Banach lattice X is submetrizable iff X has a weak
unit. It is proved in [DEMI] that ur is submetrizable if (X, 7) is a
metrizable locally solid vector lattice with a weak unit. In [DEM2], the
authors proved the converse statement for complete metrizable locally
convex-solid vector lattices. In this section, we provide the complete
answer on submetrizability of the unbounded topology.

The following example shows that the converse of [DEMI] Proposi-

tion 6], in general, does not hold.
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Example 2.1. Consider the vector lattice cgg of all eventually null se-
quences, equipped with the supremum norm. Then ¢y is a normed lat-
tice without a weak unit, yet the unbounded norm topology is metriz-
able; a metric d that induces the unbounded norm topology on cqyq is

fintir k.11

n

given by

d(z,y) = sup

n

It turns out that, when considering submetrizability of the unbounded
topology u7 in spaces that are not complete nor metrizable, the correct
replacement for weak units is the existence of a countable order basis
in X. Before showing this, we make a remark about countable order

bases.

Remark 2.2. It is convenient in the definition of a countable order
basis to replace the at most countable set A satisfying B(A) = X with
a positive increasing sequence (u,) satisfying B({u,}) = X. This is
easily done by enumerating A = {a;};e; where I = N or {1,..., N}
and defining u,, = |ay| V -+ V |a,| if n € I and u,, = uy if n € N\I.
Throughout, when we say that A = {u,} is a countable order basis for

X it is tacitly assumed that (u,) is a positive increasing sequence.

We also choose to work in more generality. As was shown in [Tay1],
Proposition 9.3], if A is an ideal of a locally solid vector lattice (X, 7)
and {U;}ier is a solid base at zero for 7, then the collection of sets
{Uia i € 1,a € A} defines a locally solid topology uat on X. uut
is known as the unbounded topology on X induced by the ideal
A. Note that the topology w7 is Hausdorff iff 7 is Hausdorff and A is
order dense in X. Also, note that ux7m = ur.

Proposition 2.3. Let (X, 1) be a locally solid vector lattice and A an
ideal of X.

(i) If 7 is Riesz submetrizable and there is a set in A that is a
countable order basis for X then uat is Riesz submetrizable.
(i1) If uaT is submetrizable then there is a set in A that is a count-

able order basis for X.

Proof. (i) Suppose {a,} € Ay is a countable order basis for X. Let

{U;} be a countable base at zero of solid sets for a metrizable locally
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solid topology o coarser than 7. Following the proof of [Tayl, The-
orem 2.3], one sees that the collection {U;,,} defines a solid base of
neighbourhoods at zero for a locally solid topology ¢;. This topology
is also Hausdorft since if x € U, ,, for all ¢ and n then, for fixed n,
|z| A a, € U; for all i and hence |z| A a,, = 0 since ¢ is metrizable and
hence Hausdorff. By [LC, Lemma 2.2], x = 0. Thus o is a locally solid
metrizable topology that is clearly coarser than w7.

(ii) Suppose that us7 is submetrizable and let d be a metric that
generates a coarser topology than us7. For each n, let B1 be the ball
of radius % centered at zero for the metric, that is, !

(2.1) By ={r € X :d(z,0) < i},

Let {V;} be a basis of zero for 7 consisting of solid sets. Since ua7
is finer than the metric topology, each B1 contains some V; ,. where
0 <a, € A. Consider {a,}. We claim that B({a,}) = X. Again, by
[LC, Lemma 2.2], it suffices to prove that if x € X satisfies v Aa,, =0
for all n then x = 0. But A a, = 0 implies that z € V; ,,
r € B1 for all n. It follows that z = 0. O

and hence

Corollary 2.4. Let (X,7) be a locally solid vector lattice and A an
tdeal of X. Then uat is Riesz submetrizable if and only if T is Riesz

submetrizable and there is a set in A that is a countable order basis for

X.

Compare with the corresponding result in [KMT17]. Note that, in a
Banach lattice X, a weak unit e can be constructed from a countable
order basis {e,} C X, via the formula e := Y >~ z%m Corol-
lary also answers a slightly modified version of a question posed on

page 14 of [DEMI].

Remark 2.5. Note, in particular, that if 7 is unbounded and Riesz
(sub)metrizable then X has a countable order basis.

3. UNBOUNDED TOPOLOGIES GENERATED BY ORDER IDEALS

Let A and B be ideals of a vector lattice X, and assume 7 and o are
locally solid topologies on X. As explained earlier in the paper, and

thoroughly in [Tay1], one can form the topologies ua7 and ugo on X.
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It is then natural to ask how us7 and ugo relate. This question was
already considered for Banach lattices in [KLT] and was extended in

[Tay1]. It has been shown that ua7 = ugo in the following two cases:

e A and B are order dense in X and 7 and ¢ are both Hausdorff
Lebesgue topologies on X.
er=cand A =5 .

In this section, we consider the general case. The results are not
only of intrinsic interest, but will utilized shortly when we characterize
metrizability of unbounded topologies.

Before we state and prove Theorem [3.1] we need to recall some basic
facts on C'(K)-representations of vector lattices. Suppose X is a vector
lattice with a strong unit u. For z € X we define

||| ;== inf{\ >0 : |z| < Au}.

It is a standard fact that || - ||, defines a lattice norm on X, and if X
is uniformly complete, then (X, | - ||,) is an AM-space with a strong
unit u. By Kakutani’s representation theorem [AB06, Theorem 4.29],
(X, || - []) is lattice isometric to some C'(K)-space for a (unique up to a
homeomorphism) compact Hausdorff space K. This representation can
be taken such that the vector u corresponds to the constant function
1. If X is not uniformly complete, consider its order completion X?.
Then X is an order dense and majorizing sublattice of X?. Since order
complete vector lattices are uniformly complete and u is also a strong
unit for X9, by the previous case X is lattice isomorphic to an order
dense and majorizing sublattice of C'(K) for some compact Hausdorff

space K.

Theorem 3.1. Let A and B be ideals of a vector lattice X, and suppose
7 and o are locally solid topologies on X. If ugo C uaT as topologies

on X, then ANB° =B°.

Proof. Tt suffices to prove that B C AN B°. Let u € B, and U a solid
o-neighbourhood of zero. Consider U, := {x € X : || Au € U}. By
assumption, there exists v € A, and V a solid 7-neighbourhood of zero
such that V,, C U, where V, := {z € X : |z] Av € V}. This means
that for all z € X, if x Av eV thenzAueUl.
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Let x, = (u—nv)*. Clearly, z, |. Put y, = z, Av. Then (y,) C Ay,
and v, J.

Consider [,y,, the ideal generated by u V v in X. Since 0 < y,, <
T, <u<uVou, (z,) and (y,) are in I,y,. Also, u and v are in Iy,.
We identify [,, as an order dense majorizing sublattice of C'(K) for
some K such that u V v corresponds to the constant function 1.

We next prove that (y,) converges to zero point-wise in C'(K). Take
te K. If (uAv)(t) =0then 0 < y,(t) = z,(t) ANv(t) < u(t) Av(t) = 0.

If (u Av)(t) # 0 then v(t) > 0, so that z,(t) = (u —u A nv)(t) =
u(t) — u(t) Anv(t) = 0 for sufficiently large n. Thus, for large enough
n, y,(t) = 0. By Dini’s classical theorem (y,) converges uniformly to
zero in C(K). Therefore, for any N € N there exists ny € N such that
for all n > ny we have y, < %(u V v). We now go back to X. Clearly,
L(uVv) =5 0in N in X. Since u7 is locally solid, y, — 0.

Since vy, = x, A v is an order bounded sequence in A, this implies
that z, A v = 0. Therefore, there exists mg such that for all m > my,
TmAv €V and hence x,, Au € U. Since 0 < z,, < u, we conclude that
for all m > mg we have x,, € U. In particular, u — u Amgv € U. Since
uAmou € AN B, we conclude u € AN B°. This proves BC AN B’ .

O

Theorem [3.1has many interesting and important consequences. First
off, it answers [Tayl], Question 9.6] affirmatively:

Corollary 3.2. Let A and B be ideals of a locally solid vector lattice
(X, 7). Then ust = upt iff A* = B'. In particular, uatr = ut iff
A =X.

It also gives the following corollary that nicely complements [Tay1],
Proposition 9.4]:

Corollary 3.3. Let A be an ideal of a Hausdorff locally solid vector
lattice (X, 7). Then uat is Hausdorff and not equal ut iff A is order
dense but not T-dense in X.

Corollary 3.4. Let (X,7) be a Hausdorff locally solid vector lattice.

Then T is minimal iff T = uaT for every order dense ideal A of X.



10 M. KANDIC AND M.A. TAYLOR

Proof. The forward direction is immediate by [Tay1, Theorem 6.4] com-
bined with [Tay1, Theorem 9.7]. Suppose 7 = us7 for every order dense
ideal A of X, but 7 is not minimal. Since 7 is clearly unbounded, it
follows from [Tayl, Theorem 6.4] that 7 is not Lebesgue. By [ABO03]
Theorem 3.8, there exists an order dense ideal A of X that is not
T-dense. By Corollary and the observation that 7 is unbounded,
T = uT # uT, a contradiction. O

The next result can be thought of as a topological version of [LC|
Lemma 2.2]. A result of this type was first proved in [DOTI7]; in
that paper, it was shown that a quasi-interior point always witnesses
unbounded norm convergence. The converse was proved in [KMT17,
Theorem 3.1]; a positive vector is a quasi-interior point iff it witnesses
unbounded norm convergence. The [KMT17] result was extended (see
[DEMI), Theorem 2]) to the setting of sequentially complete locally solid
vector lattices. The following corollary improves the result of [DEMI]
significantly. Not only does it drop the assumption of sequential com-
pleteness, it also characterizes general sets that witness unbounded
convergence; they are precisely the sets which generate topologically
dense order ideals.

Corollary 3.5. Let (X, 7) be a locally solid vector lattice and A C X .
TFAE:

(i) UpA)T = uT;,
(ii) I(A)" = X;
(iii) For any net (z4) C Xy, o —> 0 24 Aa =0 for alla € A.

Proof. (i)« (ii) follows from Corollary 3.2 (ii)=>(iii) is [TayI, Proposi-
tion 9.9]. (iii)=-(i) is clear. O

Next we prove that every locally solid vector lattice whose unbounded
topology is metrizable admits an at most countable set which gener-
ates a dense order ideal. This result will play an important role in
Theorem where we consider metrizability of unbounded topologies.
Note that we do not assume 7 is metrizable.
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Proposition 3.6. Let (X, 7) be a locally solid vector lattice such that
ut is metrizable. Then there exists e, € X, (n € N) such that

I({e,}) =X.

Proof. Assume ut is metrizable and {U;} is a base at zero consisting of
solid (but not even necessarily countably many) sets for 7. Let d be a
metric for ur and B:i be the ball at zero of radius % for d. Then there

exists ,, and e,, > 0 such that

(3.1) U, . CB

n,n — L.
n

This gives a natural choice of e, and, indeed, it is straightforward to
show that for any net (z,) C X,, x, 0 e x4 Ae, — 0 for all n.
This implies that I({e,}) = X and that concludes the proof. O

By comparing Proposition [3.6|with Proposition [2.3|one should notice
that metrizability of ur gives the existence of a countable set which gen-
erates a topologically dense ideal while submetrizability of ur merely
gives the existence of a countable order basis.

With Proposition (3.6 in mind, we present the following sequential
variant of Corollary [3.5}

Proposition 3.7. Let (X, 7) be a Hausdorff locally solid vector lattice
and (e,) a positive increasing sequence in X. TFAE:
(i) I({en}) = X;
(ii) For every sequence (xy) in X4, if 1p A e, — 0 in k for every
n then x, — 0.

Proof. 1t suffices to prove (ii)=-(i): Fix =z € X ; we will show that
r A ne, - x or, equivalently, (z — ne,)™ = 0 as a sequence of n.
Fix m and put w,, = = V e,,. Now, the ideal I, is lattice isomorphic
(as a vector lattice) to some order dense and majorizing sublattice of
C(K,,) for some compact Hausdorff space K,,, with u,, corresponding
to 1. Since z,e,, € I, , we may consider x and e, as elements of
C(K,,). Note that = V e, = 1 implies that = and e,, never vanish

simultaneously.
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For each n € N, we define
Elr={t € Ky :x(t) > ne,(t)} and O = {t € K, : x(t) > ney(t)}.

Clearly, O;* C F)*, O is open, and F," is closed.

Claim 1: F", C Op. Indeed, let t € F" ;. Then z(t) > (n +
ey (t). If e, (t) > 0 then x(t) > ne,,(t), so that t € O, If e, (t) =0
then z(t) > 0, hence t € O

By Urysohn’s Lemma, we find M oe (K,,) such that 0 < 2m < x,
2™ agrees with x on F}7; and vanishes outside of O

Claim 2: n(z,(lm) Nem) < z. Let t € K,,. If t € O then n(zflm) A
en)(t) < mep(t) < x(t). If t ¢ O™ then 2™ (t) = 0, so that the
inequality is satisfied trivially.

Claim 3: (z — (n+ 1)em)+ < 2™ Again, let t € K,,,. Ift € Fr,
then (z — (n + 1)em)Jr < a(t) = M@, It ¢ F™, then z(t) <
(n + 1)en(t), so that (z — (n + 1)em)+(t) = 0 and the inequality is
satisfied trivially.

Denote the vector (93 —(n+ 1)en+1)Jr in X by y,. We claim that for
each k, y, A ey — 0in X as a sequence in n. Fix k and choose n > k

arbitrarily. Then the following holds in C'(K,1):
Yn A €1 < 20T A ey < L.

In particular, y, A e,41 < +2 holds in C(K,41) and hence in X since
both elements lie in X. Recalling that (e;) is increasing in X, we
conclude that 0 < y, Aep < %x holds in X. Since 7 is locally solid,
this implies that vy, A ez — 0 for each k. The assumption yields that
Yn — 0. Since 0 < y,, < x we conclude y,, — 0. O

4. METRIZABILITY OF UNBOUNDED TOPOLOGIES

As Corollary shows, the notion of Riesz submetrizability passes
nicely from 7 to w7 in both directions. However, the situation with

metrizability is not as clean as the following example illustrates.

Example 4.1. If X is a Banach lattice then by [KMT17, Theorem 3.2]
the unbounded norm topology is metrizable iff X has a quasi-interior
point. Therefore, it should be clear that 7 being metrizable does not

guarantee that ur is metrizable.
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We now provide an example of a nonmetrizable locally solid vector
lattice (X, 7) with a quasi-interior point such that ur is metrizable.

Let X = Ly := Ly[0,1]. Since X is an order continuous Banach
lattice, by [Tayl, Example 5.6] the unbounded norm topology and un-
bounded absolute weak topology on X agree. They are metrizable
because X has a quasi-interior point. Suppose that the absolute weak
topology on X is metrizable. Then by [AB03, Theorem 5.6], Ly admits
a countable majorizing subset A = { f,,}. By definition, this means that
I(A) is majorizing in X, so that I(A) = X. Define f = >, 2%%
Then Iy = I(A) = X, so that Ly has a strong unit. This is a contra-
diction.

In this section we consider metrizability of the unbounded topology.
As was previously mentioned, if X is a Banach lattice, the unbounded
norm topology is metrizable iff X has a quasi-interior point. One di-
rection was extended in [DEMI] while the complete characterization
was obtained in [DEM2, Proposition 4] only for the case of complete
metrizable locally convex-solid vector lattices. In Theorem we will
provide several improvements to the latter result. We will drop the
completeness and local convexity assumptions on 7, replace the exis-
tence of a countable topological orthogonal system with the weaker
requirement of a sequence which generates a 7-dense ideal, and prove
that metrizability of ur is further equivalent to X possessing a quasi-
interior point.

Recall that, by Proposition [3.6] a necessary condition for ur to be
metrizable is the existence of an at most countable set A C X, with
I(A)" = X. The next example shows that this condition is not suffi-

clent.

Example 4.2. Let X = R’ where J is an uncountable set. Equipped
with the product topology, 7, and point-wise ordering, X is a Hausdorff
locally solid vector lattice with the Lebesgue property. It is a standard
fact of topology that (X, 7) is not metrizable. Since the unbounded
topology of a product is the product of the unbounded topologies by

[Tayl, Theorem 3.1], we have ur = 7, so that ur is not metrizable.
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Notice that the function 1 € R” is a quasi-interior point of X since 7

is Lebesgue and 1 is, clearly, a weak unit.

When 7 is metrizable, the following theorem provides the complete

answer on metrizability of ur.

Theorem 4.3. For a metrizable locally solid vector lattice (X, 1) the
following statements are equivalent:

T

(i) There is an at most countable set A in X such that [(A) = X;
(i) wr is metrizable;
(iii) uT is metrizable;
(iv) The topological completion X contains a quasi-interior point.

Proof. Recall that 7 is metrizable if and only if 7 is metrizable.

(i)<(ii): Suppose (uy) is a positive increasing sequence such that
A = {u,} C X, satisfies I(A)" = X. Let {U;} be a countable basis at
zero for T consisting of solid sets. Since, in particular, B(A) = X, as in
the proof of Proposition the collection {U;,, } is a base at zero for
a metrizable locally solid topology o1 C ur. We claim that o1 = ur.
Indeed, by [Tayl, Proposition 9.5] uja7 = ur and it is easy to see
that o1 = uya)7. We already know (ii)=-(i).

(ii)<(iii): Suppose ur is metrizable. It follows that there is an
at most countable set A in X such that W = X. Since X is 7-
dense in (X,7), I(A) is 7-dense in X. Hence, the ideal generated by
Ain X is also 7-dense in X. This implies that u7 is metrizable by
applying (i)<(ii) to 7. Conversely, if u7 is metrizable then so is ur
since (uT)|x = ur by [Tayl, Lemma 3.5].

(iii)=(iv): Since u7 is metrizable, there exists a sequence (e,) C X,
such that 1 ({en})T — X. Since 7 is metrizable, there is a countable
neighbourhood basis {V,} of zero in X consisting of solid sets such
that for each n € N we have V,, 1 + V,,1 C V,. For each n € N
pick A, > 0 such that \,e, € V,,. We claim that the series Zzo:l An€n
converges in )?Jr. To prove this, define s,, = > _;_, Ayey and pick a solid
neighbourhood V; of zero in X. Find no € N such that V,,, C V4. Then
for m > n > ng we have

Sm — Sn = )\n+1€n+1+"'+/\m6m S Vn g Vno g VE)?
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so that the partial sums (s,) of the series Y A,e, form a Cauchy
sequence in X. Since ()? ,7) is complete and Hausdorff, the series
converges to an element of )?Jr. It is clear that >~ A,e, is a quasi-
interior point of X.

(iv)=-(iii): Since we have established the implication (i)=(ii) for any
metrizable locally solid vector lattice, we simply apply it to ()/5 , 7). O

In the case when (X,7) is complete, Theorem reduces to the
previously obtained result for Banach lattices.

Corollary 4.4. Let (X, 7) be a complete metrizable locally solid vector
lattice. Then ut is metrizable iff X has a quasi-interior point.

By Example there is no reason to believe that X has a quasi-

interior point if 7 and ur are metrizable.

Remark 4.5. Example 4.1 shows that it can happen that 7 is not
metrizable even when u7 is metrizable and there is a countable set A
such that I(A) = X.
It so happens that (ii)<>(iii) in Theorem 4.3 remains valid even when

7 is not metrizable. We prove this now:

Proposition 4.6. Let (X, 7) be a Hausdorff locally solid vector lattice.
Then ut is metrizable iff uT is metrizable.

Proof. 1f uT is metrizable, then so is ur; this follows since ur = (u7)|x.
Suppose u7 is metrizable and let {Vi;, ., } be a countable basis for ur
where U, is a solid 7-closed neighbourhood at zero in X, u,, € X, and
Vi, = {x € X :|z|Au, € U,} is defined for notational convenience.
Find a 7-closed solid neighbourhood U}, of zero for 7 with U, +U] C U,,.
We claim that {V*/?,un} is a basis for u7 where Vire = {7eX:
Z| A, €T ).

Let Vf’% be an arbitrary base neighbourhood of zero for u7. Here,
Z is a solid neighbourhood of zero for 7 and ¥ € )A(Jr. Find U a solid
neighbourhood of zero for 7 with U+ U C Z. Since X is 7-dense in X ,
there exists z € X, with [T —z| € U . Find W a solid neighbourhood
of zero for 7 with W +W C U. There exists n such that Vy, ., € Viy,.
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Let y € V= ; we will show that y € V- _. Find y € X with
v —y| € U_,QT NW'. Then
Yl Aun <Y =yl Aup + Y] A ug Gﬁr/zT"{'U_v/zT cU, .

Since U, is 7-closed in X, |y| A u, € U_n? N X = U,. Therefore, y €
Vi, un € Vive. This implies that |y| Az € W. Hence

GIne<|[T—ylAz+|ylAzeW +WCU' .

Combining gives,
GIAZ<|GINE—2|+[GlAeeT +T CZ .
O

We next extend our results on metrizability to ua7. The next result
extends [KLT, Theorem 3.3].

Proposition 4.7. Let A be a T-closed ideal of a metrizable locally solid
vector lattice (X, T). TFAE:

(i) uat on X is metrizable.
(i) u(r|a) on A is metrizable and A is order dense in X.
(iii) A contains an at most countable set B such that I(B) = A

and B 1s a countable order basis for X.

Proof. (1)=-(ii): If ua7 is metrizable on X, then u(7|4) being the rela-
tive topology of ua7 is metrizable on A. Since ua7 is Hausdorff, A is
order dense in X.

(ii)=-(iii): Since u(7|4) is metrizable, by Proposition [3.6| there is an

B

at most countable set B C A, with I(B) 4~ A Since A is closed,

this implies that I(B) = A. Pick x € X, with L B. If x is nonzero,
there is @ € Ay with 0 < a < . Since a L B and (B)T‘A = A, we

have a = 0. This contradiction shows x = 0, so that by [LC, Lemma
2.2] we conclude that B is a countable order basis for X.

(iii)=-(i): Let B := {b,} C A, be a countable order basis for X such
that I(B) = A. As always, we assume (b,) is a positive increasing
sequence. Following Proposition [2.3] the sets Uy, = {z € X : [z] A




UNBOUNDED TOPOLOGIES 17

b, € U;}, where {U;} is a countable solid base at zero for 7, defines a
metrizable locally solid topology 7 on X. Note that

To 250 Vn |2a| Aby, =0 & 2, MO@J’& 2470,
so that w47 is metrizable. O

Remark 4.8. The assumption that A is 7-closed is for convenience

SINCe UAT = U7 T.

It is well known that all Hausdorff Lebesgue topologies induce the
same topology on order intervals, see, for example, [AB03, Theorem
4.22]. Since minimal topologies are Hausdorff and Lebesgue, the “lo-
cal” properties of minimal topologies are well studied. For example,
by [ABO03, Theorem 4.26], if 7 is a Hausdorff Lebesgue topology then
7 induces a metrizable topology on the order intervals of X if and
only if X has the countable sup property. We conclude this section
with a complete characterization of “global” metrizability of minimal
topologies.

Let X be a vector lattice admitting a minimal topology 7. In [Con05]
it was shown that, if X has a weak unit, 7 is metrizable iff X has the
countable sup property. Theorem removes the weak unit assump-
tion and characterizes metrizability of 7 in terms of the vector lattice
structure of X. Recall that (., the carrier of the locally solid topology
7, is defined in [ABO3, Definition 4.15].

Theorem 4.9. Suppose that X is a vector lattice admitting a minimal
topology 7. Then 7 is metrizable if and only if X has the countable sup

property and a countable order basis.

Proof. Recall that, being minimal, 7 is unbounded, Hausdorff and
Lebesgue by [Tayl], Theorem 6.4].

If 7 is metrizable and Lebesgue then X has the countable sup prop-
erty by [ABO3, Theorem 5.33]. Since 7 is metrizable and locally solid, 7
is Riesz submetrizable. Since 7 is unbounded and Riesz submetrizable,
X has a countable order basis by Remark [2.5]

Suppose 7 is Hausdorff, unbounded and Lebesgue and that X has the
countable sup property and admits a countable order basis. By [AB03|
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Theorem 4.17(b)], C; = X. Let {u,} be a countable order basis of
X. As in the proof of [AB03, Theorem 4.17(a)] there exists a normal
sequence {U,} of solid T-neighbourhoods of zero such that {u,} C N¢,
where N = (>, U,. Since N¢ is a band, X = B({u,}) € N% so
that X = N? The sequence {U,} defines a metrizable locally solid
topology 7" on X satisfying 7/ C 7. Since 7 is minimal, 7 = 7’ so that
T is metrizable. O

We remark that C'[0, 1] satisfies the countable sup property, admits a
metrizable locally solid topology, and has a countable order basis, but
does not admit a minimal topology. Indeed, a vector lattice admits a
minimal topology iff it admits a Hausdorff Lebesgue topology, and no
Hausdorff Lebesgue topology exists on C'[0, 1] by [AB03, Example 3.2].

Recall that [AB03, Theorem 7.55] states that if a laterally o-complete
vector lattice admits a metrizable locally solid topology 7 then 7 is the
only Hausdorff locally solid topology on X and 7 is Lebesgue. There-
fore, 7 is the minimal topology. After reminding oneself that laterally
complete vector lattices admit weak units by, say, [AB03], Theorem 7.2],
the next corollary is an immediate consequence of [Tay1) Corollary 5.3]:

Corollary 4.10. Suppose X is a vector lattice that admits a minimal
topology T. T is complete and metrizable if and only if X is universally
complete and has the countable sup property. In this case, T is the only

Hausdorff locally solid topology on X.

5. LOCALLY BOUNDED UNBOUNDED TOPOLOGIES

In this section we present a theorem and examples regarding local
boundedness of unbounded topologies. If (X, 7) is locally bounded and
Hausdorff, then (X, 7) is metrizable. By Theorem [£.3]we already know
that metrizability of ur is equivalent to the topological completion X
of X having a quasi-interior point. When studying Hausdorff locally
bounded unbounded topologies, it is strong units of the topological
completion that are of interest.

Theorem 5.1. Let 7 be a Hausdorff locally solid topology on a vector
lattice X. TFAE:
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(i) ut s locally bounded;

(ii) wr has an order bounded neighbourhood of zero;

(iii) 7 has an order bounded neighbourhood of zero;

(iv) X has a strong unit and T is metrizable;

(V) T coincides with the || - ||,-topology, where u is a strong unit of
X, and (X, |- |lu) is a Banach lattice which is lattice isometric
to a C(K)-space;

(vi) uT is locally bounded.

In this case, T = ut and T = uT.

Proof. (1)=-(ii): Suppose ut is locally bounded. Then there exists a
neighbourhood V' of zero such that a base at zero for ur is given by eV
for ¢ > 0. Find U a solid neighbourhood of zero for 7 and u € X, so
that, in the notation of [Tayl, Lemma 2.16], U, C V. We claim that
V' cannot contain a non-trivial ideal, so that U, cannot contain a non-
trivial ideal, so that U, C [—u,u] by [Tayl, Lemma 2.16]. Suppose V'
contains a non-trivial ideal. Then there exists x # 0 such that \x € V
for all A > 0. However, this implies that x € £V for all £ > 0 and hence
x = 0. This is a contradiction.

(ii)=>(iii) because ur C 7.

(iii)=(iv): Suppose 7 has an order bounded neighbourhood of zero,
say, [—u, u]x, where the subscript denotes the space in which the order
interval is taken. It follows that 7 is metrizable and WT is a
T-neighbourhood of zero; it is contained in [—u, u]y since the cone X,
is 7-closed. Therefore, 7 has an order bounded neighbourhood of zero
and thus X has a strong unit.

(iv)=(v): Let u be a strong unit for X. Since 7 is metrizable,
7 is complete and metrizable. It is easy to see that X is uniformly
complete so that, by [AB03, Theorem 5.21], the 7 and || - ||,~topologies
agree. That (X, |- l.) is lattice isometric to a C'(K)-space follows from
Kakutani’s representation theorem.

(v)=(vi): It follows from [KMTI7, Theorem 2.3] that 7 = u7 so
that u7 is locally bounded.
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(vi)=(i) follows since (u7T)|x = ur. For the additional clause, it
has been shown that 7 = u7 from which it follows that 7 = (u7)|x =

u(T|x) = ur. O

Clearly, Theorem 5.1 implies [KMT17, Theorem 2.3]. We next show
that our results cannot be extended to u47:

Proposition 5.2. Let A be an order dense ideal of a Hausdorff locally
solid vector lattice (X, 7). If uat is locally bounded then A = X.

Proof. Notice first that us7 is Hausdorff. Assuming u,7 is locally
bounded, there exists a neighbourhood V' of zero such that a base at
zero for ua7 is given by €V for ¢ > 0. Find U a solid neighbourhood
of zero for 7 and a € A, so that, in the notation of [Tayl, Lemma
2.16], U, C V. As in the proof of Theorem [5.1} U, C [—a,a]. Since
neighbourhoods are absorbing, a is a strong unit for X. Therefore,
X=1,CA. O

Example 5.3. Consider (X1, 71) := (C[0,1], ]| - ||)- X1 is a complete,
Hausdorff, locally bounded, unbounded locally solid vector lattice that
has a strong unit. On the other hand, (Xs, ) = (C[0,1], | - ||2) is
a Hausdorff, locally bounded, locally solid topology, but the topology
uty is not locally bounded. This is consistent with Theorem [5.1] as
()72,72) = (La,|| - ||2) does not have a strong unit.

Corollary 5.4. Let X be a vector lattice admitting a minimal topology
7. TFAE:
(i) 7 is locally bounded;

(ii) X s finite dimensional.

Proof. (1)=-(ii): Since 7 is minimal, it is Hausdorff, and 7 = ur. Theo-
rem ﬂ implies that X has a strong unit. By [Tayl], Theorem 5.2], X
has a strong unit. By [AB03, Theorem 7.47], X is finite dimensional.

The other direction is clear. O

6. MEASURE-THEORETIC RESULTS

In this section we investigate relations between minimal topologies

and uo-convergence. As an application, we deduce classical results in
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Measure theory using our measure-free language. We begin with a

definition:

Definition 6.1. Let X be a vector lattice. We say that uo-convergence
on X is sequential if whenever (x4)aca 15 a uo-null net in X there

. . . . . uo,
exists an increasing sequence of indices o, € A such that x,, — 0.

Theorem 6.2. Let X be a vector lattice. TFAE:

(i) X has a countable order basis and the countable sup property;
(ii) X*“ has the countable sup property;

(iii) wo-convergence on X" is sequential.

Moreover, in this case, uo-convergence on X is sequential.

Proof. (1)=(ii): Let {u,} € Xy be a countable order basis for X. It
follows from order density of X in X? that {u,} is also a countable
order basis of X%. It is known that X° inherits the countable sup
property from X: see [AB03, Lemma 1.44]. Therefore, since X and
X have the same universal completion, we may assume, by passing to
X9 that X is order complete. This implies that X is an ideal of X™.
Since X is order dense in X", {u,} is a countable order basis of X".

Let A be a non-empty disjoint subset of X¥. For each n, the set
A, = A Au, is a non-empty order bounded disjoint subset of X,.
Since X has the countable sup property, for each n, A, is at most
countable. Hence, taking into account that A is disjoint, the set of all
a € A such that a Au, # 0 for some n is at most countable. Since {u,, }
is a countable order basis for X", we conclude that at most countably
many a € A are non-zero. [ABO03| Exercise 1.15] yields that X has
the countable sup property.

(ii)=-(i): It is clear that X inherits the countable sup property from
X" so we show that X has a countable order basis. Since X" is
universally complete, it has a weak unit e. Since X is order dense in
X", there exists a net (z,) in Xy such that z, 1 e. By the countable
sup property there is an increasing sequence (ay,) such that z,,, 1 e. It
is easy to see that (z,, ) is a countable order basis of X.

(ii)<(iii): It is clear that if uo-convergence is sequential on X then

X" has the countable sup property. For the converse, let e be a weak
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unit of X*. It is both known and easy to check that a vector lattice
X has the countable sup property iff order convergence is sequential.

Using this, we conclude that for a net (z,) in X*,
To 50 2ol Ae20= Ty, |Ta,| Ae 20 2, —0.

For the moreover clause, let (z,) be a net in X such that z, — 0 in
X. Since X is regular in X%, z, - 0 in X*. Since uo-convergence on
X" is sequential, there is an increasing sequence (a;,) of indices such
that z,, — 0 in X%, hence in X. O

Remark 6.3. If uo-convergence on X is sequential then, of course, X
has the countable sup property. However, it does not follow that X has
a countable order basis. Indeed, let X be an order continuous Banach
lattice. By [DOT1T, Corollary 3.5], uo-convergence is sequential. Note
that, in Banach lattices, admitting a countable order basis is the same
as admitting a weak unit, and not all order continuous Banach lattices

admit weak units.
Combining Theorem 4.9 and Theorem [6.2| we get:

Corollary 6.4. Let X be a vector lattice admitting a minimal topology
7. Then T is metrizable if and only if X™ has the countable sup property.

Recall that a measure space (2,%, u) is semi-finite if whenever
E € ¥ and p(E) = oo there is an F' C F such that I € ¥ and
0 < u(F) < oco. Semi-finiteness of the measure is equivalent to the

topology of convergence in measure on Lgy(u) being Hausdorff (see e.g.
[Ere03, Theorem 245E]).

Proposition 6.5. Let (2, %, 1) be a semi-finite measure space. Then
Lo(p) has the countable sup property iff u is o-finite.

Proof. If p is o-finite, then Lg(u) has the countable sup property by
[AB0O3, Theorem 7.73].

For the converse, assume Lo(x) has the countable sup property. Let
C be the collection of all families of pairwise disjoint measurable sets of
finite non-zero measure. The family C is partially ordered by inclusion.

If Cy is a chain in C, then the union of the chain is an upper bound
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for Cyp in C. Hence, by Zorn’s lemma there is a maximal family F of
pairwise disjoint measurable sets of finite non-zero measure. The set
of functions {xr : F € F} is bounded above by 1 in Ly(u). Let
E be the union of all sets in F. Since Lo(p) has the countable sup
property, [AB03] Exercise 1.15] implies F is at most countable, so that
E is measurable. If pu(X \ E) > 0, since u is semi-finite, there is a
measurable subset ' C X \ E with 0 < u(E’) < co. This contradicts
maximality of F. Hence, u(X \ £) = 0 and p is o-finite. O

Remark 6.6. By [AB03, Theorem 7.73], if it is a o-finite measure then
for 0 < p < oo, Lo(u) is the universal completion of L,(u) and, more-
over, Lo(u) has the countable sup property. In this case, Corollary
simply states that convergence in measure in L,(x) is metrizable. This
is consistent with classical results. Indeed, it is known that the topol-
ogy of convergence in measure on Lo(u) is metrizable iff p is o-finite
(see e.g. [Ere03, Theorem 245E]). Proposition suggests using the
countable sup property as a replacement for o-finiteness in general vec-
tor lattices.

It is known (see [ABO03|, Exercise 5.8]) that if 7 is a complete metriz-
able locally solid topology then one can extract order convergent subse-
quences from 7-convergent sequences. Note that, by [AB03, Theorem
5.20], 7 is the greatest locally solid topology on X in the sense that
if 7/ is a locally solid topology on X then 7/ C 7. The next theorem
shows that it is often possible to extract uo-convergent sequences from

nets that converge in significantly weaker topologies.

Theorem 6.7. Let (X,7) be a Hausdorff locally solid vector lattice
with the Fatou property. Assume that C, has a countable order basis
and let (14)aca be a net in X. If v, = 0 in X then there exists an
increasing sequence of indices oy, € A such that z., — 0 in X.

Proof. Let {ux} C (C;)+ be a countable order basis for C;. By [AB03],
Theorem 4.12], 7 extends uniquely to a Fatou topology 7° on X°. By
[ABO3, Exercise 4.5], {ux} C C.s. [AB03, Theorem 4.17] tells us that
{ux} is a countable order basis for Cs and Cs is an order dense ideal
of X°.
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Assume that a net (z,) in X satisfies 2, — 0. As in the proof of
[AB03, Theorem 4.17], choose a normal sequence {V,,} of Fatou 7°-
neighbourhoods of zero such that {u;} C N? where N = (02, V,.
Since (z,) is a 7°-Cauchy net of X°, there is an increasing sequence
(o) of indices such that x4, ,, — Za, € Vit and z,, €V, for all n.
This implies that for each k and n, |z,, ., | Aug — |Za,| Aug € Viqo and
T, | Aug € V;,. Put v** = lim sup,, |24, | Aug and w** = lim inf,, |z, | A
ug in X°. By [AB03, Lemma 4.14], |24, | Au, —v*™* € V,, for all n and all
k. Therefore, v** € V,, for each n. We conclude that v** € NN N, and,
therefore, v** = 0. Similarly, w** = 0. This implies that |z, | Aug = 0
in nin X°. Since {ug} is a countable order basis of C.s, an order dense
ideal of X° {u;} is a countable order basis of X°. This implies that
T, — 0in X% hence in X. 0

We need the following lemma in order to establish our final result:

Lemma 6.8. Suppose X is a wvector lattice admitting a Hausdorff
Lebesque topology 7. TFAE:

(i) C; has a countable order basis;
(ii) X has the countable sup property and a countable order basis;

(iii) X™“ has the countable sup property.
In this case, C; = X.

Proof. Only (i)<(ii) requires proof.

Suppose that X has the countable sup property and a countable
order basis. By [AB03, Theorem 4.17], C. = X and, therefore, C;
has a countable order basis. For the converse, assume that C has a
countable order basis; denote it by {ux} C (C.)+. As in the proof
of [AB0O3, Theorem 4.17], there is a normal sequence {U,} of solid
r-neighbourhoods of zero such that {u,} € N? C C, where N =
N~, Uy, and the disjoint complement is taken in X. Since C; is an
ideal of X, N¢ is a band of C,. Since {u} € N¢ C C, and {uy}
is a countable order basis for C,, N¢ = C,. This implies, by [AB03]
Theorem 4.17], that C. is an order dense band of X and, therefore,
C, = X. Since 7 is Lebesgue, C'. = X has the countable sup property.

O
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The final corollary generalizes another classical relation between a.e. con-

vergence and convergence in measure. As noted, the countable sup
property assumption acts as a replacement for o-finiteness in general
vector lattices.

Corollary 6.9. Let X be a vector lattice admitting a minimal topology
7. Assume that X" has the countable sup property. Then a sequence
() in X is T-convergent to zero in X if and only if every subsequence

of (x,) has a further subsequence that uo-converges to zero in X.

Proof. The result follows immediately by combining Theorem [6.7 with
[Tay1l Proposition 2.22]. O

Example 6.10. The assumption that X" has the countable sup prop-
erty is crucial when trying to extract uo-convergent subsequences from
topologically convergent sequences. Indeed, consider [KLT) Example
9.6]. This gives an example of an order continuous Banach lattice X
without a weak unit such that the minimal topology on the univer-
sal completion (which is the un-topology on X" induced by X; it is
locally solid by [Tayl, Theorem 9.11]) has a null sequence with no uo-
null subsequences. Note that order continuous Banach lattices have
the countable sup property and admit a countable order basis iff they

admit a weak unit.
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